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In this paper the elastic properties of two main types of single-walled carbon nanotubes (armchair and
zigzag) were simulated by analytical molecular mechanics models. The aim of this work is investigation
and comparison of Young’s modulus, shear modulus and Poisson’s ratio variations of different types of
tubes as functions of diameter. We obtained a set of closed-form expressions for the size-dependent elastic
properties of armchair (n, n) and zigzag (n, 0) tubes, which are basic for constructing mathematical models.
Using those models elastic properties of single-walled nanotubes were evaluated. It was predicted that zig-
zag tube is more sensitive to chirality then armchair. Young’s and shear modules of both tubes were de-
creasing with diameter increasing. Poisson’s ratio was ranging from 0.16 to 0.29 and from 0.32 to 0.42 for
an armchair and zigzag tubes respectively, but it was independent on chirality. It can be seen that predict-
ed values of elastic characteristics for zigzag tube are larger then that for armchair tube, especially for
smaller tubes. Results of this research can be used for design, analysis and evaluating of functioning and

creating new materials based on carbon nanotubes.
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1. INTRODUCTION

Carbon nanotubes (CNTs) have stimulated great in-
terest and extensive research with regard to the meas-
urement of their exact mechanical properties [1-3] and
the search for potential structural applications [1] since
their discovering by Iijima [2] in 1991. There are a lot
of possible applications of nanotubes in different fields
of science, technique, electronic, optic and even medi-
cine. CNTs are ideal reinforcing material for a new
class of superstrong nano-composites due to their ex-
traordinary properties, such as the exceptionally high
stiffness and strength, which are in the range of TPa,
the extreme resilience, the ability to sustain large elas-
tic strain as well as the high aspect ratio and low den-
sity [2]. But the main reason for studying of the CNTs
mechanical properties is their tremendous strength.
For example, addition of just 1wt.% CNTs to polysty-
rene leads to increase of Young’s modulus and strength
by approximately 35 %-42 % and 25 %, respectively [4].
The carbon nanotubes have high stiffness and axial
strength as a result of the carbon—carbon sp2? bonding.
Some reviews on CNTs properties can be found in the
papers [1, 3]. The accurate assessment of the mechani-
cal properties of the nanotubes is an important first
step towards the potential development of the struc-
tural composites.

Investigations of the CNTs properties have focused
both on experimental and theoretical study. First one
has a lot of difficulties arising from the tube’s na-
noscale, necessity for complicated and expensive
equipment and apparatus with large resolution. Exper-
imental methods for measuring the mechanical proper-
ties of CNTs are mainly based on the techniques of
transmission electron microscopy (TEM) and atomic
force microscopy (AFM) [1]. Another way of CNTs
studying is theoretical [3]. Computational simulation is
a powerful tool relative to the experimental difficulties.

In this paper we present two mathematical models,
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based on the link between solid mechanics and molecu-
lar mechanics approach, for theoretical simulation the
elastic properties of armchair and zigzag single-
walled CNTs (SWNTs) and the difference between
them. Based on molecular mechanics it was obtained
that total system potential energy associated with bond
stretching and angle variation. It was considered
SWNT as a thin cylinder subjected to an axial tension
loading or torsion loading. Research was based on the
assumption that system potential energy is equal to the
strain energy. As a result expressions for calculation of
Young’s modulus, shear modulus and Poisson’s ratio for
armchair and zigzag tubes were derived.

2. METHODS OF INVESTIGATION

The methods of molecular dynamics (MD) and mo-
lecular mechanics (MM) are often used for the theoreti-
cal simulation [4-7] of the CNTs mechanical properties.
They both are based on the molecular nature of nano-
tube’s structure. In this work we used MM approach. It
allows to calculate the geometry of the frame with suf-
ficient accuracy and to model some physical processes
in nanotubes under influence of external factors: the
deforming forces, external electromagnetic fields, etc.

We used some basics of molecular mechanics [8]
which is based on the concept of molecular force field
for this investigation. This approach was based on a
link between molecular and solid mechanics. Using the
harmonic energy functions the nanotube was modeled
as a frame structure and a closed-form elastic solution
was obtained.

SWNT is formed by rolling a single grapheme sheet
to form a hollow tube composed of carbon hexagons. Let
a1 and a2 be unit vectors of the two-dimensional gra-
phene sheet, (n, m) be a pair of integers that indexes
the atomic structure of CNT uniquely determining the
size of the SWNT. Then a pair (n, m) corresponds to a
lattice vector Cr = na1 + maz on the graphite plane. The
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fundamental structure of carbon nanotubes can be
classified into three categories: if m =0, then such a
tube is called zigzag, and when n = m it is an armchair
tube and if n #m for n# 0, m # 0, such tube called chi-
ral [1, 2]. Based on rolling graphene sheer model the
diameter D of nanotube can be determined as follows:

D:@ﬂln2+mz+mn , (1)
T

where b is the carbon-to-carbon bond length. This pa-
rameter was taken as 0.142 nm [4].

For armchair and zigzag tubes diameter is equal to
D1 and Dz respectively:

D -2, D2=J§f". @

Given the effective wall thickness ¢ of SWNTs which
corresponds to the thickness of the graphene layer, the
effective diameter Des is equal to Deg= D; + t, where the
parameter D; (i =1, 2) is taken by D: for an armchair
tube, and D for a zigzag tube. Effective thickness t was
taken as 0.066 nm [4].

A SWNT can be regarded as a two dimensional con-
tinuum-shell model which is consist of the discrete mo-
lecular structures linked by carbon-to-carbon bonds.
The molecular mechanics model is substituted with a
frame structure model. The main geometrical relations
of the armchair SWNT’s structure are shown in Fig.1.

(4. 4) nanotube

/ °\

Fig. 1 — Element of a frame structure of armchair tube [4]

Figure 1 shows the three-dimensional schematic il-
lustration of the geometrical relationship among the
atoms in armchair tube’s structure. &Q is the plane per-
pendicular to the axes of the nanotube, and n—n’ is a
line of intersection between the Q plane and BAC plane.

For the zigzag tube, the frame structure has similar
relations as in armchair tube, but there are some fea-
tures (see Fig. 2).

Fig. 2 — Element of a frame structure of zigzag tube [4]
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We have analyzed the forces and geometrical rela-
tions of armchair and zigzag SWNTs. Also we have
used the assumption that all atomic interactions in a
molecular structure of nanotubes satisfy the potential
laws, so they can be described by using molecular me-
chanics [8]. Regarding aforementioned we have build
the following relations which comprise our model of
elastic properties of armchair and zigzag SWNT.

According to the geometrical relations in tube the
axial strain (&) and the hoop strain (&) of the armchair
tube can be given as

o . [24
o — |+54 =
COS(2) ABsm(zj

E, = N

bsin(gj
2

sl ()
()

where 645 is the elongation of A-B bond, angle  is

&, =

3

regarded as an almost unchanged constant when a
planar graphene sheet is rolled into a nanotube.

The main characteristic of CNTs elastic properties
is Young’s modulus E. It is defined as the ratio of the
uniaxial stress over the uniaxial strain in the range of
stress in which Hooke's Law holds [8]:

4Dt( o
s-22(2) @

eff
where ois the tensile stress.

After taking into account the geometrical relations
in tube’s structure, putting o/2 = 7/3 [3] and substitu-
tion (2), (3) into (4) we obtained following expression for
the Young’s modulus of armchair and zigzag nanotubes

LKPK? | 1643D,

T3V’K”+9\K’| D2,

, ®)

where parameters Ai, Di, Defri (i = 1, 2) are taken by Ai,
D1, Defr1 for an armchair tube, and A2, D2, Defs for
a zigzag tube; Kp, K? are force constants, which depend
on the force field, Kr=97800 kcal/mole/nm?,
Kb = 126 kcal/mole/rad2[4]; 4 is the elongation, equaled
to the ratio of total nanotubes elongation Al to its
length lo before deformation. For an armchair tube it is
equal to

ctg (gj sin 8
b= 2
4ctg(%) sin # —2cosy ctgf sin (%)

)

where y= 7/2n is the angle, related to the curvature
effect (see Fig. 1 and Fig 2).

The ab initio calculations [3] show that angles /2
and f1is equal to
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then from (6) we have

7— cos[%)
= ®
34 + ZCOS(ZJ
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For zigzag tube this parameter is given by

cos?( 2
2

Ay = . )]
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It can be shown that

% ~ %, B ~ arccos Kij— %cos [ZH ; (10)

so taking into account (10), expression (9) can be

simplified to
5—2cos (ﬁj
4= n

= (11)
14 - 3COS(zj
n

Poisson’s ratio of SWNT is the ratio between the
circumferential and the axial strains, so it can be de-
fined as

2
AKDL”
b (12)
v, =—h o S— 1
ga @-Ff;
K
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where Ks= 742 nN/nm, K;=1.42 nN/nm [3].
Shear modulus of SWNTs is given as

G =
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Mathematical models of elastic properties of arm-
chair and zigzag tubes have been obtained in the form
of equations (2), (5), (8) and (11)-(13) with taken i=1
for an armchair tube, and i = 2 for a zigzag tube. All of
elastic characteristics can be evaluated based on those
models.

3. RESULTS AND DISCUSSION

The elastic properties of two main types of CNT —
armchair and zigzag — were investigated and discussed
in this paper. We can say that calculated values of elas-
tic properties largely depend on the assumption of the
wall thickness ¢t of SWNT. There are other information
about different wall thickness such as 0.69 nm, 0.57,
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0.34 and 0.066 nm [4, 7]. In this investigation ¢ was
taken as 0.066 nm.

It was build an application for estimation the elastic
properties of SWNTs. Mathematical models were im-
plemented as application using software Delphi 7. It
makes possible to evaluate Young’s modulus E, shear
modulus G and Poisson’s ratiov of armchair (n, n) or
zigzag (n, 0) tubes with any specified chirality.

For example, it was investigated armchair tubes
with chirality from (2, 2) to (40, 40) and zigzag tubes
from (2, 0) to (40, 0). Those armchair tubes had diame-
ter from 0.27 to 5.42 nm and zigzag tubes — from 0.16
to 3.13 A. The values of Young’s modulus ranged from
0.21 to 2.97 TPa for armchair and from 0.61 to 6.53 for
zigzag nanotubes. The dependences of Young’s modulus
on diameter for both tube’s configurations are shown in
Fig. 3.

—e— armchair
6 1 —— zigzag

Young's modulus, TPa

Diameter, nm

Fig. 3 — The variation of Young’s modulus with nanotube’s
diameter for armchair and zigzag tubes

The variation of Poisson’s ratio with the diameter of
the nanotube is shown in Fig. 4. It is seen that ratio of
large tubes changes mostly independently on tube’s
diameter.

1.2
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Fig. 4 — The variation of Poisson’s ratio with nanotube’s di-
ameter for armchair and zigzag tubes

We calculated that shear modulus was in the range
of 0.11-1.05 TPa for armchair and was in the range
of 0.31-1.99 TPa for zigzag nanotubes. Comparison of
both results is shown in Fig. 5.
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Fig. 5 — The variation of shear modulus with nanotube’s
diameter for armchair and zigzag tubes

Some results of evaluation of Young’s and shear
modules, Poisson’s ratio are shown in Table 1 for arm-
chair tube.

Table 1 — Results of evaluation of elastic characteristics of
armchair SWNT

(. n) D, Defr, E, y G,

’ nm nm TPa TPa

2, 2) 0,27 0,34 2,97 | 0,26 | 1,05

3, 3) 0,41 0,47 2,48 | 0,29 | 0,97

(6, 6) 0,81 0,88 1,17 | 0,22 | 0,51

7,7 0,95 1,02 0,89 | 0,17 | 0,40
(10, 10) | 1,36 1,42 0,67 | 0,18 | 0,31
(11,11) | 1,49 1,56 0,82 | 0,28 | 0,39
(14,14) | 1,90 1,96 0,46 | 0,16 | 0,22
(15, 15) | 2,03 2,10 0,44 | 0,17 | 0,21
(18,18 | 2,44 2,51 0,52 | 0,28 | 0,25
(19,19 | 2,58 2,64 0,51 | 0,29 | 0,25
(22, 22) | 2,98 3,05 0,39 | 0,25 | 0,19
(23,23) | 3,12 3,18 0,35 | 0,22 | 0,17
(26, 26) | 3,53 3,59 0,27 | 0,17 | 0,13
27,27 | 3,66 3,73 0,25 | 0,16 | 0,12
(30, 30) | 4,07 4,13 0,22 | 0,16 | 0,11
(31, 31) | 4,20 4,27 0,22 | 0,17 | 0,11
(35, 35) | 4,75 4,81 0,22 | 0,20 | 0,11
(40,40) | 5,42 | 549 | 021 | 024 | 0,11

It is seen in Table 1 that Young’s and shear modules have
shown inverse diameter dependences. Modules are a quite
sensitive to the nanotubes with small diameter and for large
tubes from (30, 30) values of modules are getting equaled to
constant.
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Table 2 — Results of evaluation of elastic characteristics of
zigzag SWNT

(n, 0) D, Det, E, v G,

’ nm nm TPa TPa
2,0 0,16 0,22 6,63 | 0,43 | 1,99
3,0 0,23 0,30 5,69 | 0,45 | 1,97
(6, 0) 0,47 0,54 3,07 10,40 | 1,26
(7,0) 0,55 0,61 2,30 10,34 | 0,96
(10,0) | 0,78 0,85 1,81 | 0,36 | 0,81
(11,0) | 0,86 0,93 2,16 | 0,45 | 0,98
(14,0) | 1,10 1,16 1,23 | 0,32 | 0,57
(15,0) | 1,17 1,24 1,21 | 0,34 | 0,56
(18,0) | 1,41 1,48 1,40 | 0,45 | 0,67
(19,0) | 1,49 1,55 1,36 | 0,45 | 0,66
(22,0) | 1,72 1,79 1,09 | 0,43 | 0,53
(23,0) | 1,80 1,87 0,99 | 0,41 ] 0,48
(26,0) | 2,04 2,10 0,74 10,34 | 0,36
27,0 | 2,11 2,18 0,68 | 0,33 ] 0,33
(30,00 | 2,35 2,41 0,61 | 0,32 | 0,30
(31,00 | 2,43 2,49 0,61 | 0,33 ] 0,30
(35,00 | 2,74 2,81 0,62 | 0,38 | 0,31
(40,0) | 3,13 3,20 0,61 | 0,42 | 0,31

Table 2 shows some results of calculations of elastic
characteristics of zigzag SWNT. Young’s and shear
modules. Values of Young and shear modulus decrease
with diameter increase. But for large tubes they get-
ting equaled constant as for armchair tubes. Compar-
ing the values at Table 1 with Table 2 it can be notice
that they have the same decreasing of elastic modules,
but values of zigzag SWNT are larger then of armchair.

4. CONCLUSIONS

In this paper we present the approach for investiga-
tion the elastic properties of SWNTSs, based on molecu-
lar mechanics. The mathematical models for simulation
Young’s modulus, shear modulus and Poisson’s ratio of
armchair and zigzag tubes were built. Those parame-
ters were investigated as functions of the nanotube size
and structure.

Results of evaluations show that values of Young’s
and shear modulus for zigzag tube are larger than for
armchair tube, especially for smaller tubes, but they
both decrease rapidly while the diameter increases.
With diameter increasing Young and shear modulus of
the both type of tubes begin to have the constant value.
As for Poisson’s ratio, we can say that zigzag tube is
more sensitive to the diameter than that of the arm-
chair tube. It should be pointed out that the elastic
properties simulated in the present work agree reason-
ably with the reported results in literature [3, 4].
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IIpy:xHi BJIaCTUBOCTI OMHOMIAPOBUX BYIJVIEIIEBUX HAHOTPYOOK
B.B. €menbauenro, O.B. IIpomenko

Cymcoruli deporcasruti yrigepcumem, 8yn. Pumcovrozo-Kopcaxosa, 2, 40007 Cymu, Yrpaina

B nmaniit po6oTi BUKOHAHO MOJEIOBAHHS TPYYKHUX BJIACTUBOCTEH JBOX OCHOBHHUX THUIIB OJHOIIAPOBUX
BYIVIELIEBUX HAHOTPYOOK: armchair Ta zigzag 3a JOIOMOIO0 aHAJIITHYHOI MOJEJl MOJIEKYJISIPHOI MeXaHIKH.
Meta nanoi poboTu moJisirae y mocigpreHH] 1 mopiBusuHI Monyist IOHra, moxysist 3cyBy Ta roedirienra Ily-
accoHa PI3HUX THUINB TPYOOK AK QYHKINN Bif miameTpa. Mu OoTpHMAaJsIu pSJl CIIPOIIEHUX BUPA3IB JJIST PO3Mi-
PHO-3aJIeKHUX IPYIKHUX BIIACTUBOCTEHN TpyOOoK armchair (n, n) Ta zigzag (n, 0), sxi € 6a30BUMU 1J1s1 TTIO0Y 10~
BY MaTeMATHUYHUX MoOJiesied. 3 BUKOPHWCTAHHSM ITUX MOJeJIel OyJiM OIiHeH] eJaCTUYHI BJIACTHBOCTI OJIHO-
IIapOBHUX BYTJIEIIEBUX HAHOTPYOOK. Byiio mepembadeHo, 1mo TpyOka zigzag O1bIl 4yTJIHBA JO XipajabHOCTI
gk armchair. Moxgysi Oura Ta 3cyBy o6ox Tumi TpyOok 3MeHIIyBasuch 3 poctoM giamerpa. Koedirient
Ilyaccona BapiroBascsa Bix 0.16 mo 0.29 ta Bix 0.32 mo 0.42 mysa Tpy6ok armchair Ta zigzag BiAmoBimgHO, ajie
BiH OyB He3aJledxHHWHN Bijx xipasbHOocTi. [lomiTHO, 1m0 TepeadaveH] 3HAYEHHS €JACTHYHUX XAPAKTePUCTHE
TpyOKU zigzag OLIBIN HiK My armchair, 0cobamBo Aia Maaux TPyOOK. Pedysbratu HOCTIIKREHHS MOMKYTH
OyTH BUKOPUCTAHI JIJIsI TU3AMHY, aHAJII3Y Ta OI[IHKW (PDYHKITIOHYBAHHS 1 CTBOPEHHS HOBUX MaTepiaJiB Ha 0OC-
HOBI BYTJICI[€BUX HAHOTPYOOK.

Knrouosi cioBa: Byriiernesa HaHOTPYOKA, XipaiabHicTh, armchair, zigzag, moayss IOHra, Mmoayas 3cyBy, Ko-
edimient Ilyaccona.

Yupyrue cBoicTBA OHOCIOMHBIX YIJIEPOIHBIX HAHOTPYOOK
B.B. Emenssauenxo, E.B. IIpomenko

Cymcruii 2ocydapcmeennuiii ynusepcumem, yi. Pumckozo-Kopcarosa, 2, 40007 Cymot, Ykpauna

B namHO# pabore BHIOJIHEHO MOIEINPOBAHKE YIIPYTUX CBOMCTB JIBYX OCHOBHBIX THIIOB OJHOCJIOMHBIX
YIJIEPOAHBIX HAHOTPYOOK: armchair u zigzag ¢ HOMOIIBI0 AHAIUTUYECKON MOEJIN MOJIEKYJISIPHOM MeXaHU-
k. Iless maHHON pabOTH 3aKJIIOYAETCS B UCCJIEJOBAHUY U cpaBHeHuu Monysist IOHra, Momysist caBura u Ko-
addurmenra Ilyaccona pasiudHBIX TUIIOB TPYOOK Kak (PYHKIMI OoT auamerpa. MBI MOJIyUYWId pPsift yIpo-
IIEHHBIX BBIPAYKEHUN MJI Pa3MepHO-3aBUCUMEIX YIIPYTUX CBOMCTB TpyOok armchair (n, n) u zigzag (n, 0),
KOTOpBIE SIBJISIIOTCS 0A30BBIMU JJISI IIOCTPOEHUs MareMaTudeckux Mmojesieir. C MCIOIB30BAHUEM 9THX MOJe-
Jieil OBLIIN OIleHEHbI 3JIACTUYHEIE CBOMCTBA OJHOCJIOMHBIX YIJIEPOAHBIX HAHOTPYOOK. BrLiIo mpenckasaHo, uro
TpyOKa zigzag Oojiee dyBCTBUTesbHA K xupaJsibHocTu yeM armchair. Mogynu IOura u casura o6oux TUIOB
TpyOOK yMeHbIIa uCh ¢ pocroM nuamerpa. Koadgdumument Ilyaccona sapsuposascs ot 0.16 mo 0.29 u ot 0.32
110 0.42 st Tpy6ok armchair u zigzag cOOTBETCTBEHHO, HO OH OBLII HE3aBUCUMBIM OT XUPAJIBHOCTH. 3aMETHO,
YTO IpeJCKA3aHHbIe SHAUEHUsS JIACTUYHBIX XapaKTepUCTUK TPYyOKU zigzag Gosblne ueM st armchair, oco-
0eHHO JIUIsI MaJIBIX TPYOOK. PeayibraTsl vcciaemoBaHusI MOTYT OBITH MCIIOJIH30BAHBI IS AU3aMHA, aHAIu3a U
olleHKHU (PYHKITMOHUPOBAHUS U CO3JAHMUsI HOBBIX MATEPUAJIOB HAa OCHOBHIE YIJIEPOIHBIX HAHOTPYOOK.

KiroueBsie ciioBa: yrilepogHasi HAaHOTPYOKa, XUpasibHOCTD, armchair, zigzag, moxyis IOHra, Monyss cisu-
ra, koapdurtuent Ilyaccona.
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