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OOHOPOJHBLIE PEMIEHUSA TPAHUYHOU 3ATAYM TUPUXIJIE
A AHU30TPOITHOTIO Cl10iA

TlocTpoeHa monHas cUCTeMa OJHOPOAHBIX pelleHuil 3agayd [Iupuxie Aus
aHH30TPOIHOTO CNIOSL. DTH PEeLICHUs IPEACTABISIOT COG0M PAABI, COfiepKallne
MeTarapMOHHYecKne (PYHKIHH CIOXHOTO apryMeHTa, 3aBHCSALIETO OT BCeX
Tpex KoopauHat. IlonyueHHOe pelneHne MOXeT GbITh ACIONB30BaHO NPH pac-
CMOTpEHUM TPaHAYHBIX 3a7a4 TEOPHH IOTEHIMAA [T KyCOYHO-OHOPOJHOTO
cnos.

MBHorne 3aayi ruipOAUHAMUKH, CTALIHOHAPHO! TEIUIONPOBONHOCTH, 3JIEKTPO- H MATHUTOCTATH-
KM NI CYIIECTBEHHO aHM3OTPOINHBIX CPeJl CBOIATCA K HHTErpMpoBaHHIO obuero nuddepeHnnans-
HOrO YpaBHEHHs BTOPOrO NOPsAAKa JUIMNTHYECKOro THna. IIpH paccMOTpEHHH COOTBETCTBYIOLINX
rpaHUYHBIX 3aiay AJI KyCOYHO-OHOPOMHOTO CJIOS Iieiecoo6pa3Ho HCIOIb30BaTh METON OXHOPON-
HBIX pelleHHil. TOT METO, Bocxopsaiui k pabore A.M. JIypse [1], oka3ancs BecbMa 3¢ dbeKTHB-
HBIM TIPH HCCJIEJOBAaHUH HaNPSKEHHO-Ne(hOPMHPOBaHHOTO COCTOSIHHS M30TPONHBIX HIIM TPAHCBEP-
CalbHO-H30TPONHBIX TOJCTHIX INIAcTHH [2]. OfHaKO NIpH PacCCMOTPEHHH TeJl C aHA30TPOIKel o61e-
ro BHJa BO3HHKAIOT TPYAHOCTH, CBI3aHHbIE C MOCTPOCHUEM IOJIHBIX CHCTEM OJHOPOAHbLIX pelICHHA
rpaHUYHBIX 3afay4. [l Toro 4To6hl MOKa3aTh, B YEM TYT [€JIO, U HAMETHTh aHaNUTHYECKHE Npolie-
AYPbl MOCTPOEHMsI OFHOPOJHBIX PEIUCHHH, HIDKE pPacCMaTPHBaeTCs ONHOpPOAHas 3ajada JIupuxie
AN aHH30TPOMHOTO CIIOSI.

1. ITocTranoBka 3aga4dn. Oneparopubiii moaxox. Peur uper 06 HHTErpHpOBaHHHU
nuddepeHIHaNbHOIO yPaBHEHHA 3JJIMNTAYECKOrO THIA C MOCTOSHHBIME KO3 dumn-
eHTaMH

L(Du =0
3
LD) = Y Gp3n0p 0, = a%, G =a ay>0 (1.1)
m,n=1 n

B CJIO€ — o0 < X, X, < 00, —h < X3 < h I BBINOJHEHUY OHOPOIHBIX IPAHHYHLIX YCIOBHMA Ha
€ro OCHOBaHMX

Uy osn =0 (1.2)

a TaKXe YCJIOBHSA 3aTyXaHHsl peHICHNS Ha 6ECKOHEYHOCTH (x| — oo, |x,| — o).
Pewmenne rpanunynoi 3agaun (1.1), (1.2) nmpoBenem onepaTopHsiM MeTofoM. ITonaras

U =0su,u" = B§ u npepcraBuM ypasHeHue (1.1) B Buse

u'+2Au'+Bu =0

1 1
A = —(ay30,+ayd,;), B = —(a“af+2a128132+azza§)
G33 as3
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HHTerpuposaHue 3TOTO YpaBHEHHUs C y4ETOM IJUIMITHYHOCTH onepaTopa L(D) gaet

~Ax -1 _.
u=e {cosax;C;+a sinax;C,}

2 = B—A2 = Allaf'*'zAlzalaz"'Azzag

A = %1 (‘113)2 A = 129139
n=—-\—, = —-
az3; \ds asz; a§3 (1.3)
2
a a
Ay =2_ (_2%) >0
as3 \d3

Ci = Ci(x1, %), Cy = Cy(xy, x5)

Jus onpenenenust pynkuuit Cy(x;, x,) (k = 1, 2) npusneyeM rpaHnuynble ycnosus (1.2).
C yuerom BbipaxkeHus (1.3) npuxogum K onepaTOpHO CHCTeMe ypaBHEHHI

(coshochhA)C, — (o sinhoshhA)C, = 0 04
(coshaushhA)C, - (o sinhachhA)C, = '

BseneM pa3spemaroiyo (pyHKIUIO Y COIJIaCHO COOTHOLIEHUSIM
= (o 'sinhoishhA)y, C, = (coshochhA)y (1.5)

Torpa nepBoe ypaBHeHHE cucTeMbl (1.4) OYAET yAOBIETBOPEHO, @ BTOPOE NMPUBENEM K
ClIeAyIoleMy YPaBHEHHIO OTHOCHTENBHO DYHKIHHE Y = Y(x,, X,):

(o 'sin2ho)y = 0 (1.6)

IIpencraBuM onepaTop-¢yHKIHIO, HUrypHpyIomyo B paBeHCcTBe (1.6), omepaTOpHBIM
psnoM. [Tonyunm ypaBHeHHe 6€CKOHEYHOIO IIOPSIKA OTHOCHTEIBHO

2k+1
k(2h)" =
LZ( -V TS ]w =0 a.n
Hist ero peiieHns BBeieM cucteMy QYHKUMIA @;(x;, X,), YIOBIETBOPAIOIIMX YPaBHEHHIO
2 2
(o —pj)o; =0, (1.8)

TAi€ L — HEM3BECTHBIE NOKA napame*rpm o
I/Is ypaBrenns (1.8) cienyer, uto o (p, W;" @;, 1 ypaBHeHue (1.7) NPUMEHHATENBHO K
dyHKURM @; faeT

&jsin(Zhuj)(pj =0
Taxkum 06pa3oM, HeTpUBHAIbHbIE pelieHMs ypaBHeHus (1.7) CymeCTBYIOT M COOTBETCT-
BYIOII[HE MM XapaKTePHCTHYECKHE YHCIIA |L; ONPENEISIOTCS PABEHCTBOM
2hp; = mj, j=+£1,42, %,
lanee norpeGyeM, 4TOOBI HCKOMOe pelieHue ypaBHeHus (1.1) 3aryxano npu r =

2 2
= ,Jxl + X, —> oo, DTO BieYeT 3a COG0I0 NOJIOXKHUTEILHOCTD ]J,j, IIO3TOMY MOXKEM 3allucaThb

V=Y 0(x;,x) (1.9)

j=1
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OcTaHOBHMCs Ha ONpeNEICHUH COOCTBEHHBIX (DYHKIUH (pj(j =12,...).
BBojs HeBbIpOXJEeHHOE peobpa3oBaHUe KOOPUHAT

x¥ = x,-px,, xF = JA*x,

Ap A11 2 (1.10)
= = —, A¥ =g- >0
Ay Ay P
npuBenieM ypaBHeHue (1.8) x Bupy
2 .
(Vi-7De; =0, j=1.2..
2
2 2 2 _ o a
Vi = 01,49y = mp- (1.11)
2
2 _ K -9 = 9
i = A*Ay,’ Oy = ox}’ 02 = ox;

Orcropa ciepyeT, 4To @; — MeTarapMoHuyeckue GpyHKIMA B apPUHHBIX IEPEMEHHbIX xf,

*
x2 .
3aiiMeMcst KOHCTPYHPOBAaHHEM PELIEeHHS HCXOMHOU rpaHMYHOM 3agayn. ITogcraHoBKa B
paBeHcTBO (1.3) dynkumi C,, C, (1.5) naer

u= {%e’“""”a“ sin[ou(h + x3)] - %e_A(h”’)a'l sin[oi(h —x3)]}\y

BBops crofa BeipaxkeHue aus pyHkuyuy Y (1.9), nosyyaeM pellieHHe HCXOHOTO ypaBHe-
Hus (1.1) B cumBommueckoit popme

w=umu, up=ge Y %sin[(hix3)uj] (1.12)
j=1J

PaccMoTpuM Tenephb BTOpoe pellieHue cucTeMsl (1.4), nojnaras
C = (Ot_l sinothcosAh)y,, C, = (cosahshAh)y, (1.13)

B stoM cnyyae Bropoe ypaBHeHHMe (1.4) ynoBneTBOpsieTcs, a MepBoe NPUBOUT K pa3pe-
maromeMy ypaBHeHHIO (1.6). Paccyxkyas kak npexjpe, IpUXOJuM K PELICHHIO

Uy = U, +U_ (1.14)

CpaBnuBas npepcraBienns (1.12) u (1.14), nonyyaeM fBa THNa peIIeHHN HCXONHOI
rpaHuyHO# 3amauu (1.1), (1.2)

Uy = u,, Uy =u; W; = mjl(2h) (1.15)

B yacTHOM ciy4ae TpaHCBepCalbHO-U30TPONHOM cpenbl dyHkuu (1.12), (1.14) ompe-
AEJAI0T COOTBETCTBEHHO KOCOCHMMETPHYHOE U CHMMETPHYHOE OTHOCHTEJILHO CPERUHHOI
IUTOCKOCTH CJIOSI PELICHHUS.
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INonyyuM Tenepb pe3yjabTaT BO3NEHCTBUS MOKA3aTENbHON onepaTop-QyHKIMA Ha LH-
JHHPHYECKYIO QYHKIMIO. [l 3TOrO BBEIEM KOMIUIEKCHYIO IEPEMEHHYIO Z, = X} +ixy =

iote
=rxée H OnepaTopbl KOMILUIEKCHOI'O nmpq)epemmpona}mn

9 1( d ii) 9 . 1(i+,-i)
oz 2\0xF oxF) 0z,  2\ox*F  ox*
B >Tux nepemMeHHbIX onepatop A 6yneT UMETh BHJL

= Byle®, Vi = iJA*—p (1.16)

d = 0 a3 +Vea
A=B*BT*+B*EE; B*=—13 * 2

ass

ITockonbKy mpom3BosibHOE penieHHE ypaBHeHms (1.11) ecTp cBepTka mpocroro nu6o
ABOMHOrO cnos ¢ ¢pyHkumed MakoHanbga KO('er*) [3], mocTaTOYHO paccMOTpeTh BO3fEi-
CTBHE ONEepaTopa Ha 3Ty (HyHKIHIO.

JokaxeM crpaBe[/IABOCTb CIEAYIOIINX PaBEHCTB:

h¥x
e TIR ) = Ko(VRY) (1.17)

Ry = P2+ (hF x;) 1Byl £ 27 |Boyl (B F x3)cos (0t —8) = W, Wy = W,
Wi = 242 Bu(hFx3)

rie W — BeJMuMHA, KOMIUIEKCHO conpsiXeHHas ¢ W.
HmeeM c yueToM o6o3HageHwmii (1.16)

5 h—
eA(h )KO(er*) = 2( x3) (B*az +B*3 )Ko(yjr*) (1.18)

k=0
C noMoIIbIO0 JIETKO JOKA3bIBAEMEIX COOTHOIIEHUH [4]

a" —- —ina
Ko = (Ff K
a_KO('yr) ( -)nei"uK,,('yr)

07" 2

2= X +ix, = reia, n=201,...

noJty4aeM nocnie npeo6pa3oBaHui

0 .z d\* _
(B*EF*"B*éz_*) Ko(Yjry) =

By N2k k m
- 2(‘3*771) mgosm(,‘;k cos[2m(cty — 8)1K,,,(Y;7+)

(B*a%k+[§*%)2k+l

”3 |,Y 2k+1 K -m )
(=) 3. CaiTcosl2m s 1(ts = 9o 7

Ko(Yjry) =
(1.19)
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k=0,1,...
5 = 1/2’ m=0 _ m!
"~ 11, m=12.. ™ nl(m-n)!

INopcranoeka BeIpaxenuit (1.19) B cootHowmenue (1.18) gaer

A(h—x3)
e } Ko(yjr*) =X,-X,

X, =27 8,c08[2m(0ty —8)11,,[¥IBsl (h— x3)1K,, (¥;74)

m=0

X, =2 cos[(2m+1)(0ty = 8) 1y 1 [YIBsl (B = x3) 1Ky 1 (V7

m=0

rae K, (2), 1,(z) — cooTBeTcTBeHHO (PyHKIMST MaKIOHAIbAa ¥ MOMUCGUIHPOBAHHAA (DYHK-
nusa beccenst nopsifkos n.

Hakonen, npusiekas TeopeMy cinoxenus I'pada [5], npuxonum k paBenctsy (1.17) npu
BbIOOpE 3HaKa matoc. IlyreM 3aMeHbI B HEM h Ha — h nonry4aeM paBeHCTBO (1.17) npu BbI-
6ope 3HaKa MuHyc. OTMETHM, 4TO cOOTHOIIEeHH: (1.17) NpexcTaBIAIOT CAMOCTOSTENbHbIN
HHTepeC B TEOPHU UIHHAPHYECKHX (DYHKIHUIA.

TakuMm o6pa3zom, ¢ yaieTom ¢popmya (1.17) nonydaeM KOOpAHHATHYIO peaIU3alHIO Olle-
paTopHbIx paBeHcTB (1.15) B Bufe

U, =u,, Uy = U_

. (1.20)
w=3Y I’%Ko(iji)sin[(h + )]
J

j=1

DyYHKUMH U, = U,(x;, X5, x3) (1.20) ¥MeIOT pa3pbIBbl BTOPOro poaa Ha auHMAX W, = 0.
YuureiBast BelpaxeHus (1.17) pas KOMIUIEKCHOH mepeMeHHo# W,, monydaeMm mapy
MPSIMBIX

a a
x; = 2(x3%h), x, = =(x3%h)
a33 as3

rie BEPXHHUI 3HAaK COOTBETCTBYET (DYHKIHUH U,, HIDKHUH — PyHkuun u,. Kak u ciegoBano
OXHJATh, B CIy4ae a3 = d,3 = 0 ¢ynkuun (1.20) Tepmar pa3pbiBbl Ha HHTEpBaJie —h <x3 < h
OCH X3.

2. O6muai BHJ OXHOPOAHLIX pelmieHnl rpaamdnoi 3apaun (1.1), (1.2). I3 nocrpoerus
onHoponHbix peinenui (1.20) BugHO, 4YTO GyHKIHA Ky(Y;R,) ABIsieTCS pelIeHHeM ypaBHe-
Hus 'ensMronasna

A
—5+— -1 [@(Y;|W,]) = 0 2.1
Oxy Oyy
rae
Xe = ReW,, y, =ImW,, |W, =R, 2.2)

Ananoruyno ¢pyskuus K(Y;R_) — peliense 3Toro ypaBHeHust IPH 3aMeHe B BHIPaXKEHH-
ax (2.2) uHEEK ca IUTF0C Ha MHHYC.
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ITokaxeM, yTo BeIpaxeHus (1.20) nagyT pelieHns rpaHuyHO#M 3anayqu (1.1), (1.2), ecnu
3aMCHHUTDb B HUX (p}’HKI.lIHO Mamonanbna KO IIPOHU3BOJIBHBIM JOCTATOYHO INIaJKUM pelle-
HueM ypaBHeHusd (2.1). [Ins 3Toro 3anumeM (GyHKIHIO 4; B BUAE

I
U=y E!D}sm[(h +x3)1,] (2.3)
j=1"
BennunHel |; onpepeneHsl Bblle, a QYHKUAA CD;. = <I>; (%4> Y4) — peLieHus ypaBHeHus (2.1)

B ciyvae (2.2).
ITopcranoBka Bbipaxenus (2.3) B puddepennnanbuoe ypapaenue (1.1) npuBoguT K cu-
creme

A®] = 0, B®]+243,®; =0 (2.4)
A = aBa] +(12382+a33a3

~ 2 2 2 2

B = a,07 +2a,0,0; + a5,0; —a3303 - ax|;

IlepBoe ypaBHEHHE 3TOH CHCTEMBI BHIIIOJIHIAETCS Ha 11000ii HenpephIBHO A depeHn-
pyemoi ¢pyskuun ®(x,, y,). B camoM fene, B nepeMeHHbIX W,, W, , 3alaHHBIX MIOCTIEHH-

MH paBeHcTBaMi (1.17), oHo nmpuobperaeT BUJ

o]
Rej (a3 +ayvy —‘1335*)m =0 (2.5)

# B cuty cootHoueHu# (1.16) obpaiaeTcs B TOXAECTBO.
Bropoe ypaBHeHHe cucTeMbl (2.4) ¢ ydeTOM paBeHcTBa (2.5) 3anucbiBaeTcs Tak:

L LN
2’ +2b -
ow’ oW, oW,

2Re| a —aupi®) = 0 (2.6)

J

2 2
Ay +2a15Vy +anVy = 2By (a3 +axyvy) +az;Py

a

2 2 =
b = ay +ap|vl” +ay|Bygl” +2Re(a)pvy —a 3By — anvyBy)

Ipusnekas panee popmyasl ais B, u v, u3 cooTHomennit (1.16), Haxogum
a= O, b = 2a33A*A22

CnepgoBaTtenbHo, ypaBHeHue (2.6) conagaet ¢ (2.1), 4T0 1 TpeGOBaNOCh.
AHaJIOrH4YHO pelleHHIo (2.3) CTPOUTCsl BTOPOE PElLleHHue, U,, KOTOPOe OTIMYAETCS OT

(2.3) 3aMeHOM x; Ha — X3 H CD; Ha ®; = @, (x,, y,)- pemwenne ypasHenus (2.1) B cuyuae,

KOraa B BbIPpaXXKECHHUAX (22) HHIEKC IUTIOC 3aME€HEH Ha MUHYC.

anHuHﬂMaHBHOC OTJINYHNE ITONYYEHHBIX ONHOPOAHBIX pemex—mﬂ OT M3BECTHBIX aHAJIO-
THYHBIX, COOTBETCTBYIOIIUX U30TPOMHLIM HJIIH TPAHCBEPCAJIBHO U30TPOIHBIM CpEaM, 3a-
KJIFO4A€TCs B TOM, YTO HX HEJIb35 IIOCTPOUTH METONOM pa3fC/ICHHUs ICPEMEHHBIX B ICKap-

+
TOBBbIX KoopuHaTax x(k = 1, 2, 3). 9T0 caegyet u3 Toro, 4ro PyHkuuu P ; 3aBHCAT OT
BCEX TPEX IEPEMEHHBIX X, X, X3.
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3. OGcyxpenne pe3ynbraToB. B cnyyasx, koraa la;|/as; < 1, layl/as; <€ 1, MoxXHO yKa-
3aTh HEKOTOPYIO NPHOJIMXKEHHYIO NPOLEAYPY IOCTPOEHHsS ORHOPOAHBIX pemeHui. Tak,
OCTaBJIsIs B IepBOM cooTHomeHnH (1.12) Tonbpko HyJIEBYIO M IEPBYIO CTENEHHU OllepaTopa A,
3anMueM

A(h=x3) h—x,
e 9 =@+

s (a139, "'azsaz)‘Pj = f;

OrTcrona ¥ U3 nepBoro cootTHouenus (1.15) Haxonum

oo

uy = Z&sin[(hmj,)uj]fj 3.1

j=1

AHaJIOTHYHO NOJIy4YaeM BTOPOE peLIeHHe, u,, OTIHYaKoueecs oT (3.1) 3aMeHoH x; Ha — X3
U as; Ha — ds3.

B o6meM cnyyae u3 yHKUHHA U, U, MOXKHO CKOMOMHHPOBATHL PELICHHs, CHMMETPUY-
Hbl€ ¥ KOCOCHMMETPHYHBIE OTHOCHTENIBHO Hayana KoopauHat. 13 paBencTs (1.17) BugHO,
4TO

Wo(—=xp, =X, —X3) = =W_(x1, Xy, X3)
ITonaras B popmymne (2.3) u ananorun4dHo# el popmyie ans u,
CD;(xl, Xy, X3) = —CD;(—xl, —Xy, —X3)
[0JIy4aeM COOTBETCTBYIOLINE PELICHHUS
o= u Uy, U= u-u,

Bripaxenne (3.1) ans u;, 1 aHaJOTHYHOE €MY AJIS U, MOXKHO MCIONb30BaTh IIPU pelle-
HUM I'DaHUYHBIX 3a7a4 AJs KYCOYHO-OZHOPOMHOIO CJIOS, HAalpUMep CJIOS CO CKBO3HBIMHU
TYHHENBHBIMH NOJOCTSIMH THO0 pa3pe3amu. IIpu 3ToM cOOTBETCTBYIONIHE 3ala4l CBOJISIT-
¢Sl K CHCTeMaM OJHOMEPHBIX CHHIYJISIPHBIX HHTErpajibHbIX ypaBHeHuA. OHaKoO Ha 9TOM
NYTH IPOCMATPUBAIOTCS NPOOIIEMBI, CBI3aHHbIE C HAIMYMEM MaJIbIX IapaMeTPOB IIPU CHH-
ryasipubix oneparopax. C 3Toil TOUYKH 3peHHs, LieJecoo0pa3Hee NCXOAUTD U3 TOYHBIX BbI-
paxeHnutit (1.20), BBozst cBepTkHu DyHKIUH MakqoHanbaa ¢ [BOXHBIM CIOEM Ha IOBEPXHOC-
TH HeoHOpOaHOCTH. ITonyyeHHble TaKuM 06pa3oM HHTErpalbHble NPEACTaBIeHHS pellle-
HHil TpaHMYHBIX 3aflay CIyXaT HCXOOHBIM IYHKTOM [JA CBEeNEHHs IOCIEeNHHX K
ABYMEPHBIM HHTEIPajbHbIM ypaBHEHUAM. D(PPeKTUBHOCTb aHATUTHYECKUX ¥ YHUCIEHHBIX
[pOLERyp 3[€eCh ellle NPEJCTOUT OLECHUTb.
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