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<<?>?GB? 

<�ihke_^gb_�]h^u�bgl_gkb\gh�bkke_^mxlky�kbevgh�g_jZ\gh\_kgu_�hldju�
lu_�kbkl_fu�jZaebqghc�nbabq_kdhc�ijbjh^u��Bgl_j_k�d�^Zgghfm�gZijZ\e_gbx�
h[tykgy_lky� l_f�� qlh� ijb� hij_^_e_gguo� mkeh\byo� nemdlmZpbb� hdjm`Zxs_c�
kj_^u�� l�_�� \g_rgbc�rmf��fh]ml�kha^Z\Zlv�kljmdlmju��ihy\e_gb_�dhlhjuo�g_�
\hafh`gh�ijb�^_l_jfbgbjh\Zgghf�\g_rg_f�\ha^_ckl\bb��L_f�kZfuf�ijh[e_fZ�
dhgkljmdlb\ghc�jheb�rmfZ�aZgbfZ_l�h^gh�ba�p_gljZevguo�f_kl�\�kh\j_f_gghc�
nbabd_� 

I_j\ufb� mdZaZeb� gZ� ^Zggmx� h[eZklv� bkke_^h\Zgby� <� Ohjklo_fd_�
(W. +RUVWKHPNH��b�J� E_n_\j��5� Lefever) [1@��Bkihevamy�lhqgu_�j_amevlZlu��hgb�
jZa\_yeb�hkgh\Zgguc�gZ�bglmbpbb�fbn�h�lhf��qlh�nemdlmZpbb�\g_rg_c�kj_^u�
fh]ml�hdZau\Zlv�ebrv�^_ahj]Zgbamxs__�\ha^_ckl\b_��Hldjulu_�bfb�bg^mpb�
jh\Zggu_�rmfhf�g_jZ\gh\_kgu_�i_j_oh^u�–�i_j\uc�ijbf_j�y\e_gby�dhgkljmd�
lb\ghc�jheb�rmfZ�\�g_ebg_cguo�kbkl_fZo��;he__�lh]h��wlb�i_j_oh^u�ih�g_dh�
lhjuf� k\hckl\Zf� ZgZeh]bqgu� jZ\gh\_kguf� nZah\uf� i_j_oh^Zf� b� nZah\uf�
i_j_oh^Zf�\�g_jZ\gh\_kguo�kbkl_fZo�ijb�^_l_jfbgbjh\Zgguo�\g_rgbo�mkeh�
\byo��qlh�iha\hebeh�Z\lhjZf�]h\hjblv�h�gh\hf�deZkk_�nZah\uo�i_j_oh^h\� 

<hafh`ghklv�kms_kl\h\Zgby�y\e_gbc��ijhlb\hj_qZsbo�bglmbpbb��\ua\Z�
eZ�\kie_kd�bgl_j_kZ�d�bamq_gbx�kjZ\gbl_evgh�ijhkluo�kbkl_f��^ey�dhlhjuo�fh�
]ml�[ulv�ihemq_gu�lhqgu_�j_amevlZlu��>Z�b�kZfZ�l_hjby�bg^mpbjh\Zgguo�rm�
fhf� g_jZ\gh\_kguo� i_j_oh^h\� knhjfmebjh\ZgZ� \� jZfdZo� g_dhlhjuo�
^hims_gbc� b� ijb[eb`_gbc�� Z� bf_ggh�� ��� jZkkfZljb\Z_lky� ijhkljZgkl\_ggh-

h^ghjh^gZy��gmevf_jgZy��kbkl_fZ��l�_��__�khklhygb_�aZ\bkbl�lhevdh�hl�\j_f_gb��
���khklhygb_�kbkl_fu�^hklZlhqgh�ohjhrh�hibku\Z_lky�h^ghc�^bgZfbq_kdhc�i_�
j_f_gghc�����\j_fy�dhjj_eypbb�\g_rgbo�nemdlmZpbc�ij_g_[j_`bfh�fZeh��qlh�
iha\hey_l� bkihevah\Zlv� ijb[eb`_gb_� [_eh]h�rmfZ��Nbabq_kdbfb� kbkl_fZfb��
b^_Zevgh�m^h\e_l\hjyxsbfb�wlbf�lj_[h\Zgbyf��y\eyxlky�we_dljbq_kdb_�dhg�



 
6 

lmju��G_m^b\bl_evgh��qlh�bf_ggh�k�bo�ihfhsvx�[ueb�ihemq_gu�i_j\u_�wdki_�
jbf_glZevgu_� ih^l\_j`^_gby� wlhc� l_hjbb�� We_dljbq_kdb_� dhglmju� b� \� gZ�
klhys__�\j_fy�g_�mljZlbeb�k\hx�ZdlmZevghklv�ijb�ijh\_jd_�kms_kl\h\Zgby�gh�
\uo�l_hj_lbq_kdb�ij_^kdZaZgguo�klhoZklbq_kdbo�y\e_gbc� 

:dlmZevghklv�l_fu��Bgl_j_k�d�bamq_gbx�gmevf_jguo�kbkl_f�\�ihke_^�
gb_�]h^u�lZd`_�klbfmebjm_lky�[mjguf�jZa\blb_f�gZghl_ogheh]bc��iha\heyx�
sbo�dhgkljmbjh\Zlv�b�gZ[ex^Zlv�kbkl_fu�\�gZghfZkrlZ[_��Kj_^b�wlhc�h[rbj�
ghc� h[eZklb� bkke_^h\Zgbc� fh`gh� \u^_eblv� gZghf_oZgbq_kdb_� kbkl_fu��
khklhygb_�dhlhjuo�hibku\Z_lky�h^ghc�^bgZfbq_kdhc�i_j_f_gghc��Wlh��gZijb�
f_j��aZ`ZlZy�k�^\mo�klhjhg�gZgh[ZedZ��kem`ZsZy�^_l_dlhjhf�fZeuo�kbe�b�fZkk��
Ihi_j_qgu_�kf_s_gby�__�p_gljZ�fZkk�y\eyxlky�nbabq_kdhc�j_ZebaZpb_c�deZk�
kbq_kdh]h�aZlmoZxs_]h�hkpbeeylhjZ�>mnnbg]Z�>2@��Ijb�lZdbo�jZaf_jZo�agZqb�
l_evgu�g_�lhevdh�\g_rgb_�nemdlmZpbb��gh�b�\gmlj_ggb_��bo�kh\f_klgh_�\eby�
gb_�gZ�^\b`_gb_�p_gljZ�fZkk�mql_f�ihkj_^kl\hf�^\mo�\g_rgbo��\�h[s_f�kemqZ_�
\aZbfgh� dhjj_ebjh\Zgguo��rmfh\� k� ba\_klgufb� klZlbklbq_kdbfb� oZjZdl_jb�
klbdZfb� 

Ba\_klgh��qlh�\aZbfgZy�dhjj_eypby�rmfh\uo�bklhqgbdh\�fh`_l�dZq_kl�
\_ggh� baf_gylv� klZlbklbq_kdh_� k\hckl\Z� jZaebqguo� kbkl_f�� Hkh[_gghklb� __�
\ebygby� gZ� bg^mpbjh\Zggu_�rmfhf� g_jZ\gh\_kgu_� i_j_oh^u� \� g_ebg_cguo�
kbevgh�aZlmoZxsbo��i_j_^_finbjh\Zgguo��l�_��\�ij_g_[j_`_gbb�bg_jpbhggu�
fb�k\hckl\Zfb��kbkl_fZo�bamq_gu�g_�^h�dhgpZ� 

Ijb� bamq_gbb� wnn_dlh\�� bg^mpbjh\Zgguo�rmfhf�� ij_^iheZ]Z_lky�� qlh�
kemqZcgZy�kj_^Z�g_�ij_l_ji_\Z_l�kbkl_fZlbq_kdhc�w\hexpbb�\h�\j_f_gb��Wlh�
^hims_gb_�h[uqgh�ijbf_gbfh�gZ�ijhly`_gbb�\j_f_gb�gZ[ex^_gby�aZ�kbkl_�
fhc��H^gZdh�\hafh`gu�hldehg_gby��khhl\_lkl\_ggh�\hagbdZ_l�bgl_j_k�bkke_�
^h\Zlv�wnn_dlu��h[mkeh\e_ggu_�dZd�nemdlmZpbyfb�kj_^u��lZd�b�__�kbkl_fZlb�
q_kdbfb� baf_g_gbyfb�� <j_f_ggZy� w\hexpby� kbkl_fu� \� kemqZcghc� kj_^_��
j_eZdkbjmxs_c�\h�\j_f_gb�ih�kl_i_gghfm�aZdhgm��jZg__�g_�bkke_^h\ZeZkv� 
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Ijb[eb`_gb_�[_eh]h�rmfZ�ijbf_gbfh��_keb�\j_fy�dhjj_eypbb�bklhqgbdZ�
j_Zevgh]h�rmfZ�gZfgh]h�f_gvr_� \j_f_gb�j_eZdkZpbb� kbkl_fu��<�ijhlb\ghf�
kemqZ_�nemdlmZpbb�g_h[oh^bfh�mqblu\Zlv�ihkj_^kl\hf�p\_lgh]h�rmfZ�k�g_gm�
e_\uf�\j_f_g_f�dhjj_eypbb��>ey�bamq_gby�\j_f_gghc�w\hexpbb�kbkl_f�k�^\m�
fy�bklhqgbdZfb�p\_lgh]h�rmfZ�rbjhdh_�ijbf_g_gb_�ihemqbeb�ijb[eb`_ggu_�
f_lh^u��<hagbdZ_l�bgl_j_k�\uihegblv�wlh�bkke_^h\Zgb_�\�jZfdZo�lhqguo�j_�
amevlZlh\� 

K\yav�jZ[hlu�k�gZmqgufb�ijh]jZffZfb��ieZgZfb��l_fZfb��>bkk_jlZ�
pbhggZy� jZ[hlZ� \uiheg_gZ� gZ� dZn_^j_� h[s_c� b� wdki_jbf_glZevghc� nbabd_�
Kmfkdh]h�]hkm^Zjkl\_ggh]h�mgb\_jkbl_lZ�\�jZfdZo�l_fZlbq_kdh]h�ieZgZ�gZmq�
gh-bkke_^h\Zl_evkdbo�jZ[hl�Fbgbkl_jkl\Z�h[jZah\Zgby�b�gZmdb�MdjZbgu��l_fZ�
�� �����������-���]�[� ³KlZlbklbq_kdb_�oZjZdl_jbklbdb�^bgZfbq_kdbo�kbkl_f�k�
nemdlmbjmxsbfb�iZjZf_ljZfb´����]hk��j_]bkljZpbb�����U000766. 

P_ev�b� aZ^Zqb�bkke_^h\Zgby��P_ev�^bkk_jlZpbhgghc�jZ[hlu�khklhbl�\�
\uy\e_gbb�dhgkljmdlb\gh]h�\ebygby�^\mo�rmfh\uo�bklhqgbdh\�rmfZ�gZ�klZ�
lbklbq_kdh_�ih\_^_gb_�gmevf_jguo�kbkl_f��hibku\Z_fuo��h^ghc�^bgZfbq_kdhc�
i_j_f_gghc�� >ey� ^hklb`_gby� ihklZ\e_gghc� p_eb� \� ^bkk_jlZpbhgghc� jZ[hl_�
j_rZxlky�ke_^mxsb_�aZ^Zqb� 

• bamqZ_lky� jhev� \aZbfghc� dhjj_eypbb� [_euo�rmfh\� \� y\e_gbb� g_jZ\gh�
\_kguo�i_j_oh^h\��bg^mpbjh\Zgguo�rmfhf� 

• hibku\Z_lky�\j_f_ggZy�w\hexpby�kbkl_fu�\�g_klZpbhgZjghc�kj_^_��^ey�
dhlhjhc� wnn_dlb\guc� dhwnnbpb_gl� aZlmoZgby� aZ\bkbl� hl� \j_f_gb� ih�
kl_i_gghfm�aZdhgm� 

• jZajZ[Zlu\Z_lky� f_lh^�� iha\heyxsbc� ihemqblv� iehlghklv� \_jhylghklb�
^ey�kbkl_fu�k�^\mfy�bklhqgbdZfb�]Zmkkh\kdh]h�p\_lgh]h�rmfZ��dhlhju_�
oZjZdl_jbamxlky�ijhba\hevgufb�dhjj_eypbhggufb�nmgdpbyfb� 
H[t_dlhf�bkke_^h\Zgby y\ey_lky�ijhp_kk�w\hexpbb�kbkl_f�d�jZ\gh\_k�

ghfm�khklhygbx�ih^�\ha^_ckl\b_f�^\mo�\g_rgbo�rmfh\� 
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Ij_^f_lhf�bkke_^h\Zgby y\eyxlky�gmevf_jgu_�kbkl_fu�k�^\mfy�bklhq�
gbdZfb�rmfZ��hibku\Z_fu_�h^ghc�^bgZfbq_kdhc�i_j_f_gghc� 

F_lh^u�bkke_^h\Zgby��>ey�mijhs_gby�ihemq_gby�lhqguo�j_amevlZlh\�\�
^bkk_jlZpbhgghc�jZ[hl_�jZkkfZljb\Z_lky�kemqZc�kbevgh]h�aZlmoZgby��khhl\_l�
kl\mxsbc�^\b`_gbx�nbabq_kdhc�kbkl_fu�\�^hklZlhqgh�\yadhc�kj_^_��qlh�ih�
a\hey_l�ij_g_[j_qv�fZkkhc��>ey�hibkZgby�ijhp_kkZ�\j_f_gghc�w\hexpbb�kbk�
l_f� k� nemdlmbjmxsbfb� iZjZf_ljZfb� bkihevamxlky� f_lh^u� g_jZ\gh\_kghc�
klZlbklbq_kdhc� nbabdb�� Z� bf_ggh�� mjZ\g_gby� EZg`_\_gZ� b�Nhdd_jZ-IeZgdZ��
>ey�\uy\e_gby�g_jZ\gh\_kguo�i_j_oh^h\��h[mkeh\e_gguo�\aZbfghc�dhjj_eypb�
_c�rmfh\��ijbf_gyxlky�f_lh^u� l_hjbb�bg^mpbjh\Zgguo�rmfhf�g_jZ\gh\_k�
guo�i_j_oh^h\��>ey�hij_^_e_gby�^bnnmabhgguo�j_`bfh\�gZoh^ylky�klZlbklb�
q_kdb_�fhf_glu�iehlghklb�\_jhylghklb�^bgZfbq_kdhc�i_j_f_gghc� 

GZmqgZy� gh\bagZ� ihemq_gguo� j_amevlZlh\�� >ey� deZkkZ� g_ebg_cguo�
kbkl_f� \� ijb[eb`_gbb� \aZbfgh-dhjj_ebjh\Zgguo� ]Zmkkh\kdbo� [_euo�rmfh\�
\i_j\u_�mklZgh\e_gh��qlh�\aZbfgZy�dhjj_eypby�fh`_l�bg^mpbjh\Zlv�g_jZ\gh�
\_kgu_�i_j_oh^u��Z�bf_ggh�h^ghfh^Zevguc-[bfh^Zevguc�i_j_oh^��Ijbq_f�\�__�
hlkmlkl\bb�gb�h^bg�ba�rmfh\�g_�\uau\Z_l�lZdb_�dZq_kl\_ggu_�baf_g_gby�\�ih�
\_^_gbb�kbkl_f�� �Ijb�bamq_gbb� w\hexpbb�ebg_cguo�kbkl_f�kh�kl_i_gguf�\h�
\j_f_gb� dhwnnbpb_glhf� aZlmoZgby� jZkkfhlj_g�ijhp_kk�� \ua\Zgguc�nemdlmZ�
pbyfb� `_kldhklb�� dhlhjuc� oZjZdl_jbam_lky� [_kdhg_qgufb� klZlbklbq_kdbfb�
fhf_glZfb��<� aZ\bkbfhklb� hl� iZjZf_ljh\� dhwnnbpb_glZ� aZlmoZgby� b� wnn_d�
lb\ghc�bgl_gkb\ghklb�]Zmkkh\kdh]h�[_eh]h�rmfZ�deZkkbnbpbjh\Zgu�^bnnmab�
hggu_�j_`bfu��<�ki_pbZevghf�deZkk_�kbkl_f�\i_j\u_�h[gZjm`_gh�g_lbibqgh_�
^ey�h[uqguo�^bnnmabhgguo�ijhp_kkh\�baf_g_gb_�oZjZdl_jZ�^bnnmabb�ijb�ba�
f_g_gbb�bgl_gkb\ghklb�wlh]h�rmfZ��Bkke_^h\ZgZ�\j_f_ggZy�w\hexpby�kbkl_f�k�
^\mfy� bklhqgbdZfb� ]Zmkkh\kdh]h� p\_lgh]h� rmfZ�� dhlhju_� oZjZdl_jbamxlky�
ijhba\hevgufb�dhjj_eypbhggufb�nmgdpbyfb��>ey�wlhc�p_eb�jZajZ[hlZg�f_lh^�
hij_^_e_gby�bgl_jiheypbhgghc�nhjfmeu�^ey�g_klZpbhgZjghc�iehlghklb�\_jh�
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ylghklb�^bgZfbq_kdhc�i_j_f_gghc��dhlhjZy�^Z_l� lhqgu_�j_amevlZlu�\�kemqZ_�
ij_g_[j_`bfh�fZeh]h�h^gh]h�ba�rmfh\� 

IjZdlbq_kdh_� agZq_gb_� ihemq_gguo� j_amevlZlh\�� J_amevlZlu�� ihem�
q_ggu_�\�^bkk_jlZpbhgghc�jZ[hl_��jZkrbjyxl�agZgby�h�klZlbklbq_kdbo�k\hckl�
\Zo�kbkl_f�k�nemdlmbjmxsbfb�iZjZf_ljZfb��Kh\f_klgh_�\ebygb_�\g_rgbo�b�
\gmlj_ggbo�nemdlmZpbc�kms_kl\_ggh�kdZau\Z_lky�gZ�ih\_^_gbb�fbdjh-�b�gZgh�
kbkl_f��dhlhju_�fh]ml�g_�lhevdh�gZ[ex^Zlvky�\�ijbjh^_��ihebf_ju��[bhiheb�
f_ju��^j����gh�b�dhgkljmbjh\Zlvky�[eZ]h^Zjy�ijh]j_kkm�\�jZa\blbb�l_ogbq_kdbo�
kj_^kl\��gZgh[Zedb��^j����Lhqgu_�j_amevlZlu�fh]ml�[ulv�bkihevah\Zgu�^ey�jZa�
jZ[hldb�ijb[eb`_gguo�f_lh^h\�ZgZebaZ�lZdbo�kbkl_f� 

Ebqguc�\deZ^�khbkdZl_ey��JZ[hlu� >5,6@�ih^]hlh\e_gu�^bkk_jlZglhf�\�
khZ\lhjkl\_��Z�jZ[hlu�>7-11] –�kZfhklhyl_evgh�ijb�ih^^_j`d_�gZmqgh]h�jmdh\h�
^bl_ey��<�jZ[hlZo� >5,6@�Z\lhj�^bkk_jlZpbb�ijbgye�mqZklb_�\�bamq_gbb�ebl_jZ�
lmjguo�bklhqgbdh\��\�h[km`^_gbb�ihemq_gguo�j_amevlZlh\�b�jZ[hl_�gZ^�im[�
ebdZpbyfb��<�jZ[hl_�>5@�khbkdZl_ev�lZd`_�ijbgye�mqZklb_�\�jZajZ[hld_�gh\h]h�
f_lh^Z�\u\h^Z�mjZ\g_gby�Nhdd_jZ-IeZgdZ��ij_^eh`be�ijbf_j�kbkl_fu��\�dh�
lhjhc�\aZbfgZy�dhjj_eypby�rmfh\�fh`_l�bg^mpbjh\Zlv�g_jZ\gh\_kgu_�i_j_�
oh^u��<�jZ[hl_�>6@�\�jZfdZo�l_fu�^bkk_jlZpbb�knhjfmebjh\Ze�aZ^Zqm�h�qZklbp_�
\�g_klZpbhgZjghc�kj_^_��ihemqbe�^ey�h[s_]h�kemqZy�lhqgu_�\ujZ`_gby�iehl�
ghklb�\_jhylghklb�b�__�fhf_glh\��LZd`_�ij_^eh`be�ijbf_ju�kbkl_f��^ey�dhlh�
juo�[ueb�gZc^_gu�bo�y\gu_�\ujZ`_gby��h[gZjm`be�g_lbibqgh_�^ey�h[uqguo�
^bnnmabhgguo�ijhp_kkh\�baf_g_gb_�oZjZdl_jZ�^bnnmabb�ijb�baf_g_gbb�bg�
l_gkb\ghklb�fmevlbiebdZlb\gh]h�[_eh]h�rmfZ� 

:ijh[Zpby� j_amevlZlh\� ^bkk_jlZpbb��Hkgh\gu_� j_amevlZlu� ^bkk_jlZ�
pbhgghc�jZ[hlu�ij_^klZ\eyebkv�b�^hdeZ^u\Zebkv�gZ�ke_^mxsbo�dhgn_j_gpb�
yo� 

• GZmqgh-l_ogbq_kdZy� dhgn_j_gpby� ij_ih^Z\Zl_e_c�� khljm^gbdh\� b� klm�
^_glh\�f_oZgbdh-fZl_fZlbq_kdh]h�nZdmevl_lZ�Kmf=M��Kmfu��������������
�����]]��� 



 
10 

• 9,,�F_`^mgZjh^gZy�gZmqgZy�dhgn_j_gpby� ³Nbabq_kdb_� y\e_gby�\� l\_j�
^uo�l_eZo´��OZjvdh\�������]��� 

• I�F_`^mgZjh^gZy�gZmqgh-ijZdlbq_kdZy� dhgn_j_gpby� ³GZmdZ�b� l_ogheh�
]bb��rZ]�\�[m^ms__�–�����´��;_e]hjh^�������]��; 

• F�`gZjh^gZ�dhgn_j_gp�y�klm^_gl�\���fheh^bo�gZmdh\p�\�a�l_hj_lbqgh��lZ�
_dki_jbf_glZevgh��n�abdb�³?\jbdZ�– 2006´��Ev\�\�������j��� 
Im[ebdZpbb��Hkgh\gu_�j_amevlZlu�^bkk_jlZpbhgghc�jZ[hlu�baeh`_gu�\�

��klZlvyo�\�gZmqguo�`mjgZeZo��dhlhju_�\oh^yl�\�i_j_q_gv�<:D�MdjZbgu��b�6 

k[hjgbdZo�l_abkh\�dhgn_j_gpbc� 
KljmdlmjZ�^bkk_jlZpbb��>bkk_jlZpbhggZy�jZ[hlZ�khklhbl�ba�\\_^_gby��

q_luj_o�jZa^_eh\��\u\h^h\��kibkdZ�bkihevah\Zgguo�bklhqgbdh\�ba�����gZbf_�
gh\Zgbc��^\mo�ijbeh`_gbc��Iheguc�h[t_f�^bkk_jlZpbb�khklZ\ey_l�����kljZgb�
pu��kh^_j`bl����jbkmgdh\� 
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J:A>?E��  

BG>MPBJH<:GGU?�RMFHF�Y<E?GBY�<�KLHO:KLBQ?KDBO�
KBKL?F:O�B�F?LH>U�BO�HIBK:GBY 

<k_�j_Zevgu_�kbkl_fu�kh^_j`Zl�bklhqgbd�rmfZ��nmg^Zf_glZevgZy�ijb�
qbgZ�wlh]h�–�^bkdj_lghklv�kljh_gby�fZl_jbb��Ihwlhfm�klhoZklbq_kdb_�kbkl_fu�
rbjhdh�\klj_qZ_lky�\�jZaebqguo�gZmdZo�� lZdbo�dZd�nbabdZ��obfby��[bheh]by��
wdhghfbdZ��khpbheh]by�b�^jm]b_�[1,3,4@��<�deZkkbq_kdbo�fZdjhkdhibq_kdbo�kbk�
l_fZo��khklhysbo�ba�\_ebdh]h�fgh`_kl\Z�qZklbp��rmf�\hagbdZ_l�\ke_^kl\b_�g_�
^hklZlhqguo�agZgbc�h�lhqguo�khklhygbyo�\k_o�qZklbp��Ijb�bkke_^h\Zgbb�lZdbo�
kbkl_f�qZklh�jZkkfZljb\Zxlky�g_kdhevdh�kl_i_g_c�k\h[h^u��fZdjhkdhibq_kdb_�
l_jfh^bgZfbq_kdb_�iZjZf_lju��Z�hklZevgu_�kl_i_gb�k\h[h^u�g_�mqblu\Zxlky��
Wlh� ijb\h^bl� d� nemdlmZpbyf� fZdjhkdhibq_kdbo� iZjZf_ljh\�� d� ihy\e_gbx� \�
kbkl_fZo� \gmlj_gg_]h� l_ieh\h]h� rmfZ�� bgl_gkb\ghklv� dhlhjh]h� ijhihjpbh�
gZevgZ� l_fi_jZlmj_�� >Zgguc� ih^oh^� e_`bl� \� hkgh\_� klZlbklbq_kdhc�nbabdb�
fZdjhkdhibq_kdbo�jZ\gh\_kguo�kbkl_f� >12@��K�^jm]hc�klhjhgu��fgh]b_�kbkl_�
fu�g_�bahebjh\Zgu�hl�hdjm`Zxsbo�bo�fZdjhkdhibq_kdbo�kbkl_f��b�ih^\_j`_�
gu�bo�\ebygbx��dhlhjh_�\ujZ`Z_lky�\h�nemdlmZpbyo�iZjZf_ljh\�kbkl_f��\�ih�
y\e_gbb� \g_rg_]h� iZjZf_ljbq_kdh]h� rmfZ�� LZdhc� ih^oh^� bkihevam_lky� \�
g_jZ\gh\_kghc� klZlbklbq_kdhc� nbabd_� hldjuluo� kbkl_f� >13@�� JZa]jZgbq_gb_�
\gmlj_gg_]h�b�\g_rg_]h�rmfZ�^h�g_dhlhjhc�kl_i_gb�mkeh\gh��b�aZ\bkbl�hl�lh]h��
]^_�ijh\h^blky�]jZgbpZ�f_`^m�kbkl_fhc�b�__�hdjm`_gb_f��<�d\Zglh\uo�kbkl_�
fZo�rmf�kms_kl\m_l��^Z`_�_keb�bo�khklhygby�lhqgh�ba\_klgu��l�_��dh]^Z�kbkl_�
fu�gZoh^ylky�\�qbkluo�khklhygbyo�>14]. 

<�fZdjhkdhibq_kdbo�jZ\gh\_kguo�kbkl_fZo�\gmlj_ggbc�rmf�b]jZ_l�\Z`�
gmx�jhev�gZ�fbdjhkdhibq_kdhf�mjh\g_��H^gZdh�nemdlmZpbb�fZdjhkdhibq_kdbo�
iZjZf_ljh\�hlghkbl_evgh�bo�kj_^gbo�agZq_gbc�hq_gv�fZeu�b�g_�\ebyxl�gZ�dZ�
q_kl\_ggu_�baf_g_gby�ih\_^_gby�kbkl_f��>_ckl\bl_evgh��hlghkbl_evgZy�nemd�
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lmZpby�wlbo�iZjZf_ljh\�h[jZlgh�ijhihjpbhgZevgZ� N ��]^_�N –�qbkeh�qZklbp�
fZdjhkdhibq_kdhc�kbkl_fu��Ihwlhfm�ijb�N:��fZdjhkdhibq_kdb_�iZjZf_lju�
fh`gh�kqblZlv�ijZdlbq_kdb�ihklhyggufb�\h�\j_f_gb�b�jZ\gufb�k\hbf�kj_^�
gbf�agZq_gbyf��<�ijhlb\hiheh`ghklv�wlhfm��nemdlmZpbb�\g_rg_c�kj_^u�g_�aZ�
\bkyl�hl�qbkeZ�qZklbp�N�kbkl_fu��ke_^h\Zl_evgh��bgl_gkb\ghklv�\g_rg_]h�rm�
fZ�fh`_l�[ulv�agZqbl_evghc�\�kjZ\g_gbb�k�bgl_gkb\ghklvx�\gmlj_gg_]h�rmfZ� 

H[uqgh�� \ha^_ckl\b_�rmfZ�� \gmlj_gg_]h�beb� \g_rg_]h��ijb\h^bl� d�gZ�
jmr_gbx�ihjy^dZ�\�kbkl_fZo��d�mom^r_gbx�bo�nmgdpbhgbjh\Zgby��<�dZq_kl\_�
ijbf_jh\� fh`gh� ijb\_klb� ijh[e_fu� jZ^bhnbabdb�� h]jZgbq_gghklv� qm\kl\b�
l_evghklb�mkbebl_e_c�b�dhg_qghklv�rbjbgu�ki_dljZevghc�ebgbb�]_g_jZlhjh\�
[15,16@��H^gZdh�bgl_gkb\gu_�bkke_^h\Zgby�ihke_^gbo�ljb^pZlb�e_l�ihdZau\Z�
xl��qlh�rmf�ijb�g_dhlhjuo�mkeh\byo�fh`_l�b]jZlv�dhgkljmdlb\gmx�jhev�\�ih�
\_^_gbb�g_ebg_cguo�g_jZ\gh\_kguo�kbkl_f��bg^mpbjh\Zlv�gh\u_�y\e_gby��g_�
\hafh`gu_� \� ^_l_jfbgbjh\Zgguo� kbkl_fZo� >17@�� Wlh�� gZijbf_j��
klhoZklbq_kdbc� j_ahgZgk� >18-20@�� ijb� dhlhjhf� ijhbkoh^bl� mkbe_gb_� keZ[h]h�
i_jbh^bq_kdh]h�kb]gZeZ�b�memqr_gb_�hlghr_gby�kb]gZe�–�rmf�ijb�hilbfZev�
ghc�bgl_gkb\ghklb�rmfZ��b�_]h�fh^bnbdZpby�–�j_ahgZgkgZy�Zdlb\Zpby�>21@��Wlh�
m`_�mihfygmlu_�\h�\\_^_gbb�bg^mpbjh\Zggu_�rmfhf�i_j_oh^u�>1@��ijb�dhlh�
juo� iehlghklv� \_jhylghklb� ^bgZfbq_kdhc� i_j_f_gghc� baf_gy_l� dhebq_kl\h�
k\hbo� wdklj_fmfh\��>jm]b_�ijbf_ju��gZijZ\e_gguc� ljZgkihjl� \�ijhkljZgkl�
\_ggh-i_jbh^bq_kdbo�kbkl_fZo��\�lZd�gZau\Z_fuo�[jhmgh\kdbo�fhlhjZo�>22,23], 

b�dh]_j_glguc�j_ahgZgk��ijb�dhlhjhf�rmf�bg^mpbjm_l�hkpbeeypbb��dh]_j_gl�
gu_� d� hij_^_e_gghc� _]h� bgl_gkb\ghklb�� \� kbkl_f_� [_a� i_jbh^bq_kdhc� kbeu�
[24,25@�� GZa\Zggu_� y\e_gby� bf_xl� f_klh� \� ijhkljZgkl\_ggh-h^ghjh^guo�
�gmevf_jguo�� kbkl_fZo�� ^ey� dhlhjuo� iZjZf_lj� khklhygby� g_� aZ\bkbl� hl� ijh�
kljZgkl\_gguo� dhhj^bgZl��b�bg^mpbjmxlky� \j_f_ggufb�nemdlmZpbyfb��Ijb�
f_ju�dhgkljmdlb\ghc�jheb�rmfZ�\�ijhkljZgkl\_ggh-jZkij_^_e_gguo�kbkl_fZo�
[26@�� khklhysbo�ba� k\yaZgguo�gmevf_jguo� kbkl_f� �hkpbeeylhjh\��� –�nZah\u_�
i_j_oh^u�>27,28@��ijb�dhlhjuo�ijhbkoh^bl�gZjmr_gb_�kbff_ljbb�b�wj]h^bqgh�
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klb��mkbe_ggh_�rmfhf�jZkijhkljZg_gb_�]Zjfhgbq_kdh]h�kb]gZeZ� >29,30@�b�bg�
^mpbjh\Zggh_�rmfhf�nhjfbjh\Zgb_�kljmdlmj�>31]. 

Ijb\_^_ggu_�ijbf_ju�^_fhgkljbjmxl��qlh�rmf�fh`_l�\uau\Zlv�fgh`_�
kl\h�y\e_gbc�\�klhoZklbq_kdbo�kbkl_fZo��DZd�ijZ\beh��\�dZq_kl\_�f_lh^h\�bo�
hibkZgby�bkihevamxlky�mjZ\g_gby�EZg`_\_gZ�b�Nhdd_jZ-IeZgdZ� 
 

 

1.1. F_lh^�mjZ\g_gby�EZg`_\_gZ 

H^bg�ba�f_lh^h\�hibkZgby�klhoZklbq_kdbo�kbkl_f�hkgh\u\Z_lky�gZ�mjZ\�
g_gbyo�EZg`_\_gZ�>1-4@��l�_��klhoZklbq_kdbo�^bnn_j_gpbZevguo�mjZ\g_gbyo��\�
dhlhju_�rmf�\oh^bl�\�\b^_�kemqZcghc�kbeu��>bgZfbq_kdZy�i_j_f_ggZy��oZjZd�
l_jbamxsZy� khklhygb_� kbkl_fu�� m^h\e_l\hjy_l� wlhfm� mjZ\g_gbx� b� y\ey_lky�
kemqZcguf�ijhp_kkhf��dhlhjuc�ij_^klZ\ey_l�kemqZcgu_�\_ebqbgu�^ey�nbdkb�
jh\Zgguo�fhf_glh\�\j_f_gb�b�^_l_jfbgbjh\Zggu_�nmgdpbb�ijb�nbdkbjh\Zg�
guo�agZq_gbyo�kemqZcguo�\_ebqbg��Wlb�nmgdpbb�gZau\Zxlky�j_ZebaZpbyfb��b�
gZ�nbabq_kdhf�yaud_�kemqZcguc�ijhp_kk�fh`gh�ij_^klZ\blv�dZd�ZgkZf[ev�lZ�
dbo� j_ZebaZpbc��Ih� khklhygbx� kbkl_fu�\�gZqZevguc�fhf_gl�\j_f_gb�g_evay�
h^ghagZqgh�hij_^_eblv�__�khklhygb_�\�ijhba\hevguc�fhf_gl��Fh`gh�]h\hjblv�
h� klZlbklbq_kdbo�oZjZdl_jbklbdZo�iZjZf_ljZ� khklhygby��iehlghklb�\_jhylgh�
klb�b�__�fhf_glZo��Bo�gZoh`^_gb_�ijb�ba\_klguo�gZqZevguo�mkeh\byo�b�aZ^Zg�
guo�klZlbklbq_kdbo�oZjZdl_jbklbdZo�rmfZ�ij_^klZ\ey_l�i_j\hhq_j_^gmx�aZ^Z�
qm�ijb�bkke_^h\Zgbb�klZlbklbq_kdh]h�ih\_^_gby�kbkl_f� 

I_j\uf�y\e_gb_f��^ey�hibkZgby�dhlhjh]h�bkihevah\Zehkv�klhoZklbq_kdh_�
^bnn_j_gpbZevgh_�mjZ\g_gb_� �EZg`_\_g���[ueh�[jhmgh\kdh_�^\b`_gb_�–�[u�
kljh_��g_ij_djZsZxs__ky��g_j_]meyjgh_�^\b`_gb_�g_[hevrhc� qZklbpu��\a\_�
r_gghc�\�`b^dhklb� >3,4@��;jhmgh\kdb_�qZklbpu�\h�\g_rg_f�ihl_gpbZe_�k�h^�
gbf� beb� g_kdhevdbfb� fbgbfmfZfb� b� aZ^Zggufb� [Zjv_jZfb� –� ijhkl_crZy�
fh^_ev� ijhkljZgkl\_ggh� h^ghjh^ghc� klhoZklbq_kdhc� kbkl_fu�� HgZ� gZoh^bl�
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rbjhdh_�ijbf_g_gb_�^ey�hibkZgby�ijhp_kkh\�j_eZdkZpbb�\h�fgh]bo�nbabq_�
kdbo�kbkl_fZo� 

JZkkfhljbf�[jhmgh\kdmx�qZklbpm�^ey�ijhklhlu�\�h^ghf�baf_j_gbb�k�dh�
hj^bgZlhc�x(t��b�fZkkhc�m��<�lh`_�\j_fy�ijb�lZdhf�ih^oh^_�\k_�dZq_kl\_ggu_�
hkh[_gghklb��oZjZdl_jgu_�^ey�^\mo�b�lj_o�baf_j_gbc��khojZgyxlky��GZ�qZklbpm�
kh�klhjhgu�hdjm`Zxs_c�kj_^u�^_ckl\m_l�kbeZ�\yadh]h�lj_gby�fl(t��b�kemqZcgZy�
kbeZ� �rmf�� �(t��� h[mkeh\e_ggZy� ihklhyggufb� lheqdZfb� kh� klhjhgu� fhe_dme�
`b^dhklb��>ey� g_[hevrbo� kdhjhkl_c� kbeZ� lj_gby�ijhihjpbhgZevgZ� kdhjhklb�

)(tx� �qZklbpu��lhqdZ�–�ijhba\h^gZy�ih�\j_f_gb���fl = – � )(tx� ��]^_�� –�dhwnnbpb�
_gl�aZlmoZgby��agZd�³fbgmk´�hagZqZ_l��qlh�kbeZ�gZijZ\e_gZ�ijhlb\�^\b`_gby���
LZdbf�h[jZahf��h[uqgh_�mjZ\g_gb_�^bgZfbdb�GvxlhgZ�^ey�[jhmgh\kdhc�qZklb�
pu�\h�\g_rg_f�ihl_gpbZe_�U(x��bf__l�\b^ 

 

 )())(()()( ttxftxtxm ζλ +=+ ��� , (1.1) 

 

]^_�f(x)= – dU(x) / dx –�\g_rgyy�^_l_jfbgbjh\ZggZy�kbeZ� 
?keb� jZkkfZljb\Z_lky� kn_jbq_kdZy� [jhmgh\kdZy� qZklbpZ� k� jZ^bmkhf�R�� lh]^Z�
dhwnnbpb_gl�aZlmoZgby�ih�nhjfme_�KlhdkZ�jZ\_g���= 6��R��]^_�� –�dhwnnbpb�
_gl�\yadhklb�`b^dhklb� 

JZkkfhljbf� mjZ\g_gb_� EZg`_\_gZ� �1.1�� \� ebg_cghf� ijb[eb`_gbb�� 
f(x) = – kx��Ijb�mkeh\bb�&2<< 1 ( mk /=ω  –�pbdebq_kdZy�qZklhlZ�kh[kl\_gguo�
dhe_[Zgbc��2= 2m / � –�\j_fy�j_eZdkZpbb���dhlhjh_�\uihegy_lky�^ey�fgh]bo�kbk�
l_f��bg_jpbhgguf� keZ]Z_fuf� )(txm �� �fh`gh�ij_g_[j_qv��b� hl� mjZ\g_gby� �1.1) 

i_j_clb�d�mjZ\g_gbx�\�ijb[eb`_gbb�kbevgh]h�aZlmoZgby� 
 

 )())(()( ttxftx ζλ +=� . (1.2) 

 

<gmlj_ggbc� rmf� �(t�� \oh^bl� Z^^blb\gh� \� khhl\_lkl\mxs__� klhoZklbq_kdh_�
mjZ\g_gb_�^\b`_gb_��K�^jm]hc�klhjhgu���1.2��[_a�bklhqgbdZ�rmfZ�ij_^klZ\ey_l�
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kh[hc�^_l_jfbgbjh\Zggh_�mjZ\g_gb_�EZg^Zm-OZeZlgbdh\Z� >32],�\i_j\u_�ij_^�
eh`_ggh_�^ey�hibkZgby�j_eZdkZpbb�g_jZ\gh\_kguo�l_jfh^bgZfbq_kdbo�kbkl_f�
\�klZpbhgZjgh_�khklhygb_� >33@��Ijb�wlhf�x(t��y\ey_lky�iZjZf_ljhf�ihjy^dZ��Z�
ihl_gpbZe�U(x) –�k\h[h^ghc�wg_j]b_c�EZg^Zm��LZdbf�h[jZahf��mjZ\g_gb_��1.2��k�
rmfhf�mqblu\Z_l�nemdlmZpbb�kbkl_fu�\[ebab�klZpbhgZjgh]h�khklhygby� 

<g_rgbc�rmf� ke_^m_l� ba� klhoZklbq_kdhc� ijbjh^u� \g_rg_]h� ihey��GZ�
ijbf_j��^ey�kemqZy�kemqZcgh]h�\h�\j_f_gb�d\Z^jZlbqgh]h�ihl_gpbZeZ�fh`gh�
aZibkZlv��U = (k – �(t)) x

2
/���LZdbf�h[jZahf��\�wlhf�ijbf_j_�\g_rgxx�kbem�fh`�

gh�ij_^klZ\blv�\�\b^_�ebg_cgh]h�^_l_jfbgbjh\Zggh]h� keZ]Z_fh]h�– kx�b�kem�
qZcgh]h�x�(t���<�h[s_f�kemqZ_�\g_rgyy�kj_^Z�^_ckl\m_l�gZ�kbkl_fm�ihkj_^kl\hf�
mijZ\eyxs_]h� iZjZf_ljZ� ��� dhlhjuc� \oh^bl� \� nmgdpbx� \g_rg_c� kbeu� f�(x) 

[1,33@�� JZkdeZ^u\Zy� __� \� jy^�� \� ebg_cghf� ijb[eb`_gbb� fh`gh� aZibkZlv�
f�(x) = f (x) + �g(x���>ey� mq_lZ�nemdlmZpbc�\g_rg_c� kj_^u��mijZ\eyxs_fm�iZjZ�
f_ljm� gm`gh� ijb^Zlv� k\hckl\Z� kemqZcghklb��K� mq_lhf� wlh]h� \� ijb[eb`_gbb�
kbevgh]h�aZlmoZgby�mjZ\g_gb_�EZg`_\_gZ�k�\g_rgbf�rmfhf��(t��ijbf_l�\b^ 

 

 )())(())(()( ttxgtxftx ζλ +=� . (1.3) 

 

LZdbf� h[jZahf�� \g_rgbc� rmf� fmevlbiebdZlb\guc�� hg� \oh^bl� \� mjZ\g_gb_�
EZg`_\_gZ� \� \b^_� keZ]Z_fh]h�� mfgh`_ggh]h�gZ�g_dhlhjmx�ijhba\hevgmx� Zf�
ieblm^m�nemdlmZpbc�g(x���aZ\bkysmx�hl�iZjZf_ljZ�khklhygby�kbkl_fu��dhhj^b�
gZlu�qZklbpu���?keb�g(x)A��ijb�\k_o�agZq_gby�x��lh]^Z�mjZ\g_gb_��1.3��k�fmev�
lbiebdZlb\guf�rmfhf�i_j_oh^bl�\�mjZ\g_gb_��1.2��k�Z^^blb\guf�rmfhf� 

>ey�bkke_^h\Zgby�ih\_^_gby�kbkl_f�jZaebqghc�nbabq_kdhc�ijbjh^u�ijb�
^Z^bf�mjZ\g_gbx��1.3��mgb\_jkZevguc�oZjZdl_j��h[_ajZaf_jb\�_]h�>1,3,4,34]: 

 

 )(tx� = F(x(t)) + G(x(t))�(t), (1.4) 
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]^_�F(x��b�G(x) –�^_l_jfbgbjh\ZggZy�kbeZ�b�fmevlbiebdZlb\gZy�nmgdpby��
dhlhju_�fh]ml�y\gh�aZ\bk_lv�hl�\j_f_gb�t; 
�(t) –�fmevlbiebdZlb\guc�rmf�k�ba\_klgufb�klZlbklbq_kdbfb�oZjZd�
l_jbklbdZfb� 

MjZ\g_gby�EZg`_\_gZ�i_j\h]h�ihjy^dZ�\b^Z��1.4��agZqbl_evgh�ijhs_�^ey�ZgZ�
eblbq_kdh]h�bkke_^h\Zgby��q_f�ihegu_�mjZ\g_gby�\lhjh]h�ihjy^dZ��Qlh[u�hi�
j_^_eblv� klZlbklbq_kdb_� oZjZdl_jbklbdb� g_ba\_klgh]h� kemqZcgh]h� ijhp_kkZ�
x(t���g_h[oh^bfh�ij_^\Zjbl_evgh�ba�nbabq_kdbo�ij_^ihkuehd�hij_^_eblv�k\hc�
kl\Z�rmfZ��(t). 
 

 

1.2. Lbiu�rmfh\ 

Ijb�jZkkfhlj_gbb�^\b`_gby�[jhmgh\kdhc�qZklbpu�\�`b^dhklb��fZkkZ�fh�
e_dmeu�dhlhjhc�fgh]h�f_gvr_�fZkku�qZklbpu��fh`gh�kqblZlv��qlh�klhedgh\_�
gby� fhe_dme� k� qZklbp_c� jZ\gh\_jhylgu� ^ey� \k_o� hdjm`Zxsbo� __�fhe_dme� b�
ijZdlbq_kdb�f]gh\_ggu��Ke_^h\Zl_evgh��kj_^g__�agZq_gb_�kemqZcghc�kbeu��(t) 
\�mjZ\g_gbb�^\b`_gby�[jhmgh\kdhc�qZklbpu��1.1��jZ\gy_lky�gmex�� 0)( =〉〈 tξ ��Z�
f]gh\_ggu_� agZq_gby� g_� dhjj_ebjmxl� ^jm]� k� ^jm]hf�� l�_�� dhjj_eypbhggZy�
nmgdpby�bf__l�\b^ 

 

 )(2)()( tttt ′−∆=〉′〈 δξξ , (1.5) 

 

]^_� m]eh\u_� kdh[db� 〈⋅〉 � hagZqZxl� mkj_^g_gb_� ih� ZgkZf[ex� j_ZebaZpbc�
rmfZ��(t); 
û�–�bgl_gkb\ghklv�rmfZ� 
/(t) –�^_evlZ-nmgdpby�>bjZdZ� 
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KemqZcgZy�kbeZ�k�mdZaZggufb�k\hckl\Zfb�gZau\Z_lky�[_euf�rmfhf��lZd�dZd�\�
ki_dlj_�__�dhe_[Zgbc�bgl_gkb\ghklb�\k_o�qZklhl�ij_^klZ\e_gu�\�jZ\ghc�kl_i_�
gb��dZd�b�\�hilbq_kdhf�ki_dlj_�[_eh]h�k\_lZ� 

LZd�dZd�kbeZ�lj_gby�b�kemqZcgZy�kbeZ�\�mjZ\g_gbb��1.1��ihjh`^Zxlky�h^�
gh�b�lhc�`_�kj_^hc��lh�hgb�aZ\bkyl�^jm]�hl�^jm]Z��Kh]eZkgh�klZlbklbq_kdhfm�aZ�
dhgm�h�jZ\ghjZkij_^_e_gbb�wg_j]bb�ih�kl_i_gyf�k\h[h^u�fh`gh�ml\_j`^Zlv��
qlh�kj_^g__�agZq_gb_�dbg_lbq_kdhc�wg_j]bb�[jhmgh\kdhc�qZklbpu��kh\_jrZx�
s_c� h^ghf_jgh_� ^\b`_gb_�� \� khklhygbb� jZ\gh\_kby� khklZ\ey_l� \_ebqbgm��

2/2/)(
2

Tktxm B=〉〈 � ��]^_�kB –�ihklhyggZy�;hevpfZgZ��T –�Z[khexlgZy�l_fi_jZlm�
jZ��Bkihevamy�nhjfZevgh_�j_r_gb_�mjZ\g_gby� �1.1��ijb� f(x) =���fh`gh�ihem�
qblv�� )/()(2 λmtx ∆=〉〈 � �� LZdbf� h[jZahf�� ijboh^bf� d� nemdlmZpbhggh-

^bkkbiZlb\ghc�l_hj_f_��k\yau\Zxs_c�bgl_gkb\ghklv�Z^^blb\gh]h�[_eh]h�rmfZ�
b�iZjZf_lj�aZlmoZgby��û �kBT��Gm`gh�hlf_lblv��qlh�wlh�khhlghr_gb_�g_�aZ\b�
kbl�hl�fZkku�[jhmgh\kdhc�qZklbpu��b�^ey�kbkl_fu��hibku\Z_fhc�mjZ\g_gb_f�
EZg`_\_gZ� �1.2��\�ij_^_e_�kbevgh]h�aZlmoZgby��nemdlmZpbhggh-^bkkbiZlb\gZy�
l_hj_fZ�bf__l�lZdhc�`_�\b^� 

Kms_kl\m_l� g_kdhevdh� lbih\� [_euo�rmfh\�� h^gb� ba� dhlhjuo� ^jh[h\hc�
rmf�>3@��?]h�fh`gh�ij_^klZ\blv�\�\b^_�kmffu�^_evlZ-nmgdpbc��©kjZ[Zlu\Zx�
sboª�\�kemqZcgu_�fhf_glu�\j_f_gb��Hg�[ue�\i_j\u_�bkihevah\Zg�^ey�h[tyk�
g_gby�g_klZpbhgZjghklb�we_dljbq_kdh]h�lhdZ�\�jZ^bheZfiZo��>jm]hc�lbi�[_eh�
]h� rmfZ� –� ]Zmkkh\kdbc�� >_ckl\bl_evgh�� kh]eZkgh� p_gljZevghc� ij_^_evghc�
l_hj_f_�>35@��fh`gh�ml\_j`^Zlv��qlh�rmf�[m^_l�h[eZ^Zlv�]Zmkkh\kdbfb�k\hckl�
\Zfb��Hg�b]jZ_l�\Z`gmx�jhev�b�bf__l�hlebqbl_evgmx�hkh[_gghklv��W\hexpby�
kbkl_fu��hibku\Z_fZy�mjZ\g_gb_f�EZg`_\_gZ� �1.4�� k� ]Zmkkh\kdbf�[_euf�rm�
fhf��y\ey_lky�fZjdh\kdbf�ijhp_kkhf�>34,36@��Z�wlh�agZqbl_evgh�mijhsZ_l�ZgZ�
eblbq_kdh_� bamq_gb_� klZlbklbq_kdh]h� ih\_^_gby� kbkl_fu�� Wlhfm� mjZ\g_gbx�
fh`gh�ihklZ\blv�\�khhl\_lkl\b_�klZlbklbq_kdb�wd\b\Ze_glgh_�mjZ\g_gb_�Nhd�
d_jZ-IeZgdZ�^ey�iehlghklb�\_jhylghklb��l_f�kZfuf�i_j_clb�hl�jZkkfhlj_gby�
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\_jhylghklgh]h�mjZ\g_gby�d�^_l_jfbgbjh\Zgghfm��h[s__�klZpbhgZjgh_�j_r_�
gb_�dhlhjh]h�fh`gh�ihemqblv�ebrv�^ey�ijhkljZgkl\_ggh-h^ghjh^gh]h�kemqZy��
Wlb� ^\Z� mjZ\g_gby�� ^hihegyy� ^jm]� ^jm]Z�� gZoh^yl�rbjhdh_� ijbf_g_gb_� ^ey�
hibkZgby�fgh]bo� y\e_gbc� \� kbkl_fZo�� ih^\_j`_gguo� \ha^_ckl\bx� j_Zevgh]h�
rmfZ�kh�\j_f_g_f�dhjj_eypbb��agZqbl_evgh�f_gvrbf�\j_f_gb�j_eZdkZpbb�kbk�
l_fu. 

H^gZdh�[_euc�rmf�bf__l�g_dhlhju_�g_nbabq_kdb_�k\hckl\Z��GZijbf_j��
ba�\ujZ`_gby��1.5��ke_^m_l��qlh�_]h�\j_fy�dhjj_eypbb�jZ\gy_lky�gmex��l�_��dZ`�
^h_�ihke_^mxs__�agZq_gb_�rmfZ�g_�aZ\bkbl�hl�ij_^u^ms_]h��K�^jm]hc�klhjhgu�
^bki_jkby��oZjZdl_jbamxsZy�jZa[jhk�agZq_gbc�rmfZ��jZ\gy_lky�[_kdhg_qghklb��
<�^hiheg_gb_�d�wlhfm��lZd�dZd�bgl_gkb\ghklv�[_eh]h�rmfZ�ihklhyggZ�^ey�\k_o�
agZq_gbc�qZklhl��\�lhf�qbke_�b�[_kdhg_qgh�[hevrbo��lh�ihegZy�fhsghklv�rmfZ�
jZ\gy_lky�[_kdhg_qghklb��<k_� wlh�ijb\h^bl�d� lhfm��qlh�\�g_dhlhjuo�kemqZyo�
ijbf_g_gb_�]Zmkkh\kdh]h�[_eh]h�rmfZ�g_�hijZ\^u\Z_lky��<hagbdZ_l�g_h[oh^b�
fhklv�\�jZkkfhlj_gbb�lZd�gZau\Z_fh]h�p\_lgh]h�rmfZ�k�dhg_qguf�g_gme_\uf�
\j_f_g_f�dhjj_eypbb� >37@��=Zmkkh\kdbc�ijhp_kk�Hjgrl_cgZ-Me_g[_dZ�gZb[h�
e__�rbjhdh�bkihevam_lky�\�bkke_^h\Zgbyo��Hg�bf__l�wdkihg_gpbZevgmx�dhjj_�
eypbhggmx�nmgdpbx� 
 

 





 ′−

−
∆

=′〈
ττ

ξξ ||
exp

2
)()(

tt
tt , (1.6) 

 

]^_�2 –�\j_fy�dhjj_eypbb� 
<�ij_^_e_�2:��ijhp_kk�Hjgrl_cgZ-Me_g[_dZ�i_j_oh^bl�\�]Zmkkh\kdbc�[_euc�
rmf��l�_��dhjj_eypbhggZy�nmgdpby��1.6��k\h^blky�d�^_evlZ-nmgdpbb��1.5���LZd`_�
gm`gh�hlf_lblv��qlh�kh]eZkgh�l_hj_f_�>m[Z�>36@��ijhp_kk�Hjgrl_cgZ-Me_g[_dZ�
h[eZ^Z_l� k\hckl\hf� fZjdh\hklb�� Wlh� iha\hey_l� ^ey� mjZ\g_gby� EZg`_\_gZ� k�
wdkihg_gpbZevgh� dhjj_ebjh\Zgguf� ]Zmkkh\kdbf�rmfhf� ij_^eh`blv� ijb[eb�
`_ggu_�f_lh^u��k�ihfhsvx�dhlhjuo�fh`gh�aZibkZlv�khhl\_lkl\mxs__�mjZ\g_�
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gb_�Nhdd_jZ-IeZgdZ� >38-40@��?s_�h^bg�ijbf_j�p\_lgh]h�rmfZ�–�^bohlhfbq_�
kdbc�rmf� beb� l_e_]jZnguc� ijhp_kk��Wlh� ^bkdj_lguc�fZjdh\kdbc� ijhp_kk� k�
wdkihg_gpbZevghc� dhjj_eypbhgghc� nmgdpb_c�� >jm]hc� ijbf_j� ]Zmkkh\kdh]h�
p\_lgh]h�rmfZ� oZjZdl_jbam_lky� Ze]_[jZbq_kdhc� �kl_i_gghc�� dhjj_eypbhgghc�
nmgdpb_c��ijhihjpbhgZevghc�t–�

 (� –�g_dhlhjuc�iheh`bl_evguc�iZjZf_lj���Hg�
bf__l�f_klh�� gZijbf_j�� \� kemqZ_� [jhmgh\kdh]h� ^\b`_gby� qZklbpu� \�iehlghc�
`b^dhklb� beb�`b^dhklb�� ^ey� dhlhjhc�fZkkZ� __�fhe_dmeu� kjZ\gbfZ� k�fZkkhc�
qZklbpu� >41@��LZd`_�kl_i_ggZy�dhjj_eypbhggZy�nmgdpby�\klj_qZ_lky�ijb�jZk�
kfhlj_gbb�jZ^bZevguo�klhedgh\_gbyo�Zlhfguo�y^_j� >42@��\�fhe_dmeyjghc�^b�
gZfbd_�–�\�ijh[e_f_�jZkk_b\Zgby�\gmljb�i_jbh^bq_kdhc�djbklZeebq_kdhc�j_�
r_ldb�>43@��<�h[s_f�kemqZ_�klZpbhgZjguc�]Zmkkh\kdbc�p\_lghc�rmf�k�gme_\uf�
kj_^gbf�agZq_gb_f�b�ijhba\hevghc�dhjj_eypbhgghc�nmgdpb_c 

 

 )()()( ttKtt ′−=′〈 ξξ  (1.7) 

 

y\ey_lky�mgb\_jkZevghc�fh^_evx�nemdlmbjmxs_c�kj_^u� 
?keb�]Zmkkh\kdbc�p\_lghc�rmf�k�ijhba\hevghc�dhjj_eypbhgghc�nmgdpb�

_c� \b^Z� �1.7) y\ey_lky� \gmlj_ggbf�� dZd� \� kemqZ_�[jhmgh\kdhc� qZklbpu�� lh]^Z�
h[udgh\_ggh_� mjZ\g_gb_� EZg`_\_gZ� �1.1�� ljZgknhjfbjm_lky� \� h[h[s_ggh_�
mjZ\g_gb_�EZg`_\_gZ�>44-47]: 

 

 )())(()()()(
0

ttxftdtxtttxm
t

ζλ +=′′′−+ ∫ ��� , (1.8) 

 

]^_��(t) –�y^jh�iZfylb�kbeu�lj_gby� 
H[h[s_ggZy�nemdlmZpbhggh-^bkkbiZlb\gZy� l_hj_fZ� \� wlhf� kemqZ_�bf__l� \b^�
[48] 

 

 K(t – t��� ��kB7�(t – t���  
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?keb�wnn_dl�iZfylb�hlkmlkl\m_l��lh]^Z�y^jh�iZfylb�fh`gh�ij_^klZ\blv�\�\b^_�
�(t – t�) = �/(t – t����b�mjZ\g_gb_��1.8��i_j_c^_l�\�mjZ\g_gb_��1.1���:�kemqZcgZy�kbeZ�
\�wlhf�kemqZ_�[m^_l�oZjZdl_jbah\Zlvky�dhjj_eypbhgghc�nmgdpb_c�\�\b^_�^_ev�
lZ-nmgdpbb��?keb�`_�rmf�ihjh`^Z_lky�\g_rg_c�kj_^hc��l�_��kbeZ�lj_gb_�b�kem�
qZcgZy� kbeZ� bf_xl� jZagu_� bklhqgbdb�� lh]^Z� nemdlmZpbhggh-^bkkbiZlb\gZy�
l_hj_fZ�g_� \uihegy_lky�b�i_j_oh^blv� d� h[h[s_gghfm�mjZ\g_gbx�EZg`_\_gZ�
g_l�g_h[oh^bfhklb� 

KlhoZklbq_kdb_�kbkl_fu�k�bklhqgbdhf�p\_lgh]h�rmfZ�qZklh�^_fhgkljb�
jmxl�ih\_^_gb_��dhlhjh_�g_�khhl\_lkl\m_l�bglmblb\guf�ij_^klZ\e_gbyf��hkgh�
\Zgguf�gZ�hiul_�bamq_gby�kbkl_f�k�bklhqgbdhf�[_eh]h�rmfZ��ihwlhfm�hkh[_g�
gh_� agZq_gb_� ijbh[j_lZxl� lhqgu_� j_amevlZlu�� Ba\_klgu� lhqgu_�
klZlbklbq_kdb_� oZjZdl_jbklbdb� ^ey� jy^Z� ijhkluo� kbkl_f�� qZklbp�� kh\_jrZx�
sbo�h^ghf_jgh_�^\b`_gb_�[_a�lj_gby [49]�b�k�lj_gb_f�>50,51@�ih^�\ha^_ckl\b�
_f�Z^^blb\gh]h�]Zmkkh\kdh]h�p\_lgh]h�rmfZ��qZklbp��kh\_jrZxsbo�h^ghf_j�
gh_� ^\b`_gb_� \� mkeh\byo� [hevrh]h� lj_gby� \� d\Z^jZlbqghf� ihl_gpbZe_� ih^�
\ha^_ckl\b_f�fmevlbiebdZlb\gh]h�]Zmkkh\kdh]h�p\_lgh]h�rmfZ�>52@��HdZau\Z�
_lky��qlh�p\_lghc�rmf�fh`_l�dZq_kl\_ggh�baf_gylv�ih\_^_gb_� kbkl_fu��k\h�
[h^gu_�qZklbpu�^_fhgkljbjmxl�ZghfZevgmx�^bnnmabx�>49-54]. 

 

 

1.3. F_lh^�mjZ\g_gby�Nhdd_jZ-IeZgdZ 

I_j\h_�m^h\e_l\hjbl_evgh_�h[tykg_gb_�ijbjh^u�[jhmgh\kdh]h�^\b`_gby�
[ueh� ij_^eh`_gh� Wcgrl_cghf� \� jZfdZo� klZlbklbq_kdh]h� ih^oh^Z� >3@�� Ohly�
;hevpfZg�b�FZdk\_ee�m`_�bkihevah\Zeb�klZlbklbdm�\�k\hbo�jZ[hlZo��gh�g_�^ey�
\j_f_gghc� w\hexpbb� kbkl_fu��Wcgrl_cg� aZibkZe�^bnn_j_gpbZevgh_�mjZ\g_�
gb_�^bnnmabb�^ey�iehlghklb�\_jhylghklb�dhhj^bgZlu�qZklbpu�b��\ujZab\�oZ�
jZdl_jbamxsbc�nemdlmZpbb�iZjZf_lj��dhwnnbpb_gl�^bnnmabb��q_j_a�^bkkbiZ�
lb\gmx� oZjZdl_jbklbdm� �dhwnnbpb_gl� lj_gby��� ^hdZaZe� nemdlmZpbhggh-
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^bkkbiZlb\gmx�l_hj_fm�^ey�jZ\gh\_kguo�kbkl_f��<ihke_^kl\bb��fgh]h_�ba�lh�
]h��qlh�[ueh�bf�bkihevah\Zgh��ihemqbeh�jZa\blb_�\�klhjhgm�h[sghklb�b�kljh�
]hklb��MjZ\g_gb_�^bnnmabb��\u\_^_ggh_�Wcgrl_cghf��[ueh�h[h[s_gh�Nhdd_�
jhf�� Kfhemoh\kdbf�� IeZgdhf�� b� \� ^Zevg_cr_f� fZl_fZlbq_kdb� kljh]h�
h[hkgh\Zgh�Dhefh]hjh\uf��MjZ\g_gb_�Nhdd_jZ-IeZgdZ�\�gZklhys__�\j_fy�aZ�
gbfZ_l�p_gljZevgh_�f_klh�\�l_hjbb�fZjdh\kdbo�ijhp_kkh\�>34,36@��l�_��ijhp_k�
kh\��^ey�dhlhjuo�agZq_gby�\�ihke_^mxsb_�fhf_glu�\j_f_gb�aZ\bkyl�hl�agZq_�
gby� \� gZklhysbc� fhf_gl� \j_f_gb�� b� gbdZd� g_� aZ\bkyl� hl� agZq_gbc� \�
ij_^r_kl\mxsb_�fhf_glu�\j_f_gb� 

<� kemqZ_� fmevlbiebdZlb\gh]h�rmfZ�� l�_���G(x�� g_� y\ey_lky� dhgklZglhc��
wnn_dl�rmfZ�aZ\bkbl�hl�khklhygby�kbkl_fu��:�^ey�fmevlbiebdZlb\gh]h�[_eh]h�
rmfZ�mjZ\g_gb_�EZg`_\_gZ��1.4��g_�bf__l�kfukeZ��ihdZ�g_�[m^_l�ijbgylh�khhl�
\_lkl\mxs__�bkqbke_gb_�wlh]h�mjZ\g_gby��>ey�wlh]h�^he`_g�lhqgh�[ulv�hij_�
^_e_g�iZjZf_lj�� (0� ������hij_^_eyxsbc�fhf_glu�\j_f_gb��\�dhlhjuo�\uqbk�
eyxlky� agZq_gby� nmgdpbb� G(x(t��� \� khhl\_lkl\mxs_c� bgl_]jZevghc� kmff_��
Lhevdh�\�wlhf�kemqZ_�mjZ\g_gb_�EZg`_\_gZ�fh`_l�[ulv�h^ghagZqgh�ijhbgl_]�
jbjh\Zgh� ^ey� ihemq_gby� \u[hjhqghc� j_ZebaZpbb� �ljZ_dlhjbb�� iZjZf_ljZ� kh�
klhygby� kbkl_fu��Wlh� lZd`_�iha\hebl� h^ghagZqgh� k\yaZlv� k�mjZ\g_gb_f� �1.4) 

klZlbklbq_kdb� wd\b\Ze_glgh_� mjZ\g_gb_�Nhdd_jZ-IeZgdZ�� dhlhjh_� bf__l� \b^�
[1-4,34] 
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]^_�P(x, t) –�h^ghf_jgZy�iehlghklv�\_jhylghklb�lh]h��qlh�x(t) = x; 

H(x) = 2�ûG�(x)G(x) –�bg^mpbjh\Zgguc�rmfhf�dhwnnbpb_gl�kghkZ� 
rljbo�hagZqZ_l�ijhba\h^gmx�ih�Zj]mf_glm�nmgdpbb� 
2D(x�� ��ûG

2
(x) –�dhwnnbpb_gl�^bnnmabb� 
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<�[hevrbgkl\_�kemqZ_\�^ey�mjZ\g_gby��1.4��\u[bjZxlky�agZq_gby��=��b��= 1/2, 

khhl\_lkl\mxsb_� bkqbke_gbx�Blh� >55@� b� KljZlhgh\bqZ� >56@��H^gZdh�� \u[hj�
^jm]bo� agZq_gbc� \hafh`_g�� b� Debfhglh\bq� >13@�� gZijbf_j�� h[km^be� kemqZc�
�=��� lZd�gZau\Z_fmx�dbg_lbq_kdmx�nhjfm�mjZ\g_gbc�EZg`_\_gZ�b�Nhdd_jZ-

IeZgdZ��Bkqbke_gb_�KljZlhgh\bqZ� bf__l� \Z`gmx� hkh[_gghklv�� d� g_c�fh`gh�
ijbclb��mklj_fb\�d�gmex�\j_fy�dhjj_eypbb�j_Zevgh]h�rmfZ��ihlhfm�mjZ\g_gby�
EZg`_\_gZ�\�bkqbke_gbb�KljZlhgh\bqZ�gZoh^yl�rbjhdh_�ijbf_g_gb_�\�nbabd_��
D�lhfm�`_�\�jZfdZo�wlh]h�ih^oh^Z�d�kemqZcguf�ijhp_kkZf�ijbf_gbfu�h[uq�
gu_�ijZ\beZ�bgl_]jbjh\Zgby�b�^bnn_j_gpbjh\Zgby��dZd�b�\�kemqZ_�]eZ^dbo�^_�
l_jfbgbjh\Zgguo�nmgdpbc��MjZ\g_gb_��1.4��k�\u[jZgguf�agZq_gb_f�^ey�iZjZ�
f_ljZ���ij_^klZ\ey_l�iheghp_gguc�bgkljmf_gl�^ey�hibkZgby�fgh]bo�y\e_gbc��\�
dhlhjuo�\j_f_ggu_�nemdlmZpbb�b]jZxl�dhgkljmdlb\gmx�jhev� 

Gm`gh� hlf_lblv�� _keb� jZkkfZljb\Z_lky� ]Zmkkh\kdbc� p\_lghc�rmf�� \j_�
f_ggZy�w\hexpby�kbkl_fu�g_�y\ey_lky�fZjdh\kdbf�ijhp_kkhf��gh��l_f�g_�f_�
g__��\�g_dhlhjuo�qZklguo�kemqZyo�__�h^ghf_jgZy�iehlghklv�\_jhylghklb�m^h\�
e_l\hjy_l�h[uqghfm�mjZ\g_gbx�Nhdd_jZ-IeZgdZ�k�dhwnnbpb_glhf�^bnnmabb��
aZ\bkysbf�hl�\j_f_gb�>52,57-59]. 

 

 

1.4. Bg^mpbjh\Zggu_�rmfhf�g_jZ\gh\_kgu_�i_j_oh^u 

DZd� hlf_qZehkv� jZg__�� g_jZ\gh\_kgu_� i_j_oh^u�� bg^mpbjh\Zggu_� rm�
fhf��–�ijbf_j�y\e_gby��g_�bf_xs_]h�ZgZeh]Z�\�^_l_jfbgbjh\Zgghc�^bgZfbd_��
G_h[oh^bfufb� mkeh\byfb� _]h� kms_kl\h\Zgby� y\eyxlky� g_ebg_cghklv� ijh�
kljZgkl\_ggh-h^ghjh^ghc�kbkl_fu�b�fmevlbiebdZlb\ghklv�rmfZ� 

Ke_^my�mjZ\g_gbx�Nhdd_jZ-IeZgdZ��1.9���jZ\gh\_kgZy�iehlghklv�\_jhyl�
ghklb�bf__l�\b^ 
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]^_�N –�dhgklZglZ�ghjfbjh\db� 
AZibr_f�mjZ\g_gb_��hij_^_eyxs__�lhqdb�wdklj_fmfh\�iehlghklb�\_jhylghklb�
(1.10): 

 

 F(x) – 2(1 – �)ûG�(x)G(x) = 0. (1.11) 

 

MjZ\g_gb_��1.11��\�kemqZ_�Z^^blb\gh]h�rmfZ��l�_��G(x) = const��kh\iZ^Z_l�k�mjZ\�
g_gb_f�F(x) =���hij_^_eyxsbf�lhqdb�jZ\gh\_kby�^_l_jfbgbjh\Zgghc�kbkl_fu��
Ihwlhfm�Z^^blb\guc�rmf�g_�fh`_l�baf_gblv�oZjZdl_j�__�^bgZfbdb��gZb[he__�
\_jhylgu_�khklhygby�kbkl_fu�[m^ml�khhl\_lkl\h\Zlv�lhqdZf�mklhcqb\h]h�jZ\�
gh\_kby��GZijhlb\�� wlh]h� kh\iZ^_gby�g_l�� _keb�rmf�–�fmevlbiebdZlb\guc��b�
\uihegyxlky�^hihegbl_evgu_�mkeh\by��khhl\_lkl\mxs__�mjZ\g_gb_�EZg`_\_gZ�
g_ebg_cgh_� b� jZkkfZljb\Z_lky� \� bkqbke_gbb� Blh� ��= 0�� eb[h� KljZlhgh\bqZ�
(�=������Ihwlhfm�\ha^_ckl\b_�fmevlbiebdZlb\gh]h�rmfZ�fh`_l�ijb\_klb�d�lh�
fm��qlh�gZb[he__�\_jhylgu_�khklhygby�g_ebg_cghc�kbkl_fu�[m^ml�g_�kh\iZ^Zlv�
k�__�^_l_jfbgbjh\Zggufb�jZ\gh\_kgufb�khklhygbyfb��;he__�lh]h��fh]ml�\ha�
gbdgmlv� gh\u_� beb� bkq_agmlv� kms_kl\mxsb_� khklhygby�� LZdb_� baf_g_gby� \�
Zkbfilhlbq_kdhf� ih\_^_gbb� kbkl_fu� gZau\Zxlky� bg^mpbjh\Zggufb� rmfhf�
g_jZ\gh\_kgufb�i_j_oh^Zfb�>1,28@��Hgb�ijhbkoh^yl�ijb�û=ûcr��]^_�ûcr –�djb�
lbq_kdh_� agZq_gb_� bgl_gkb\ghklb�fmevlbiebdZlb\gh]h�rmfZ�� _keb� qbkeh� eh�
dZevguo�fZdkbfmfh\�jZ\gh\_kghc�iehlghklb�\_jhylghklb�Pst(x��^ey�x(t��y\ey_l�
ky�jZaebqguf�ijb�û=ûcr –��b�ijb�û=ûcr + 0. 

JZ\gh\_kgmx�iehlghklv� \_jhylghklb� �1.10��fh`gh�ij_^klZ\blv�\� wdkih�
g_gpbZevghc�nhjf_�;hevpfZgZ��Pst(x) = 1/N exp[–Uef (x��û@��]^_�jhev�l_fi_jZlmju�
b]jZ_l�bgl_gkb\ghklv�rmfZ�û��Uef (x) –�wnn_dlb\guc�ihl_gpbZe��dhlhjuc�bf__l�
\b^ 
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ef γ−∆+∆−= ∫ . (1.12) 

 

?keb�rmf�–�Z^^blb\guc�� lh]^Z� wnn_dlb\guc�ihl_gpbZe�k� lhqghklvx�^h�dhg�
klZglu�kh\iZ^Z_l�k�^_l_jfbgbjh\Zgguf�� ∫−=

x
ydyfxU

0
)()( ��b�gZb[he__�\_jhyl�

gu_� khklhygby� kbkl_fu� khhl\_lkl\mxl� fbgbfmfZf� ihl_gpbZevghc� wg_j]bb��
U�(x) =��� <� k\hx� hq_j_^v� fmevlbiebdZlb\guc� rmf� \b^hbaf_gy_l� ihl_gpbZe�
kbkl_fu��b�__�gZb[he__�\_jhylgu_�khklhygby��hij_^_ey_fu_�fbgbfmfZfb�wn�
n_dlb\gh]h�ihl_gpbZeZ��1.12���[m^ml�khhl\_lkl\h\Zlv�lhqdZf�mklhcqb\h]h�jZ\�
gh\_kby�^_l_jfbgbjh\Zgghc�kbkl_fu��hibku\Z_fhc�^bnn_j_gpbZevguf�mjZ\�
g_gb_f� )(xUx ef

′−=� �� Wlb� lhqdb� gZoh^ylky� ba� mjZ\g_gby� 0)( =′ xUef �� dhlhjh_�
bf__l�\b^��1.11���mkeh\b_�U��(x) >��khhl\_lkl\m_l�mklhcqb\hfm�khklhygbx��Z�mk�
eh\b_�U��(x) < 0 –�g_mklhcqb\hfm��LZd�dZd�\�wlhf�mjZ\g_gbb�ihy\ey_lky�\�\b^_�
iZjZf_ljZ�bgl_gkb\ghklv�rmfZ��lh�__�baf_g_gb_�fh`_l�ijb\h^blv�d�[bnmjdZ�
pbyf�\�kbkl_f_��DZd�ijZ\beh��^ey�kemqZy�k�h^ghc�kl_i_gvx�k\h[h^u�\klj_qZxl�
ky� lhevdh�q_luj_� lbiZ�[bnmjdZpbc�� lZg]_gpbZevgZy��kf_gZ�mklhcqb\hklb��[b�
nmjdZpby� m^\h_gby� b� h[jZlgZy� [bnmjdZpby� m^\h_gby� >60@��Khhl\_lkl\_ggh� d�
g_jZ\gh\_kguf�i_j_oh^Zf�hlghkylky�bg^mpbjh\Zgguc�rmfhf�k^\b]�lhqdb�i_�
j_oh^Z�b�qbklh�bg^mpbjh\Zgguc�rmfhf�h^ghfh^Zevguc-[bfh^Zevguc�i_j_oh^� 

Ihke_�lh]h�dZd�\������]h^m�<��Ohjklo_fd_� �:��+RUVWKHPNH��b�J��E_n_\j�
�5��/HIHYHU��l_hj_lbq_kdb�ij_^kdZaZeb�kms_kl\h\Zgb_�y\e_gby�bg^mpbjh\Zgguo�
rmfhf� g_jZ\gh\_kguo� i_j_oh^h\� >61], hgh� wdki_jbf_glZevgh� h[gZjm`_gh� \�
ZgZeh]h\uo� p_iyo� >62@�� we_dljbq_kdhf� iZjZf_ljbq_kdhf� hkpbeeylhj_� >63,64]. 

LZd�`_�hgh�fh`_l�bf_lv�f_klh�\�g_ebg_cghc�hilbd_�b�]b^jh^bgZfbq_kdbo�kbk�
l_fZo�>1] 

Gm`gh�hlf_lblv��qlh�lZdb_�i_j_oh^u�ih�g_dhlhjuf�k\hckl\Zf��djblbq_�
kdb_�lhqdb��ihdZaZl_eb��ZgZeh]bqgu�nZah\uf�i_j_oh^Zf�\�jZ\gh\_kguo�kbkl_�
fZo� �gZijbf_j��n_jjhfZ]gblguc�i_j_oh^��b�g_jZ\gh\_kguo�kbkl_fZo�ijb�^_�
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l_jfbgbjh\Zgguo� \g_rgbo� mkeh\byo� �gZijbf_j�� g_mklhcqb\hklb� ;_gZjZ�� eZ�
a_jguc�i_j_oh^���K�^jm]hc�klhjhgu�hgb�g_�y\eyxlky�nZah\ufb�\�l_jfh^bgZfb�
q_kdhf�kfuke_��lZd�dZd�g_�kh^_j`Zl�jZaju\�wj]h^bqghklb��<�kZfhf�^_e_��\�ijh�
kljZgkl\_ggh-h^ghjh^guo� kbkl_fZo� ieZ\gh_� baf_g_gb_� bgl_gkb\ghklb�rmfZ�
ijb\h^bl�d�g_ij_ju\ghfm�i_j_oh^m�hl�h^gh]h�gZb[he__�\_jhylgh]h�khklhygby�d�
^jm]hfm��Bklbggu_�nZah\u_�i_j_oh^u�fh]ml�gZ[ex^Zlvky�lhevdh�\�ijhkljZgkl�
\_ggh-jZkij_^_e_gguo�kbkl_fZo�>27,28]. 

 

 

1.5. :ghfZevgZy�^bnnmaby 

DZd�ba\_klgh��[jhmgh\kdh_�^\b`_gb_�ijb\h^bl�d�^bnnmabb�qZklbp��l�_��d�
\ujZ\gb\Zgbx� dhgp_gljZpbb�� jhev� dhlhjhc� b]jZ_l� \_jhylghklv� gZoh`^_gby�
qZklbpu�\�lhf�beb�bghf�we_f_gl_�h[t_fZ�`b^dhklb�>65@��Ijbq_f�kj_^gbc�d\Z^�
jZl�kf_s_gby�qZklbp�hibku\Z_lky�ebg_cghc�aZ\bkbfhklvx�hl�\j_f_gb� 
 

 〉∆〈 2)( r = 〉〉〈−〈 2)( rr = tdD12 , (1.13) 

 

]^_�r –�jZ^bmk-\_dlhj�qZklbpu� 
d –�ijhkljZgkl\_ggh_�baf_j_gb_� 
D1 –�dhwnnbpb_gl�^bnnmabb�jZaf_jghklb�kf2k–1

. 

LZdh_� ^bnnmabhggh_� ih\_^_gb_� ijbkms_� fgh]bf� nbabq_kdbf�� obfbq_kdbf��
[bheh]bq_kdbf�� wdhghfbq_kdbf� b� ^jm]bf� kbkl_fZf� >1,3,4@�� =eZ\guf� bgkljm�
f_glhf�_]h�ihgbfZgby�y\ey_lky�fh^_ev�kemqZcguo�[em`^Zgbc��ij_^eh`_ggZy�
Ibjkhghf��Kh]eZkgh�wlhc�fh^_eb�qZklbpZ�kh\_jrZ_l�kdZqdb�h^bgZdh\hc�^ebgu�
\�ex[hf�gZijZ\e_gbb�q_j_a�h^bgZdh\u_�ijhf_`mldb�\j_f_gb��Iehlghklv�\_jh�
ylghklb� __� iheh`_gby� \� ij_^_e_� g_ij_ju\gh]h� \j_f_gb� bf__l� ]Zmkkh\kdmx�
nhjfm� b� hibku\Z_lky� mjZ\g_gb_f� ^bnnmabb�� Khhl\_lkl\mxs__� mjZ\g_gb_�
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EZg`_\_gZ�bf__l�ijhkl_crmx�nhjfm�k�ihklhygguf�dhwnnbpb_glhf�aZlmoZgby�
b�Z^^blb\guf�]Zmkkh\kdbf�[_euf�rmfhf�>66]. 

H^gZdh�k�k_j_^bgu���-o�]h^h\�ijhreh]h�klhe_lby�gZqbgZxl�gZdZieb\Zlv�
ky�ijbf_ju�^bnnmabhgguo�kbkl_f��^ey�dhlhjuo�aZdhg��1.13��g_�\uihegy_lky��<�
gZklhys__�\j_fy�kms_kl\m_l�fgh`_kl\h�ijhp_kkh\��hibku\Z_fuo�lZd�gZau\Z_�
fhc�ZghfZevghc�^bnnmab_c��^ey�h[ahjZ��kf���gZijbf_j��>67-69@���^ey�dhlhjuo 

 

 〉∆〈 2)( r = 〉〉〈−〈 2)( rr = ν
ν tdD2 ,  

 

]^_�D� –�h[h[s_gguc�dhwnnbpb_gl�^bnnmabb�jZaf_jghklb�kf2k–�
; 

� –�ihdZaZl_ev�ZghfZevghc�^bnnmabb����1. 

Kh]eZkgh�h[s_ijbgylhc�l_jfbgheh]bb��kemqZc��>��gZau\Z_lky�kmi_j^bnnmab�
_c� �^bnnmaby�[he__�[ukljZy�\�kjZ\g_gbb�k�ghjfZevghc�^bnnmab_c���Z�kemqZc�
0 < �< 1 –�km[^bnnmab_c��^bnnmaby�[he__�f_^e_ggZy�\�kjZ\g_gbb�k�ghjfZevghc�
^bnnmab_c�� 

I_j\uf�ba\_klguf�ijbf_jhf�km[^bnnmabb�klZe�ljZgkihjl�we_dljhgh\�b�
\ZdZgkbc� \� Zfhjnguo� ihemijh\h^gbdZo� ih^� ^_ckl\b_f� we_dljbq_kdh]h� ihey�
[70,71@��Mq_gu_�O��R_j��+��6FKHU��b�W��Fhgljhee��(��0RQWUROO��h[gZjm`beb�>70], 

qlh� aZjy^u� ijb� ^\b`_gbb� aZo\Zlu\Zxlky� ehdZevgufb� g_h^ghjh^ghklyfb�� ba�
dhlhjuo�hk\h[h`^Zxlky�[eZ]h^Zjy�l_ieh\uf�nemdlmZpbyf��Ijbq_f�\j_fy�ij_�
[u\Zgby�\�eh\mrdZo�[he__ ^ebl_evgh_��q_f�wlh�ke_^m_l�ba�deZkkbq_kdhc�dZjlb�
gu�^bnnmabb��>ey�hibkZgby�wlh]h�ijhp_kkZ�hgb�ij_^eh`beb�fh^_ev�g_ij_ju\�
guo� kemqZcguo� [em`^Zgbc� kh� kl_i_gguf� jZkij_^_e_gb_f�IZj_llh-E_\b� ^ey�
\j_f_gb�h`b^Zgby�f_`^m� kdZqdZfb��>jm]b_�ijbf_ju� km[^bnnmabhgguo�ijh�
p_kkh\��ljZgkihjl�gZ�h[t_dlZo�k�njZdlZevghc�]_hf_ljb_c� >72,73@��jZkk_b\Zgb_�
ijbf_kb� \� ijhkljZgkl\_ggh� i_jbh^bq_kdhf� ihlhd_�`b^dhklb� >74@�� ^bgZfbdZ�
^jh[b�\�ihebf_jZo�>75@��b�^j� 

DeZkkbq_kdbc�ijbf_j�kmi_j^bnnmabhggh]h�ijhp_kkZ�–�iZjgZy�^bnnmaby�
JbqZj^khgZ�>76,77@��^\_�qZklbpu��^\b]Zykv�\�lmj[me_glghc�`b^dhklb��m^Zeyxl�
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ky�^jm]�hl�^jm]Z�aZ�\j_fy� t�gZ�jZkklhygb_� l�^jm]�hl�^jm]Z��ijbq_f� 32 )( ttl ∝〉〈 . 

Wlh�y\e_gb_�[ueh�\i_j\u_�wdki_jbf_glZevgh�h[gZjm`_gh�_s_�\������]h^m�Jb�
qZj^khghf�>76@��Z�l_hj_lbq_kdh_�h[tykg_gb_�ihemqbeh�\������]h^m�\�dhgp_ipbb�
g_ij_ju\guo�kemqZcguo�[em`^Zgbc��ijb�dhlhjuo�qZklbpZ�hklZ_lky�\�^\b`_gbb�
k�ihklhygghc�kdhjhklvx�[_a�baf_g_gby�gZijZ\e_gby�\�l_q_gb_�kemqZcgh]h�\j_�
f_gb��jZkij_^_e_ggh]h�ih� aZdhgm�IZj_llh-E_\b� �[em`^Zgby�E_\b�� >77@��D�gZ�
klhys_fm�\j_f_gb�kmi_j^bnnmaby�h[gZjm`_gZ�\�oZhlbqguo�kbkl_fZo�>78,79@��\�
kemqZcguo� iheyo� kdhjhklb� >80@�� \h� \jZsZxsboky� ihlhdZo�`b^dhklb� >81,82], 

\gmljb�`b\hc�de_ldb�>83], gZ�ih\_joghklb�l\_j^uo�l_e�>84@��\�d\Zglh\hc�hilbd_�
[85@��b�^j� 

Kms_kl\m_l�g_kdhevdh�h[sbo�f_lh^h\�^ey�hibkZgby�y\e_gby�ZghfZevghc�
^bnnmabb��I_j\uc�ba�gbo�hkgh\u\Z_lky�gZ�^jh[ghf�bkqbke_gbb�b�\dexqZ_l�\�
k_[y�^jh[gu_�^bnnmabhggu_�mjZ\g_gby� >86,87@��^jh[gu_�mjZ\g_gby�Nhdd_jZ-

IeZgdZ�>88-91@�beb�^jh[gu_�mjZ\g_gby�EZg`_\_gZ�>92-93@��>jm]hc�f_lh^�bkoh�
^bl�ba�h[h[s_gguo�h[udgh\_gguo�mjZ\g_gbc�EZg`_\_gZ��Hg�hq_gv�m^h[_g�^ey�
jZkkfhlj_gby�^bnnmabhggh]h�ih\_^_gby�b�hkh[_ggh�bgnhjfZlb\_g��_keb�fh]ml�
[ulv�ihemq_gu�lhqgu_�j_r_gby�wlbo�mjZ\g_gbc�>49,50,52,94@��Ihfbfh�mdZaZg�
guo� klhoZklbq_kdbo� kbkl_f� k�bklhqgbdhf�p\_lgh]h�rmfZ�� wlhl�f_lh^�ijbf_�
gyeky� lZd`_� ^ey� bamq_gby� ZghfZevghc� ^bnnmabb� \� kbkl_fZo�� hibku\Z_fuo�
h[h[s_gguf� mjZ\g_gb_f� EZg`_\_gZ� k� y^jhf� iZfylb� kbeu� lj_gby� >95-101]. 

Gm`gh� lZd`_� hlf_lblv� kjZ\gbl_evgh�ijhklu_�fh^_eb�� hibku\Z_fu_� h[udgh�
\_ggufb�mjZ\g_gbyfb�EZg`_\_gZ�����k�Z^^blb\guf�]Zmkkh\kdbf�[_euf�rmfhf�
b�baf_gyxsbfky�\h�\j_f_gb�ih�kl_i_gghfm�aZdhgm�]Zjfhgbq_kdbf�ihl_gpbZ�
ehf� >102@�� ��� k� fmevlbiebdZlb\guf� ]Zmkkh\kdbf� [_euf� rmfhf�� Zfieblm^Z�
nemdlmZpbc� dhlhjh]h� aZ\bkbl�hl�dhhj^bgZlu�b�\j_f_gb��\�qZklghklb��ih� kl_�
i_gghfm�aZdhgm�>103@��Ihke_^gbc�kemqZc�khhl\_lkl\m_l�^bnnmabb�\�dhfie_dk�
guo� kbkl_fZo�� lZdbo� dZd� lmj[me_glgZy�`b^dhklv�� <� jZfdZo� ^Zgguo� fh^_e_c�
hibku\Z_lky�rbjhdbc�deZkk�^bnnmabhgguo�ijhp_kkh\��\�qZklghklb�km[-�b�km�
i_j^bnnmabhgguo��aZlygmluo�b�k`Zluo�wdkihg_gpbZevguo� 
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?keb� kbkl_fZ� w\hexpbhgbjm_l� \h� \g_rg_f� ^_l_jfbgbjh\Zgghf� ihl_g�
pbZe_��lh�\�aZ\bkbfhklb�hl�_]h�nhjfu��fh`_l�gZ[ex^Zlvky�dZd�^bnnmabhggh_�
ih\_^_gb_��lZd�b�j_eZdkZpby�d�klZpbhgZjghfm�khklhygbx��<�ihke_^g_f�kemqZ_��
dZd�ijZ\beh��gZ[ex^Zxlky�klhoZklbq_kdb_�ijhp_kku�k�deZkkbq_kdbf�wdkihg_g�
pbZevguf�aZdhghf�j_eZdkZpbb� )exp()( 0 τ/txtx −=〉〈 ��]^_�2 –�\j_fy�j_eZdkZpbb��
H^gZdh��\hafh`gu�b�^jm]b_�aZdhgu��gZijbf_j��aZlygmlh�wdkihg_gpbZevgZy�j_�
eZdkZpby� �stretched exponential) ])(exp[)( 0

ατ/txtx −=〉〈 �� ]^_�0 <.<���kl_i_g�
gZy�j_eZdkZpby� n

/txtx
−+=〉〈 )(1)( 0 τ ��]^_�n > 0. 

 

 

1.6. KlhoZklbq_kdb_�kbkl_fu�k�^\mfy�bklhqgbdZfb�rmfZ 

<�ihke_^gb_�]h^u�bgl_gkb\gh�bkke_^mxlky�k\hckl\Z�klhoZklbq_kdbo�kbk�
l_f�k�^\mfy�bklhqgbdZfb�]Zmkkh\kdh]h�[_eh]h�rmfZ��F_lh^�mjZ\g_gbc�EZg`_�
\_gZ�y\ey_lky�wnn_dlb\guf�bgkljmf_glhf�^ey�bamq_gby�fgh]bo�wnn_dlh\�\�lZ�
dbo�kbkl_fZo��?keb�h^bg�ba�rmfh\�–�\gmlj_ggbc��Z�^jm]hc�–�\g_rgbc��lh�rmfu�
g_aZ\bkbfu�^jm]�hl�^jm]Z��Bo�kh\f_klgh_�^_ckl\b_�fh`_l�\uau\Zlv�gh\u_�wn�
n_dlu��gZijbf_j��^\hcghc��GRXEO\��klhoZklbq_kdbc�j_ahgZgk�>104@��ijb�dhlhjhf�
fmevlbiebdZlb\guc�rmf�bg^mpbjm_l�[bfh^Zevghklv��Z�Z^^blb\guc�–�klhoZk�
lbq_kdbc� j_ahgZgk��bg^mpbjh\Zggmx�fmevlbiebdZlb\guf�rmfhf� k\_joqm\kl�
\bl_evghklv�d�keZ[uf�i_jbh^bq_kdbf�kb]gZeZf�>105,106@��ih^Z\e_gb_�rmfh\h�
]h�nhgZ�\�g_^bgZfbq_kdhc�klhoZklbq_kdhc�kbkl_f_�\g_rgbf�rmfhf�>107]. 

?keb�rmfu� ihjh`^Zxlky� h^ghc�nemdlmbjmxs_c� kj_^hc�� lh� hgb�fh]ml�
[ulv�dhjj_ebjh\Zggu�>108,109@��dZd�\�kemqZ_�kbkl_fu�k�^\mfy�mklhcqb\ufb�kh�
klhygbyfb�� ^ey� dhlhjhc� nemdlmZpbb� g_dhlhjuo� iZjZf_ljh\� fh^_eb� wd\b\Z�
e_glgu� \ha^_ckl\bx� dhjj_ebjh\Zgguo� Z^^blb\gh]h� b� fmevlbiebdZlb\gh]h�
rmfh\�>109@��<aZbfgZy�dhjj_eypby�b]jZ_l�\Z`gmx�jhev�\�h^ghfh^h\hf�eZa_j_�
[110-111]��\�y\e_gbyo�bg^mpbjh\Zggh]h�rmfhf�ljZgkihjlZ�deZkkbq_kdbo�>112-
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114@�b�d\Zglh\uo� >115@�qZklbp��j_ahgZgkghc�Zdlb\Zpbb� >116@��klhoZklbq_kdh]h�
j_ahgZgkZ�>19,117-120@��nZah\uo�i_j_oh^h\�\�ijhkljZgkl\_ggh-jZkij_^_e_gguo�
kbkl_fZo� >121]. <� >122-124@�bamqZxlky�jZaebqgu_�g_ebg_cgu_�klhoZklbq_kdb_�
kbkl_fu�k�^\mfy�]Zmkkh\kdbfb�[_eufb�rmfZfb��ihdZau\Z_lky��qlh�Z^^blb\guc�
rmf��dhjj_ebjh\Zgguc�beb�g_dhjj_ebjh\Zgguc�k�fmevlbiebdZlb\guf�rmfhf��
fh`_l�bg^mpbjh\Zlv�g_jZ\gh\_kgu_�i_j_oh^u��<�>125@�jZkkfZljb\Z_lky�kbkl_�
fZ�k�^\mfy�mklhcqb\ufb�khklhygbyfb�b�wdkihg_gpbZevghc�dhjj_eypb_c�f_`^m�
[_eufb�rmfZfb�� mklZgZ\eb\Z_lky�� qlh�ijb� hij_^_e_gguo� agZq_gbyo� \j_f_gb�
dhjj_eypbb�\�kbkl_f_�iZjZf_lj�dhjj_eypbb�bg^mpbjm_l�j_\_jkb\gu_�g_jZ\gh�
\_kgu_�i_j_oh^u��<hafh`ghklv�kms_kl\h\Zgby�g_jZ\gh\_kguo�i_j_oh^h\��bg�
^mpbjh\Zgguo� \aZbfghc� dhjj_eypb_c� [_euo� rmfh\�� \� ijhkljZgkl\_ggh-

h^ghjh^guo�kbkl_fZo�k�h^gbf�mklhcqb\uf�khklhygb_f��\�dhlhjuo�g_dhjj_eb�
jh\Zggu_�rmfu�g_�fh]ml�\ua\Zlv�lZdb_�dZq_kl\_ggu_�baf_g_gby�\�bo�ih\_^_�
gbb�� jZg__� g_� bamqZeZkv�� >ey� mjZ\g_gby� EZg`_\_gZ� k� ^\mfy� \aZbfgh-

dhjj_ebjh\Zggufb�]Zmkkh\kdbfb�[_eufb�rmfZfb�\�bkqbke_gbb�KljZlhgh\bqZ�
khhl\_lkl\mxs__�mjZ\g_gb_�Nhdd_jZ-IeZgdZ�\u\_^_gh�>108,126-128@��Ijb�wlhf�
mjZ\g_gb_�EZg`_\_gZ�k�^\mfy�rmfZfb�fh`_l�[ulv�k\_^_gh�d�mjZ\g_gbx�EZg�
`_\_gZ�k�h^gbf�rmfhf�\b^Z��1.4). 

H^gZdh�\�g_dhlhjuo�kemqZyo�lj_[m_lky�jZkkfZljb\Zlv�bklhqgbdb�p\_lgh�
]h�b�[_eh]h�rmfZ��dZd��gZijbf_j��ijb�bamq_gbb�bg^mpbjh\Zggh]h�rmfhf�g_�
jZ\gh\_kgh]h�ljZgkihjlZ�>129,130@��m^\h_ggh]h��GRXEOH��klhoZklbq_kdh]h�j_ah�
gZgkZ� >131@�� ih^Z\e_gby� rmfZ� \� ^bgZfbq_kdhc� klhoZklbq_kdhc� kbkl_f_�
\g_rgbf�p\_lguf�rmfhf� >132@��Ijhp_kk�Hjgrl_cgZ-Me_g[_dZ�k�wdkihg_gpb�
Zevghc�dhjj_eypbhgghc�nmgdpb_c�rbjhdh�bkihevam_lky�\�dZq_kl\_�]Zmkkh\kdh�
]h�p\_lgh]h�rmfZ��>ey�\u\h^Z� khhl\_lkl\mxs_]h�mjZ\g_gby�Nhdd_jZ-IeZgdZ�
bkihevamxlky�ijb[eb`_ggu_�f_lh^u��dZd�b�^ey�kbkl_f�k�h^gbf�p\_lguf�rm�
fhf�>38-40@��<�jZfdZo�wlbo�ijb[eb`_gbc�bamq_gu�klhoZklbq_kdZy�kbkl_fZ��\ha�
[m`^Z_fZy�^\mfy�ijhp_kkZfb�Hjgrl_cgZ-Me_g[_dZ��\�kemqZ_��_keb�dhjj_eypby�
rmfh\�b�\aZbfgZy�dhjj_eypby�bf_xl�h^bgZdh\h_�\j_fy�dhjj_eypbb�>133,134], 
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klhoZklbq_kdZy�kbkl_fZ�k�wdkihg_gpbZevghc�dhjj_eypb_c�f_`^m�[_euf�rmfhf�
b�rmfhf�Hjgrl_cgZ-Me_g[_dZ� >135]. >ey�kbkl_f�k�^\mfy�]Zmkkh\kdbfb�p\_l�
gufb�rmfZfb�k�ijhba\hevgufb�dhjj_eypbhggufb�nmgdpbyfb�g_�kms_kl\m_l�
h[sbo� f_lh^h\� gZoh`^_gby� lhqguo� klZlbklbq_kdbo� oZjZdl_jbklbd�� Ihwlhfm�
jZkkfhlj_gb_�qZklguo�kemqZ_\��^ey�dhlhjuo�bo�fh`gh�aZibkZlv��ij_^klZ\ey_l�
bgl_j_k� 

LZdbf�h[jZahf��k�mq_lhf�\ur_kdZaZggh]h�fh`gh�k^_eZlv�\u\h^��qlh�hkh�
[_gghklb� \ebygby� ^\mo� \g_rgbo�rmfh\�gZ� klZlbklbq_kdh_�ih\_^_gb_� kbevgh�
aZlmoZxsbo�ijhkljZgkl\_ggh-h^ghjh^guo�kbkl_f�bamq_gu�g_�\�iheghf�h[t_f_��
:�bf_ggh��g_�bamq_gZ�jhev�\aZbfghc�dhjj_eypbb�\�y\e_gbb�bg^mpbjh\Zgguo�
rmfhf�g_jZ\gh\_kguo�i_j_oh^h\��g_�bkke_^h\Zgu�hkh[_gghklb�\j_f_gghc�w\h�
expbb�kbkl_f�\�kj_^_��ZghfZevgh�j_eZdkbjmxs_c�d�klZpbhgZjghfm�khklhygbx��
lZd`_�g_�jZkkfhlj_gZ�\j_f_ggZy�w\hexpby�klhoZklbq_kdbo�kbkl_f�k�^\mfy�bk�
lhqgbdZfb�p\_lgh]h�rmfZ��^ey�dhlhjuo�fh]ml�[ulv�ihemq_gu�lhqgu_�klZlbklb�
q_kdb_�oZjZdl_jbklbdb��J_r_gbx�wlbo�ijh[e_f�ihk\ys_gZ�^ZggZy�^bkk_jlZpb�
hggZy�jZ[hlZ� 
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J:A>?E��  

G?J:<GH<?KGU?�I?J?OH>U��BG>MPBJH<:GGU?�<A:BFGHC�
DHJJ?EYPB?C�;?EUO�RMFH< 

2.1. H[hkgh\Zgb_�fh^_eb 

JZkkfhljbf� hkpbeeylhju� k� h^ghc� kl_i_gvx� k\h[h^u�� l�_�� qZklbpu�� kh�
\_jrZxsb_�h^ghf_jgh_�^\b`_gb_�ih^�^_ckl\b_f�\hkklZgZ\eb\Zxs_c�kbeu��<�
ijhkl_cr_f� kemqZ_� d\Zabebg_cghc� kbeu� bf__f� ]Zjfhgbq_kdbc� hkpbeeylhj��
mjZ\g_gb_�^\b`_gby�dhlhjh]h�k�mq_lhf�aZlmoZgby�bf__l�\b^ 

 

 0)()(2)(
2
0 =++ txtxtx ωλ��� ,  (2.1) 

 

]^_�x(t) –�dhhj^bgZlZ�qZklbpu� 
� –�dhwnnbpb_gl�aZlmoZgby� 
&0 –�qZklhlZ�kh[kl\_gguo�dhe_[Zgbc� 

J_r_gb_�mjZ\g_gby��2.1��fh`gh�ij_^klZ\blv�\�\b^_ 

 

 titi
ecectx

)(
2

)(
1)( ωλωλ −−+− += , (2.2) 

 

]^_�c1�b�c1 –�g_dhlhju_�dhgklZglu��aZ\bkysb_�hl�gZqZevguo�agZq_gbc�dh�
hj^bgZlu�b�kdhjhklb� 

22
0 λωω −=  –�qZklhlZ�aZlmoZxsbo�dhe_[Zgbc� 

Ijb��>&0�dhjgb�mjZ\g_gby��2.2��^_ckl\bl_evgu_��qZklbpu�kh\_jrZxl�Zi_jbh�
^bq_kdh_� aZlmoZgb_�� JZkkfhljbf� kemqZc� kbevgh]h� aZlmoZgby�� �>>&0� beb�
&02<<���]^_�2 –�\j_fy�j_eZdkZpbb�kbkl_fu��<�wlhf�kemqZ_�mjZ\g_gb_��2.2��i_j_�
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ibku\Z_lky��k�lhqghklvx�^h�i_j\h]h�g_bkq_aZxs_]h�fZeh]h�keZ]Z_fh]h�\�ihdZ�
aZl_e_�kl_i_gb�\lhjh]h�qZklgh]h�j_r_gby�� 
 

 
t

t
ecectx λ

ω
λ 2

2
2

1

2
0

)(
−− += . (2.3) 

 

<�mjZ\g_gbb� �2.3��fgh`bl_ev�\�ihdZaZl_e_�kl_i_gb�i_j\h]h�qZklgh]h�j_r_gby�
agZqbl_evguc��ihwlhfm�wlh�j_r_gb_�[ukljh�klZgh\blky�ij_g_[j_`bfh�fZeuf��
<h�\lhjhf�j_r_gb_��gZijhlb\��fgh`bl_ev�\�ihdZaZl_e_�kl_i_gb�hq_gv�fZe�ih�
fh^mex��ihwlhfm�wlh�j_r_gb_�f_^e_ggh�kiZ^Z_l�\h�\j_f_gb��AZlmoZgb_�[ZeZg�
kbjm_l� k� ]Zjfhgbq_kdhc� kbehc�� kdhjhklv� hklZ_lky� ihklhygghc� gZ�fZeuo� \j_�
f_gguo�fZkrlZ[Zo��Ihwlhfm��wnn_dl�bg_jpbb�\Z`_g�\�i_j\h_�f]gh\_gb_�ihke_�
gZqZeZ�^\b`_gb_�� AZl_f�ijb� t >> (2�)–1�bf�fh`gh�ij_g_[j_qv��i_j\h_� qZklgh_�
j_r_gb_�\��2.3��kiZ^Z_l�^h�gmey��Dhhj^bgZlZ�qZklbpu�hibku\Z_lky�mjZ\g_gb_f�









− ttx

λ
ω
2

exp~)(
2
0 ��dhlhjh_�fh`_l�[ulv�ihemq_gh�ba�mjZ\g_gby�^\b`_gby��2.1��\�

ij_g_[j_`_gbb�bg_jpbhgguf�keZ]Z_fuf� )(tx�� : 

 

 0)()(2
2
0 =+ txtx ωλ� . (2.4) 

 

MjZ\g_gb_� ^\b`_gby� �2.4�� hibku\Z_l� kbevgh� aZlmoZxsbc� ]Zjfhgbq_kdbc� hk�
pbeeylhj��l�_��qZklbpm��kh\_jrZxsmx�h^ghf_jgh_�^\b`_gb_�\�mkeh\byo�[hev�
rh]h�lj_gby�ih^�^_ckl\b_f�d\Zabebg_cghc�\hkklZgZ\eb\Zxs_c�kbeu��<hafh`�
gZ�ih^h[gZy�l_jfbgheh]by�����kbevgh�^_finbjh\Zgguc�hkpbeeylhj��=Zj^bg_j�
[3@��� ��� i_j_^_finbjh\Zgguc� hkpbeeylhj� �=bga[mj]� >106@��� ��� k\_joaZlhjfh�
`_ggZy�qZklbpZ��l�_��qZklbpZ��^ey�dhlhjhc�kdhjhklv�ijhihjpbhgZevgZ�kbe_��<Zg�
DZfi_g�>4@���<\h^y�gh\uc�[_ajZaf_jguc�\j_f_gghc�fZkrlZ[�t' = 2�t��\�^Zevg_c�
r_f�rljbo�himkdZ_lky���h[_ajZaf_jbf�mjZ\g_gb_��2.4���Ihemqbf� axx −=� ��]^_�a 

–�[_ajZaf_jguc�dhwnnbpb_gl�\hkklZgZ\eb\Zxs_c�kbeu� 
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Ijb� jZkkfhlj_gbb� kbkl_f�fZeuo�fZkrlZ[h\� agZqbl_evgufb� klZgh\ylky�
nemdlmZpbb� __� iZjZf_ljh\�� dhlhju_� g_h[oh^bfh� mqblu\Zlv�� JZkkfhlj_ggh_�
\ur_� mjZ\g_gb_� kbevgh� aZlmoZxs_]h� ]Zjfhgbq_kdh]h� hkpbeeylhjZ� k� mq_lhf�
nemdlmZpbc�ijbf_l�\b^ 

 

 )()]([ 21 txtax ξξ +−−=� , (2.5) 

 

]^_��1(t) –�ebg_cguc�fmevlbiebdZlb\guc�rmf� �nemdlmZpby�qZklhlu��\u�
a\ZggZy�kemqZcghklyfb�\�wnn_dlb\ghc�“ijm`bgd_”); 

�2(t) –�Z^^blb\guc�rmf��kemqZcgZy�kbeZ��h[mkeh\e_ggZy�lheqdZfb�kh�
klhjhgu�hdjm`Zxsbo�qZklbpm�fhe_dme�� 

MjZ\g_gb_� �2.5�� hibku\Z_l�� gZijbf_j�� fZeu_� mijm]b_� ihi_j_qgu_� kf_s_gby�
p_gljh\�fZkk�ijhly`_gguo�f_oZgbq_kdbo�kbkl_f�fbdjh-�b�gZghfZkrlZ[Z� �gZ�
gh[Zedb��^j���\�^hklZlhqgh�\yadhc�kj_^_��H[jZahf�mdZaZgguo�nbabq_kdbo�kbk�
l_f�y\ey_lky�qZklbpZ�gZ�“ijm`bgd_”��Ijb�k\h_f�^\b`_gbb�\h�\g_rg_f�nemd�
lmbjmxs_f� ]Zjfhgbq_kdhf� ihl_gpbZe_� qZklbpZ� \uau\Z_l� baf_g_gby� \�
khklhygbb�l_ieh\hc�[Zgb��dhlhjZy��\�k\hx�hq_j_^v��lZd`_�\ha^_ckl\m_l�gZ�g__�
ihkj_^kl\hf�\gmlj_gg_]h�Z^^blb\gh]h�rmfZ��LZdbf�h[jZahf��qZklbpZ�gZoh^bl�
ky� ih^� \ebygb_f� \g_rg_]h� rmfZ� b� \gmlj_gg_]h� rmfZ�� fh^bnbpbjh\Zggh]h�
\g_rgbf��Wlh�fh`gh�ijb[eb`_ggh�mq_klv��jZkkfZljb\Zy�qZklbpm�\�ihe_�^\mo�
\aZbfgh-dhjj_ebjh\Zgguo�rmfh\��?keb� \j_fy� j_eZdkZpbb� kbkl_fu� a–1�fgh]h�
f_gvr_�\j_f_gb�j_eZdkZpbb�bklhqgbdh\�rmfZ��lh]^Z�ijbf_gbfh�ijb[eb`_gb_�
[_eh]h�rmfZ��l�_��rmfZ�k�gme_\uf�\j_f_g_f�dhjj_eypbb��<�[hevrbgkl\_�kemqZ�
_\�nemdlmZpbb�h[mkeh\e_gu�fgh`_kl\hf�nZdlhjh\��qlh�ijb\h^bl�d�]Zmkkh\kdbf�
jZkij_^_e_gbyf�� LZdbf� h[jZahf�� ]Zmkkh\kdbc� [_euc�rmf� –� ijb_fe_fZy�� dZd�
ijZ\beh��b^_ZebaZpby�j_Zevgh]h�rmfZ�k�fZeuf�\j_f_g_f�dhjj_eypbb� 

Gm`gh�hlf_lblv��qlh�mjZ\g_gb_� �2.5��deZkkbnbpbjm_lky�dZd�hkpbeeylhj�
ebrv�\�lhf�kemqZ_��_keb�^ey�ex[uo�fhf_glh\�\j_f_gb�Z– �1(t) >���qlh�gZdeZ^u�
\Z_l�g_dhlhju_�h]jZgbq_gby�gZ�nemdlmZpbb��dhlhju_�g_�^he`gu�baf_gblv�\hk�
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klZgZ\eb\Zxsbc�oZjZdl_j�kbeu��<�ijhlb\ghf�kemqZ_�kf_s_gby�qZklbpu�i_j_�
klZgml�[ulv�fZeufb��qlh�ih\e_q_l�aZ�kh[hc�g_h[oh^bfhklv�mq_lZ�qe_gh\�[he__�
\ukhdh]h�ihjy^dZ�\�jZaeh`_gbb�\g_rg_]h�ihl_gpbZeZ� 

MjZ\g_gb_��2.5��\�hlkmlkl\bb�nemdlmZpbc��l�_���1(t)A��b��2(t)A��ijb�\k_o�
agZq_gbyo�\j_f_gb� t��y\ey_lky�ebg_Zjbah\Zgguf�fZdjhkdhibq_kdbf�mjZ\g_gb�
_f�^\b`_gby�aZfdgmlhc�g_jZ\gh\_kghc�kbkl_fu��hibku\Zxsbf�ijhp_kk�__�j_�
eZdkZpbb�>12@��Ij_^iheZ]Z_lky��qlh�\�ex[hc�fhf_gl�\j_f_gb�khklhygb_�kbkl_�
fu�iheghklvx�hij_^_ey_lky�deZkkbq_kdhc�\_ebqbghc�x��Z�nbabq_kdZy�ijbjh^Z�
kbkl_fu� p_ebdhf� aZ\bkbl� hl� ijbjh^u� wlhc� \_ebqbgu��Gm`gh� hlf_lblv�� qlh�
ij_g_[j_`_gb_�\gmlj_ggbfb�nemdlmZpbyfb�kijZ\_^eb\h�ebrv�^ey�[hevrbo�\�
kjZ\g_gbb�kh�kj_^gbfb�jZ\gh\_kgufb�nemdlmZpbyfb� 〉〈 2

x agZq_gbc�\_ebqbgu�
x��Ijb�ijhba\hevguo�`_�agZq_gbyo�x��\dexqZxsbo�hdj_klghklv�jZ\gh\_kgh]h�
khklhygby��g_h[oh^bfh�mqblu\Zlv�nemdlmZpbb�kdhjhklb�–�g_mql_ggu_�kl_i_gb�
k\h[h^u�kbkl_fu��ijb\h^ysb_�d�Z^^blb\ghfm�rmfm��2(t���<�^hiheg_gb_��fZdjh�
kdhibq_kdZy� kbkl_fZ�fh`_l� [ulv� hldjulhc� b� \aZbfh^_ckl\h\Zlv� k� hdjm`Zx�
sbfb� __�fZdjhkdhibq_kdhc� kj_^hc�� kemqZcghklb�\�dhlhjhc�ijb\_^ml�d�nemd�
lmZpbyf� iZjZf_ljZ� a� b� d� ihy\e_gbx� ebg_cgh]h� fmevlbiebdZlb\gh]h� rmfZ��
LZdbf�h[jZahf��mjZ\g_gb_� �2.5��hibku\Z_l�j_eZdkZpbx�hldjulhc�g_jZ\gh\_k�
ghc�kbkl_fu�d�klZpbhgZjghfm�khklhygbx��Ij_^iheZ]Z_lky��qlh�wlZ�kbkl_fZ�����
y\ey_lky� ijhkljZgkl\_ggh-h^ghjh^ghc�� l�_�� iZjZf_lj� khklhygby� x� aZ\bkbl� hl�
\j_f_gb� b� g_� aZ\bkbl� hl� jZ^bmk-\_dlhjZ�� ��� ^hklZlhqgh� ohjhrh� hibku\Z_lky�
h^ghc�kl_i_gvx�k\h[h^u�����nemdlmZpbb�iZjZf_ljh\�kbkl_fu�mqblu\Zxlky�ih�
kj_^kl\hf�]Zmkkh\kdbo�[_euo�rmfh\� 

Ijb^Z^bf�mjZ\g_gbx� �2.5��dZghgbq_kdbc�h[sbc�\b^��jZkkfhlj_\�ijhba�
\hevguc�\g_rgbc�ihl_gpbZe�b�\aZbfgh-dhjj_ebjh\Zggu_�fmevlbiebdZlb\gu_�
rmfu�k�ijhba\hevgufb�Zfieblm^Zfb�nemdlmZpbc��;_ajZaf_j_ggh_�mjZ\g_gb_�
EZg`_\_gZ�bf__l�\b^ 
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 ∑
=

+=
2

1

)())(())(()(
i

ii ttxgtxftx ξ� , (2.6) 

 

]^_�x(t) –�iZjZf_lj�khklhygby�kbkl_fu��^bgZfbq_kdZy�i_j_f_ggZy�� 
f (x) –�^_l_jfbgbjh\ZggZy�kbeZ��f (x) = – U'(x); 

U(x) –�^_l_jfbgbjh\Zgguc�ihl_gpbZe� 
gi(x) (i = 1,2) –�fmevlbiebdZlb\gu_�nmgdpbb��Zfieblm^u�nemdlmZpbc���
dhlhju_� oZjZdl_jbamxl� \ha^_ckl\b_�rmfh\� \� aZ\bkbfhklb� hl� iZjZ�
f_ljZ�khklhygby� 
�i(t) –�\g_rgb_�]Zmkkh\kdb_�[_eu_�rmfu��kj_^gb_�agZq_gby�dhlhjuo�
jZ\gyxlky�gmex��Z�dhjj_eypbhggu_�nmgdpbb�bf_xl�\b^ 

 

 )(2)()( tttt ijji
′−∆=〉′〈 δξξ , (2.7) 

 

]^_�fZljbpZ�ûij�aZibku\Z_lky�\�ke_^mxs_c�nhjf_ 

 










∆∆∆
∆∆∆

=∆
221

211

r

r
ij , 

 

û1 (����b�û2 (�0) –�bgl_gkb\ghklb�rmfh\��1(t��b��2(t���khhl\_lkl\_ggh� 
r –�dhwnnbpb_gl�dhjj_eypbb�f_`^m��1(t��b��2(t). 

MjZ\g_gb_��2.6��hibku\Z_l�h^ghf_jgh_�^\b`_gb_�deZkkbq_kdbo�qZklbp�k�dhhj�
^bgZlhc� x(t�� \� mkeh\byo� [hevrh]h� lj_gby� \� ^_l_jfbgbjh\Zgghf� ihl_gpbZe_�
U(x��� \hafmsZ_fhf� ^\mfy� \aZbfgh-dhjj_ebjh\Zggufb� fmevlbiebdZlb\gufb�
rmfZfb��1(t��b��2(t���?keb�ihl_gpbZe�U(x��bf__l�h^gh�beb�g_kdhevdh�mklhcqb\uo�
khklhygbc�� ijbq_f�U(–�) = U(�) =��� lh]^Z� mjZ\g_gb_� �2.6�� hibku\Z_l� kbevgh�
aZlmoZxsb_�klhoZklbq_kdb_�hkpbeeylhju��Gm`gh�hlf_lblv��qlh�kbeZ�f (x��b�Zf�
ieblm^u�nemdlmZpbc�gi(x��fh]ml�lZd`_�y\gh�aZ\bk_lv�hl�\j_f_gb� 
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2.2. MjZ\g_gb_�Nhdd_jZ-IeZgdZ�b�_]h�klZpbhgZjgh_�j_r_gb_ 

>bgZfbdm�qZklbp�fh`gh�hibku\Zlv�q_j_a�iehlghklv�\_jhylghklb�^ey�kh�
klhygbc��m^h\e_l\hjyxs_c�mjZ\g_gbx�Nhdd_jZ-IeZgdZ��<�kemqZ_�fmevlbieb�
dZlb\guo�]Zmkkh\kdbo�[_euo�rmfh\�kms_kl\m_l�[_kdhg_qgh_�qbkeh�mjZ\g_gbc�
Nhdd_jZ-IeZgdZ��khhl\_lkl\mxsbo�mjZ\g_gbx�EZg`_\_gZ��2.6���>ey�lh]h��qlh�
[u�mklZgh\blv�h^ghagZqgh_�khhl\_lkl\b_��ijbf_f��qlh�dZ`^uc�]Zmkkh\kdbc�[_�
euc�rmf��i(t��oZjZdl_jbam_lky�k\hbf�kh[kl\_gguf�iZjZf_ljhf �i (0� �i�����hi�
j_^_eyxsbf� fhf_glu� \j_f_gb�� \� dhlhjuo� \uqbkeyxlky� agZq_gby�
fmevlbiebdZlb\ghc�nmgdpbb� gi(x(t��� \� khhl\_lkl\mxs_c�bgl_]jZevghc� kmff_��
Ij_^klZ\bf�mjZ\g_gb_�EZg`_\_gZ��2.6��\�\b^_�jZaghklghc�ko_fu��A.1���Ijbeh�
`_gb_�:���MjZ\g_gb_�Nhdd_jZ-IeZgdZ�ijbf_l�\b^ 

 

 ),()(),()]()([),(
2

2

txPxd
x

txPxhxf
x

txP
t ∂

∂
++

∂
∂

−=
∂
∂

, (2.8) 

 

]^_�nmgdpbb�h(x��b�d(x��hij_^_eyxlky�\ujZ`_gbyfb� �A.7��b� �A.8���khhl�
\_lkl\_ggh� 

LZd�dZd�klZlbklbq_kdb_�oZjZdl_jbklbdb��kj_^gb_�agZq_gby�b�bgl_gkb\gh�
klb��nemdlmZpbc� ijbgbfZxlky� ihklhyggufb� \h� \j_f_gb�� lh�fh`gh� h`b^Zlv��
qlh�ih�bkl_q_gbb�^hklZlhqgh�^he]h]h�\j_f_gb�klhoZklbq_kdZy�kbkl_fZ��hibku�
\Z_fZy� mjZ\g_gb_f� EZg`_\_gZ� �2.6��� ^hklb]g_l� klZpbhgZjgh_� khklhygb_�� Wlh�
hagZqZ_l��qlh�ijb� t:��mklZgZ\eb\Z_lky�klZpbhgZjgZy�iehlghklv�\_jhylghklb�
Pst(x���dhlhjZy�g_�aZ\bkbl�hl�\j_f_gb��GZ�ijZdlbd_�klZpbhgZjgh_�khklhygb_�mk�
lZgZ\eb\Z_lky�^ey�fhf_glh\�\j_f_gb��agZqbl_evguo�\�kjZ\g_gbb�kh�\j_f_g_f�
j_eZdkZpbb�kbkl_fu� 

Ihemqbf� klZpbhgZjgh_� j_r_gb_� mjZ\g_gby� Nhdd_jZ-IeZgdZ� �2.8��� >ey�
wlh]h�\\_^_f�ihlhd�\_jhylghklb��\ujZ`_gb_�dhlhjh]h�bf__l�\b^ 
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),()(),()]()([),( txPxd
x

txPxhxftxJ
∂
∂

−+= . 

 

Lh]^Z�mjZ\g_gb_�Nhdd_jZ-IeZgdZ�fh`gh�i_j_ibkZlv 

 

),(),( txJ
x

txP
t ∂

∂
−=

∂
∂

. 

 

Wlh�mjZ\g_gb_�g_ij_ju\ghklb��\ujZ`Zxs__�khojZg_gb_�\_jhylghklb��LZd�dZd 

klZpbhgZjgZy� iehlghklv� \_jhylghklb� g_� aZ\bkbl� hl� \j_f_gb�� lh� ),( txP
t∂

∂ :0 

ijb�t:���AgZqbl��ijhba\h^gZy�ihlhdZ�\_jhylghklb�ih�dhhj^bgZl_�jZ\gZ�gmex��
ihwlhfm� J(x) = const�� Ijb� \u\h^_� mjZ\g_gby�Nhdd_jZ-IeZgdZ� bkihevah\Zebkv�
_kl_kl\_ggu_�]jZgbqgu_�mkeh\by� �beb�a_jdZevgu_�]jZgbqgu_�mkeh\by���ke_^h�
\Zl_evgh�� agZq_gb_� wlhc� dhgklZglu� jZ\gy_lky� gmex� b� fh`gh� i_j_clb� d� jZk�
kfhlj_gbx�h[udgh\_ggh]h�^bnn_j_gpbZevgh]h�mjZ\g_gby��J_rZy�_]h�f_lh^hf�
jZa^_e_gby�i_j_f_gguo��aZibr_f�\ujZ`_gb_�^ey�jZ\gh\_kghc�iehlghklb�\_jh�
ylghklb�\�\b^_ 
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= ∫

x

st
yd

yhyf
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xZd
xP

µ )(

)()(
exp

)(

1
)( , (2.9) 

 

]^_�Z –ghjfbjmxsbc�fgh`bl_ev��jZ\guc��_keb�kms_kl\m_l� 
 

 ∫ ∫










 +
=

β

α µ

x

yd

yhyf
dy

xd
dxZ

)(

)()(
exp

)(

1
,  

 

x(t) ∈ (., �), . ��� � �. 
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IheZ]Zy��qlh�d(x) >���bamqbf�\ebygb_�\aZbfghc�dhjj_eypbb�rmfh\uo�bk�
lhqgbdh\� gZ� gZb[he__� \_jhylgu_� jZ\gh\_kgu_� khklhygby� kbkl_fu��>ey� wlh]h�
aZibr_f�mjZ\g_gb_� 0)( =′ xPst ��dhlhjh_�hij_^_ey_l�ehdZevgu_�lhqdb�wdklj_fm�
fZ�jZ\gh\_kghc�iehlghklb�\_jhylghklb��2.9���Ijhba\h^gZy�jZgZ 

 

)(

)(
)(

xd

xP
xPst =′ [f (x) + h(x) – d'(x)]. 

 

LZdbf�h[jZahf��bkdhfh_�mjZ\g_gb_�bf__l�\b^ 

 

 f (x) + h(x) – d'(x) = 0. (2.10) 

 

Bkke_^m_f�\hafh`ghklv�kms_kl\h\Zgby�g_jZ\gh\_kguo�i_j_oh^h\��bg^m�
pbjh\Zgguo� \aZbfghc� dhjj_eypb_c� [_euo�rmfh\�� \� klhoZklbq_kdhc� kbkl_f_��
hibku\Z_fhc�mjZ\g_gb_f��2.6���Ijb�wlhf�h[jZlbf�\gbfZgb_�gZ�lh��qlh[u�dZ`�
^uc�rmf�\�hl^_evghklb�wlb�i_j_oh^u�g_�\uau\Ze��Wlh�hagZqZ_l��qlh�^ey�r = 0 

mjZ\g_gb_� �2.10��bf__l�lZdh_�`_�kZfh_�qbkeh�dhjg_c��dZd�b�mjZ\g_gb_� f (x) = 0, 

l�_��g_dhjj_ebjh\Zggu_�rmfu�g_�baf_gyxl�qbkeh�gZb[he__�\_jhylguo�khklhy�
gbc� kbkl_fu��:�ijb�g_dhlhjhf� agZq_gbb� r = rcr (rcr���b� –1� rcr���� qbkeh� eh�
dZevguo�fZdkbfmfh\� jZ\gh\_kghc�iehlghklb� \_jhylghklb�Pst(x�� y\ey_lky� jZa�
ebqguf�ijb�r = rcr –��b�ijb�r = rcr +���GZb[he__�\_jhylgu_�khklhygby�kbkl_fu�g_�
khhl\_lkl\mxl�__�klZpbhgZjguf�khklhygbyf�\�^_l_jfbgbjh\Zgghf�kemqZ_��l�_��
ijb�r = rcr�ijhbkoh^bl�bg^mpbjh\Zgguc�\aZbfghc�dhjj_eypb_c�rmfh\�g_jZ\gh�
\_kguc�i_j_oh^� 

JZkkfhljbf� kjZ\gbl_evgh� ijhklu_� klhoZklbq_kdb_� kbkl_fu� k� Z^^blb\�
guf�rmfhf��2(t���l�_��g2(x)A���<�wlhf�kemqZ_�\ujZ`_gb_��A.8��ijbf_l�\b^ 

 

 2121
2
11 )(2)()( ∆+∆∆+∆= xgrxgxd  (2.11) 
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LZd`_�\�khhl\_lkl\bb�k��A.11��fh`gh�aZibkZlv��qlh�h(x) = �1d�(x���Ih^klZ\eyy�wlh�
\ujZ`_gb_�\��2.9���\ujZ`_gb_�^ey�jZ\gh\_kghc�iehlghklb�\_jhylghklb�ijbf_l�
\b^ 

 

 











= ∫−

x

st
yd

yf
dy

xdZ
xP

µ
γ )(

)(
exp

)(

1
)(

11
1

, (2.12) 

 

]^_�Z1 –�gh\Zy�dhgklZglZ�ghjfbjh\db��k\yaZggZy�kh�klZjhc�dhgklZglhc�kh�
hlghr_gb_f� )(1

1 µγ
ZdZ = . 

LZd�dZd�\�^Zgghc�aZ^Zq_�[_euc�rmf�–�fh^_ev�j_Zevgh]h�rmfZ�k�dhg_qguf�\j_�
f_g_f�dhjj_eypbb��lh�iZjZf_lj��1�^ey�fmevlbiebdZlb\gh]h�rmfZ��1(t��ijbgbfZ�
_lky�jZ\guf������qlh�khhl\_lkl\m_l�bkqbke_gbx�KljZlhgh\bqZ��K�^jm]hc�klhjh�
gu��g_�^he`gh�[ulv�dZq_kl\_gguo�jZaebqbc�f_`^m�jZ\gh\_kgufb�iehlghklyfb�
\_jhylghklb��dZd�\�bkqbke_gbb�KljZlhgh\bqZ��lZd�b�\�bkqbke_gbb�Blh�k�iZjZ�
f_ljhf��1��jZ\guf����<�ijhlb\ghf�kemqZ_��lZdh]h�jh^Z�jZkoh`^_gby�k\b^_l_ev�
kl\mxl�h�g_ijZ\bevgh�\u[jZgghc�ijhp_^mj_�hibkZgby�kbkl_fu��LZd`_�ijbf_f�
_kl_kl\_ggu_�]jZgbqgu_�mkeh\by��l�_��.= –��b��=���b�iZjZf_lj�bgl_]jbjh\Z�
gby���\��2.12��fh`gh�iheh`blv�jZ\guf�gmex� 

JZ\gh\_kgmx� iehlghklv� \_jhylghklb� �2.12�� fh`gh� ij_^klZ\blv� \� \b^_�
wdkihg_gpbZevgh]h�jZkij_^_e_gby�;hevpfZgZ��Pst(x) ~ exp[– Uef (x�@��]^_�Uef (x) – 

wnn_dlb\guc�ihl_gpbZe��Hg�aZibku\Z_lky�\�ke_^mxs_f�\b^_ 

 

 )(ln)1(
)(

)(
)( 1

0

xd
yd

yf
dyxU

x

ef γ−+−= ∫ . (2.13) 

 

Ijb�r =��wnn_dlb\guc�ihl_gpbZe�kh\iZ^Z_l�k�^_l_jfbgbjh\Zgguf�ihl_gpbZ�
ehf�U(x���:�ijb�r = rcr�qbkeh�_]h�ehdZevguo�fbgbfmfh\�baf_gy_lky��qlh�k\b^_�



 
40 

l_evkl\m_l�h�g_jZ\gh\_kghf�i_j_oh^_��bg^mpbjh\Zgghf�\aZbfghc�dhjj_eypb_c�
rmfh\� 
 

 

2.3. G_ebg_cgu_�klhoZklbq_kdb_�kbkl_fu 

2.3.1. KlhoZklbq_kdZy� kbkl_fZ� k� ebg_cghc� \hkklZgZ\eb\Zxs_c� kbehc�b�
d\Z^jZlbqghc�fmevlbiebdZlb\ghc�nmgdpb_c�\�hdj_klghklb�gmey� 

<�dZq_kl\_�i_j\h]h�ijbf_jZ�jZkkfhljbf�ijhkl_crmx�kbkl_fm�k�ebg_cghc�
\hkklZgZ\eb\Zxs_c�kbehc�f (x) = – ax (a >���b�d\Z^jZlbqghc�fmevlbiebdZlb\ghc�
nmgdpb_c�\�hdj_klghklb�gmey��g1(x) = bx

2
 (b >����<�wlhf�kemqZ_�mjZ\g_gb_�^\b�

`_gby��2.6��ijbf_l�\b^ 

 

 )()( 21
2

ttbxaxx ξξ ++−=� . (2.14) 

 

Dhwnnbpb_gl�^bnnmabb� 
 

( )2242
1 2)( νν ++∆= xrxbxd , 

 

]^_�
1

21

∆
∆

=
b

ν . 

MjZ\g_gb_��hij_^_eyxs__�lhqdb�wdklj_fmfZ�jZ\gh\_kghc�iehlghklb�\_jhylgh�
klb� 
 

( ) 0/12 =++ ηνrxx , 

 

]^_�
a

b
2

11)1(4 ∆−
=

γη . 
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Bkke_^m_f�wlh�mjZ\g_gb_��?keb�r =���kms_kl\m_l�_^bgkl\_ggh_�^_ckl\bl_evgh_�
_]h�j_r_gb_�x=���khhl\_lkl\mxs__�gZb[he__�\_jhylghfm�khklhygbx�kbkl_fu��
LZdbf�h[jZahf��g_dhjj_ebjh\Zgguc�fmevlbiebdZlb\guc�rmf�g_�fh`_l�bg^m�
pbjh\Zlv�g_jZ\gh\_kgu_�i_j_oh^u�\�jZkkfZljb\Z_fhc�kbkl_f_��?keb�r����lh]^Z�
kms_kl\m_l� djblbq_kdh_� agZq_gb_� iZjZf_ljZ� dhjj_eypbb� rcr = – 1 / �� (|rcr| < 1), 

lZdh_��qlh�ijb�r > rcr, (rcr <���qbkeh�dhjg_c�mjZ\g_gby�g_�baf_gy_lky��Z�ijb�r < rcr, 

ihy\ey_lky� ^\Z� ^hihegbl_evguo� dhjgy� ην /1−−±= rx �� Ke_^h\Zl_evgh�� ijb�
r = rcr�ijhbkoh^bl�bg^mpbjh\Zgguc�iZjZf_ljhf�\aZbfghc�dhjj_eypbb�g_jZ\gh�
\_kguc�i_j_oh^��K�^jm]hc�klhjhgu��ijb�nbdkbjh\Zgghf�hljbpZl_evghf�iZjZ�
f_lj_�dhjj_eypbb��g_jZ\gh\_kguc�i_j_oh^�fh`_l�bg^mpbjh\Zlv�dZd�fmevlbi�
ebdZlb\guc�rmf��lZd�b�Z^^blb\guc� 

Gm`gh� hlf_lblv�� qlh� \� ex[hc� klhoZklbq_kdhc� kbkl_f_� k� ebg_cghc� \hk�
klZgZ\eb\Zxs_c�kbehc�b�fmevlbiebdZlb\ghc�nmgdpb_c��dhlhjZy�\�hdj_klghklb�
gmey�aZ\bkbl�hl�x�dZd�x2��iZjZf_lj�\aZbfghc�dhjj_eypbb�rmfh\�fh`_l�bg^mpb�
jh\Zlv�g_jZ\gh\_kgu_�i_j_oh^u��Ij_`^_��q_f�ijh\h^blv�^Zevg_crb_�bkke_^h�
\Zgby�� h[jZlbf� \gbfZgb_� gZ� h^gm� hkh[_gghklv� jZkkfZljb\Z_fhc� klhoZklbq_�
kdhc�kbkl_fu��Iheh`bf�\�mjZ\g_gbb��2.14) �2(t)A���>_eZy�aZf_gm�i_j_f_gguo�
x(t) = y(t)e

–at��_]h�j_r_gb_�fh`gh�aZibkZlv�\�\b^_ 

 

 
)(

)(
1

0 tx

e
tx

at

Ξ−
= −

−

, (2.15) 

 

]^_�x0 = x(0) –�agZq_gb_�iZjZf_ljZ�khklhygby�\�gZqZevguc�fhf_gl�\j_f_�
gb� 

∫ −=Ξ
t a

debt
0 1 )()( ττξτ  –� ]Zmkkh\kdbc� kemqZcguc� ijhp_kk� k� gme_\uf�

kj_^gbf� agZq_gb_f� b� Zkbfilhlbq_kdhc� ^bki_jkb_c�
12

= 〉∞Ξ〈 )(2  û1b
2
/a. 
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<ujZ`_gb_� �2.15��klj_fblky�d�[_kdhg_qghklb�� _x(t)|:���_keb�_]h�agZf_gZl_ev�
klj_fblky�d�gmex�� 1

0
−

x –��t):���Rmf��1(t��ijbgbfZ_l�agZq_gby�ba�[_kdhg_qgh]h�
bgl_j\ZeZ� �–������� lh]^Z�ijhp_kk���t��bf__l� lZdhc�`_�[_kdhg_qguc�bgl_j\Ze�
agZq_gbc��<�wlhf�kemqZ_�kms_kl\m_l�g_gme_\Zy�\_jhylghklv�lh]h��qlh�\ujZ`_�
gb_� 1

0
−

x –��t��gZ�bgl_j\Ze_� ��, t��ohly�[u�h^gb�jZa�ijbgbfZ_l�agZq_gb_�jZ\gh_�
gmex��Wlh�hagZqZ_l��qlh�khklhygb_�kbkl_fu�x(t��^hklb]Z_l�[_kdhg_qghklv�k�g_�
gme_\hc�\_jhylghklvx�gZ�ex[hf�dhg_qghf�\j_f_gghf�bgl_j\Ze_��>Ze__��_keb�

1
0
−

x –��t) = +��b� 1
0
−

x –��t) = –���l�_��[_kdhg_qgh�fZeh_�baf_g_gb_�\j_f_gb��lh]^Z�
x(t) = +��b�x(t) = –���khhl\_lkl\_ggh��<hafh`ghklv�lZdh]h�g_nbabq_kdh]h�ih\_�
^_gby�klhoZklbq_kdbo�kbkl_f�k�fmevlbiebdZlb\guf�rmfhf��Zfieblm^Z�nemd�
lmZpbc�dhlhjh]h�gZ�[hevrbo�\j_f_gZo�\hajZklZ_l�[uklj__��q_f�x��[ueZ�hlf_q_�
gZ�� gZijbf_j�� \� jZ[hl_� >52@�� >_ckl\bl_evgh�� _keb� iZjZf_lju� kbkl_fu�
ijbgbfZxl��gZijbf_j��agZq_gby�a = b =û1 = x0 =���lh]^Z�\_jhylghklv�p�lh]h��qlh�
kemqZcguc� klZpbhgZjguc� ijhp_kk� ��t�� ^hklb]g_l� mjh\gy� 1

0
−

x  (x0 > 0 ��� \� ijh�
kl_cr_f� ijb[eb`_gbb� jZ\gZ� ∫

∞

−








−=

1
0

2

2

2
exp

2

1

x

dx
x

p
σπσ

§�������� K� ^jm]hc�

klhjhgu��_keb�b = 0,���lh�\_jhylghklv�p�m`_�ijZdlbq_kdb�jZ\gZ�gmex��LZdbf�h[�
jZahf��h�nbabq_kdhf�beb�g_nbabq_kdhf�ih\_^_gbb�jZkkfZljb\Z_fhc�kbkl_fu�
fh`gh�km^blv�ebrv��agZy�agZq_gby�__�iZjZf_ljh\� 

Qlh[u�g_�Zdp_glbjh\Zlv�\gbfZgb_�gZ�y\guo�agZq_gbyo�iZjZf_ljh\�kbk�
l_fu�� jZkkfhljbf� lZdmx� Zfieblm^m� nemdlmZpbc� fmevlbiebdZlb\gh]h� rmfZ��
dhlhjZy�ijb�| x | <<��aZ\bkbl�hl�x�dZd�x2��Z�ijb�| x | >> 1 –�hklZ_lky�ihklhygghc� 
 

 
2

2

1
1

)(
x

x
bxg

+
=      (b > 0).  

 

<�wlhf�kemqZ_�\ujZ`_gb_��2.11��^ey�dhwnnbpb_glZ�^bnnmabb�ijbf_l�\b^ 
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x
bxd , (2.16) 

 

Hij_^_ebf�_]h�ijhba\h^gmx�b�aZibr_f�mjZ\g_gb_��2.10) 
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+− νγ
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<\_^_f�gh\u_�h[hagZq_gby��mjZ\g_gb_�ijbf_l�hdhgqZl_evguc�\b^ 

 

 0])1([
3 =−++ ηνη zrzx , (2.17) 

 

]^_�z = 1 + x
2
. 

Ih^klZ\bf�\ujZ`_gb_��2.16��\�\ujZ`_gb_��2.12��b�ihemqbf�jZ\gh\_kgmx�iehl�
ghklv�\_jhylghklb 
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,  

  (2.18) 

 

]^_�C –�dhgklZglZ�ghjfbjh\db� 
q = 2(1 – �1)/� 

Bkke_^m_f�mjZ\g_gb_��2.17���?keb�r =���lh]^Z�nmgdpby�z3
+�z – ��ijbgbfZ�

_l�agZq_gby�[hevrb_�beb�jZ\gu_����>_ckl\bl_evgh��mql_f��qlh�z = 1 + x
2��b�ijb�

z =��wlZ�nmgdpby�jZ\gZ����Z�ijb�z >��hgZ�fhghlhggh�\hajZklZ_l��ihwlhfm�ijbgb�
fZ_l�agZq_gby�kljh]h�[hevrb_����LZdbf�h[jZahf��mjZ\g_gb_��2.17���lhqgh�dZd�b�



 
44 

mjZ\g_gb_�f (x) =���bf__l�_^bgkl\_gguc�^_ckl\bl_evguc�dhj_gv�xcr =���dhlhjuc�
khhl\_lkl\m_l�fZdkbfmfm�Pst(x���Wlh�hagZqZ_l��qlh�g_dhjj_ebjh\Zggu_�rmfu�g_�
baf_gyxl�h^ghfh^Zevguc�oZjZdl_j�iehlghklb�\_jhylghklb�Pst(x���l�_���bg^mpb�
jh\Zggu_�rmfhf�i_j_oh^u�g_�ijhbkoh^yl��Hgb�fh]ml�ijhbkoh^blv��_keb�dm[b�
q_kdh_�mjZ\g_gb_ 

 

 z
3
 + �(1 + U�)z – � = 0 (2.19) 

 

bf__l�^_ckl\bl_evgu_� dhjgb��dhlhju_�m^h\e_l\hjyxl�mkeh\bx� z >���Ijhklhc�
ZgZeba�ihdZau\Z_l��qlh�ba�lj_o�dhjg_c�zn ( 3,1=n ��mjZ\g_gby��2.19��lhevdh�h^bg�
dhj_gv��h[hagZqbf�_]h�z3��m^h\e_l\hjy_l�wlhfm�mkeh\bx��<�kZfhf�^_e_��dZd�oh�
jhrh�ba\_klgh��kf���gZijbf_j��>136@���_keb�^_l_jfbgZgl�dm[bq_kdh]h�mjZ\g_gby 

 

 
27

)1(

4

332 νηη r
Q

+
+=   

 

iheh`bl_e_g��lh�mjZ\g_gb_��2.19��bf__l�^\Z�dhfie_dkgh�khijy`_gguo�dhjgy�z1 

b�z2��b�h^bg�^_ckl\bl_evguc�dhj_gv�z3��G_�ljm^gh�ijh\_jblv��qlh�z3 >���lhevdh�
_keb�1 + U��<���>Ze__��ijb�Q =��\k_�dhjgb�dm[bq_kdh]h�mjZ\g_gby��2.19��^_ckl�
\bl_evgu_�b�^\Z�dhjgy��h[hagZqbf�z1�b�z2��h^bgZdh\u_��Bkihevamy�l_hj_fm�<b_�
lZ��dhlhjZy�\ujZ`Z_l�dhwnnbpb_glu�ihebghfZ�q_j_a�_]h�dhjgb��fh`gh�gZib�
kZlv�khhlghr_gby 

 

 z1 + z2 + z3 = 0,     z1z2z3 = �,  

 

dhlhju_�ihdZau\Zxl��qlh�\�wlhf�kemqZ_�dhjgb�z1�b�z2�hljbpZl_evgu_�b�^he`gu�
[ulv�hl\_j]gmlu��B��gZdhg_p��^ey�Q <��\k_�dhjgb�^_ckl\bl_evgu_�b�jZaebqgu_��
b�ih�lhc�`_�ijbqbg_��dZd�\�ij_^u^ms_f�kemqZ_��dhjgb�z1�b�z2�^he`gu�[ulv�lZd�
`_�hl[jhr_gu� 
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LZdbf�h[jZahf��_keb�r > rcr = – 1 / ����lh� �2.17��bf__l�_^bgkl\_gguc�^_ckl�
\bl_evguc� dhj_gv� x=��� b� jZ\gh\_kgZy� iehlghklv� \_jhylghklb� �2.18�� y\ey_lky�
h^ghfh^Zevghc� k� ]eh[Zevguf� fZdkbfmfhf�� jZkiheh`_gguf� \� lhqd_� x= 0 

�kf� jbk����Z���>ey�r < rcr��wlh�mkeh\b_�fh`_l�[ulv�\uiheg_gh��_keb�g_jZ\_gkl\h�
|rcr| <��\uihegy_lky���mjZ\g_gb_� �2.17��bf__l�ljb�dhjgy� 0=x , xx ~= ��b� xx ~−= , 

]^_� 1~
3 −= zx ��<�wlhf�kemqZ_��lhqdZ�x=��khhl\_lkl\m_l�ehdZevghfm�fbgbfmfm�

iehlghklb�Pst(x���Z�lhqdb� xx ~= �b� xx ~−=  –�ehdZevguf�fZdkbfmfZf�h^bgZdh\hc�
\ukhlu��l�_���Pst(x) –�[bfh^ZevgZy�iehlghklv�\_jhylghklb��kf��jbk����[���Ke_^h�
\Zl_evgh��ijb�r = rcr�ijhbkoh^bl�h^ghfh^Zevguc-[bfh^Zevguc�i_j_oh^��Hlf_�
lbf�lZd`_��qlh�jZkklhygb_�� x~ �f_`^m�ehdZevgufb�fZdkbfmfZfb�Pst(x��\hajZklZ�
_l��dh]^Z�r�mf_gvrZ_lky��<�qZklghklb��hij_^_ebf�agZq_gb_� x~ ��_keb�r = rcr – 0��]^_�
0 –�g_dhlhjZy�[_kdhg_qgh�fZeZy�\_ebqbgZ��lZdZy�qlh�0 / |rcr| <<���Ih^klZ\bf�wlh�
agZq_gb_�^ey�r�\�mjZ\g_gb_��2.19��b�jZaeh`bf�z3�ih�fZehfm�iZjZf_ljm���^h�keZ�
]Z_fh]h�i_j\h]h�ihjy^dZ��Mqblu\Zy�\ujZ`_gby�^ey�rcr��ihemqbf�\ujZ`_gb_�^ey�
iZjZf_ljZ��: �= 0�� / (2 +�– 0��)§ 0�� / (2 +����LZdbf�h[jZahf�� )2(~ ηεην +=x �b�

0~ =x ��_keb�r = rcr. 

Z

[���� ���� ��� ���

3VW�[�

����

����

����

����

����

[

[���� ���� ��� ���

3VW�[�

����

����

����

����

����

Jbk�������JZ\gh\_kgZy�iehlghklv�\_jhylghklb�ijb�� = 2, �= 2, �1 = 0,5 (rcr = – 0,25): 

Z��r = 0; [��r = – 0,9. 
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H^ghfh^Zevguc-[bfh^Zevguc� g_jZ\gh\_kguc� i_j_oh^� bf__l� hlebqb�
l_evgmx�hkh[_gghklv��]eh[Zevguc�fZdkbfmf�Pst(x��ljZgknhjfbjm_lky�\�ehdZev�
guc�fbgbfmf�\�lhqd_�i_j_oh^Z�r = rcr��;bnmjdZpbhggZy�^bZ]jZffZ�ij_^klZ\e_gZ�
gZ�jbk����� 

<ujZ`_gb_�wnn_dlb\gh]h�ihl_gpbZeZ��2.13��^ey�^Zggh]h�ijbf_jZ�kbkl_�
fu�ijbf_l�\b^ 
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. (2.20) 

 

=jZnbdb�wnn_dlb\gh]h�ihl_gpbZeZ��2.20��ijb\_^_gu�gZ�jbk������<b^gh��qlh�^ey�
kemqZy�r > rcr��jbk����Z��wnn_dlb\guc�ihl_gpbZe�bf__l�h^bg�fbgbfmf�ijb�x= 0, 

qlh�khhl\_lkl\m_l�lhqd_�mklhcqb\h]h�jZ\gh\_kby�\�^_l_jfbgbklbq_kdhc�^bgZ�

Jbk�������>bZ]jZffZ�[bnmjdZpbb�m^\h_gby��khhl\_lkl\mxsZy�h^ghfh^Zevghfm-

[bfh^Zevghfm�i_j_oh^m��bg^mpbjh\Zgghfm�iZjZf_ljhf�dhjj_eypbb 

(� = 2, �= 2, �1 = 0,5 rcr = – 0,25). 

U��� ��� ��� ����

[FU

����

����

���

���
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fbd_���qZklbpZ�^\b`_lky�\�iZjZ[hebq_kdhf�ihl_gpbZe_�U(x)=ax
2
/ 2 + FRQVW���GZ�

ijhlb\��ijb�r < rcr��jbk����[��wnn_dlb\guc�ihl_gpbZe�bf__l�^\Z�fbgbfmfZ��dh�
lhju_�g_�khhl\_lkl\mxl�fbgbfmfm�\�^_l_jfbgbklbq_kdhf�ihl_gpbZe_��Wlh�mdZ�
au\Z_l�gZ�lh��qlh�ijb�r = rcr�ijhbkoh^bl�h^ghfh^Zevguc-[bfh^Zevguc�i_j_oh^��
bg^mpbjh\Zgguc�\aZbfghc�dhjj_eypb_c�rmfh\� 

Bkke_^m_f�\ebygb_�iZjZf_ljh\�û1,  û2, a, b�gZ�g_jZ\gh\_kgu_�i_j_oh^u��
>ey�nbdkbjh\Zgguo�iZjZf_ljh\�r (r <����û2, a, b�kms_kl\m_l�lZdh_�agZq_gb_�û1cr, 

^ey�dhlhjh]h��_keb�û1 <û1cr��lh�iehlghklv�\_jhylghklb�bf__l�h^bg�fZdkbfmf��Z�
ijb�û1 >û1cr –�^\Z�fZdkbfmfZ��l�_��ijb�û1 =û1cr��ijhbkoh^bl�g_jZ\gh\_kguc�i_�
j_oh^��bg^mpbjh\Zgguc�bgl_gkb\ghklvx�fmevlbiebdZlb\gh]h�rmfZ��jbk����Z���
:gZeh]bqgh��ijb�nbdkbjh\Zgguo�iZjZf_ljZo�r (r <����û1, a, b�kms_kl\m_l�lZdh_�
agZq_gb_�û2cr��^ey�dhlhjh]h�� _keb�û2 <û2cr��iehlghklv�\_jhylghklb�bf__l�h^bg�
fZdkbfmf��Z�ijb�û2 >û2cr –�^\Z�fZdkbfmfZ��l�_��ijb�û2 =û2cr��ijhbkoh^bl�g_jZ\�
gh\_kguc� i_j_oh^�� bg^mpbjh\Zgguc� bgl_gkb\ghklvx� Z^^blb\gh]h� rmfZ�
�jbk����Z���OZjZdl_j�\ebygb_�iZjZf_ljh\�a, b�hlh[jZ`Zxl�jbk����[�b�jbk����\��
khhl\_lkl\_ggh� 

Jbk�������Wnn_dlb\guc�ihl_gpbZe�ijb�� = 2, �= 2, a = 1, �1 = 0,5 (rcr = – 0,25): 

Z��r = ���[��r = – 0,9. 

Z
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Jbk�������Z��NZah\Zy�^bZ]jZffZ�\�iehkdhklb�iZjZf_ljh\��û1, r��ijb��1 = 0,5, a = 1, b = 0,1:  

���û2 = �����û2 = ���û2 = ����[��nZah\Zy�^bZ]jZffZ�\�iehkdhklb�iZjZf_ljh\��a, r��ijb��1 = 0,5, 

b = �����û2 = ������û1 = �����û1 = ���û1 = ����[��nZah\Zy�^bZ]jZffZ�\�iehkdhklb�iZjZf_ljh\��b, 

r��ijb��1 = 0,5, a = ���û2 = ������û1 = �����û1 = ���û1 = ����H[eZklv�gZ^�djb\hc�khhl\_lkl\m_l�
h^ghfh^Zevghc�iehlghklb�\_jhylghklb��ih^�djb\hc�–�[bfh^Zevghc� 
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2.3.2. KlhoZklbq_kdZy�kbkl_fZ�k�dm[bq_kdhc�\hkklZgZ\eb\Zxs_c�kbehc�b�
fmevlbiebdZlb\ghc�nmgdpb_c�q_l\_jlhc�kl_i_gb�\�hdj_klghklb�gmey� 

<�dZq_kl\_�\lhjh]h�ijbf_jZ�jZkkfhljbf�klhoZklbq_kdmx�kbkl_fm�k�dm[b�
q_kdhc� \hkklZgZ\eb\Zxs_c� kbehc� f (x) = – 2ax

3
 (a >���fgh`bl_ev� �� \\h^blky� \�

p_eyo�m^h[kl\Z��b�ke_^mxs_c�fmevlbiebdZlb\ghc�nmgdpb_c 
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)(
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x
bxg

+
=      (b > 0). (2.21) 

 

LZdbf�h[jZahf��g1(x) ~ x
4�ijb�| x | <<����b�g1(x) ~ b �ijb�| x | >> 1. 

<�wlhf�kemqZ_�\ujZ`_gb_�^ey�dhwnnbpb_glZ�^bnnmabb��2.11��bf__l�\b^ 
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  (2.23) 

 

GZc^_f�ijhba\h^gmx�d'(x���mjZ\g_gb_��2.10��^ey�lhq_d�wdklj_fmfZ�jZ\gh\_kghc�
iehlghklb�\_jhylghklb�ijbf_l�\b^ 
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LZd� dZd� wlh� mjZ\g_gb_�fh`_l� [ulv� ijb\_^_gh� d� mjZ\g_gbx� �2.17�� k� z = 1 + x
4
, 

fh`gh� k^_eZlv� \u\h^�� qlh� nhjfZ� iehlghklb� \_jhylghklb� �2.23�� aZ\bkbl� hl�
mijZ\eyxs_]h�iZjZf_ljZ� r�dZq_kl\_ggh� lZdbf�`_�h[jZahf�dZd�\�ij_^u^ms_f�
kemqZ_��:�bf_ggh��^ey�r > rcr = – 1 / ���nmgdpby�Pst(x��bf__l�h^ghfh^Zevgh_�jZk�
ij_^_e_gb_�� ^ey� r < rcr –� [bfh^Zevgh_� jZkij_^_e_gb_�� Z�ijb� r = rcr�ijhbkoh^bl�
h^ghfh^Zevguc-[bfh^Zevguc�i_j_oh^� 
 

 

2.3.3. KlhoZklbq_kdZy� kbkl_fZ� k� ebg_cghc� \hkklZgZ\eb\Zxs_c� kbehc�b�
fmevlbiebdZlb\ghc�nmgdpb_c�q_l\_jlhc�kl_i_gb�\�hdj_klghklb�gmey� 

JZkkfhljbf�kbkl_fm�k�ebg_cghc�\hkklZgZ\eb\Zxs_c�kbehc�b�k�fmevlbi�
ebdZlb\ghc�nmgdpb_c�g1(x�� \b^Z� �2.21���<� wlhf� kemqZ_�ba�\ujZ`_gbc (2.12��b�
(2.22��ihemqbf�jZ\gh\_kgmx�iehlghklv�\_jhylghklb 
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  (2.24) 

 

MjZ\g_gb_��2.10��^ey�lhq_d�wdklj_fmfZ�iehlghklb�\_jhylghklb�ijbf_l�\b^ 

 

 x[(1 + x
4
)

3
 + 2�(1 + U�)x

6
 + 2�U�[2

] = 0. (2.25) 

 

<�khhl\_lkl\bb�k�wlbf�mjZ\g_gb_f�iZjZf_lj�rcr�fh`_l�[ulv�ij_^klZ\e_g�
dZd�rcr = – �–13(����]^_�3(�) –�iheh`bl_evgZy�nmgdpby����Qbke_gguc�ZgZeba�ihdZ�
au\Z_l��qlh� _keb� r > rcr�� lh�mjZ\g_gb_� �2.25��bf__l� _^bgkl\_gguc�^_ckl\bl_ev�
guc� dhj_gv� 0=x �� b� Pst(x) –� h^ghfh^ZevgZy� iehlghklv� \_jhylghklb� dZd� gZ�
jbk����Z��?keb�r < rcr��wlh�mkeh\b_�fh`_l�[ulv�\uiheg_gh��_keb�_rcr| <����lh�mjZ\�
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g_gb_��2.25��bf__l�iylv�^_ckl\bl_evguo�dhjg_c��ljb�ba�dhlhjuo�� 0=x , xx ~−= , 

b� xx ~=  ( x~ �\hajZklZ_l��dh]^Z�r�mf_gvrZ_lky���khhl\_lkl\mxl�ehdZevguf�fZdkb�
fmfZf� iehlghklb� \_jhylghklb� �2.24�� �kf� jbk������� LZdbf� h[jZahf�� ijb� r = rcr 

ijhbkoh^bl�h^ghfh^Zevguc-ljbfh^Zevguc�i_j_oh^��Hlf_lbf��qlh�\�wlhf�kem�
qZ_� 0~ ≠x �ijb�r = rcr��\�hlebqb_�hl�ij_^u^msbo�ijbf_jh\� 

<ujZ`_gb_�^ey�wnn_dlb\gh]h�ihl_gpbZeZ�\�^Zgghf�kemqZ_�bf__l�\b^ 
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xa
.  

 

Ijb� r > rcr� wnn_dlb\guc� ihl_gpbZe� bf__l� h^bg� ehdZevguc� fbgbfmf� dZd� gZ�
jbk����Z��Z�ijb�r < rcr –�ljb��jbk������ 

[���� ���� ��� ���

3VW�[�

���

���

���

���

Jbk�������JZ\gh\_kgZy�iehlghklv�\_jhylghklb�ijb�� = 1, �= 2, �1 = 0,5, r = – 1, (rcr § – 0,88). 
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Gm`gh� hlf_lblv�� qlh� h^ghfh^Zevguc-ljbfh^Zevguc� i_j_oh^� y\ey_lky�
kljmdlmjgh-g_mklhcqb\uf�� b� ihlhfm� \� ex[hc� j_Zevghc� nbabq_kdhc� kbkl_f_��
kh^_j`Zs_c�fZeu_�\hafms_gby��[m^_l�jZajmr_g��>_ckl\bl_evgh��hg�h[mkeh\�
e_g�fmevlbiebdZlb\ghc�nmgdpb_c��^ey�dhlhjhc�i_j\uc�qe_g�jZaeh`_gby�\�jy^�
\� hdj_klghklb� gmey� q_l\_jlh]h� ihjy^dZ�� l�_�� g1(x) ~ x

4�� WlZ� nmgdpby� y\ey_lky�
we_f_glZjghc�dZlZkljhnhc�LhfZ�b�kh^_j`bl�fZeu_�\hafms_gby�01x + 02x

2
 [138]. 

K�mq_lhf�wlh]h�\�j_Zevghc�kbkl_f_�\f_klh�ljbfh^Zevghc�jZ\gh\_kghc�iehlgh�
klb� \_jhylghklb� �jbk������ [m^_l� gZ[ex^Zlvky� [bfh^ZevgZy� jZ\gh\_kgZy� iehl�
ghklv� \_jhylghklb� �dZd� gZ� jbk����[��� LZdbf� h[jZahf�� \� j_Zevghc�nbabq_kdhc�
kbkl_f_�^ey�wlh]h�kemqZy�ijb�r = rcr�ijhbkoh^blv�h^ghfh^Zevguc-[bfh^Zevguc�
g_jZ\gh\_kguc�i_j_oh^� 
 

 

2.4. KlhoZklbq_kdbc�g_ebg_cguc�hkpbeeylhj 

<�ij_^u^ms_f�ih^jZa^_e_�[ueb�jZkkfhlj_gu�ijhklu_�g_ebg_cgu_�klh�
oZklbq_kdb_�kbkl_fu��\�dhlhjuo�g_h[oh^bfuf�mkeh\b_f�kms_kl\h\Zgby�bg^m�

[�� �� � �

8HI��[�

���

���

���

���

���

Jbk�������Wnn_dlb\guc�ihl_gpbZe�ijb�� = 1 , �= 2, a = 1, �1 = 0,5, r = – 1 (rcr § – 0,88). 
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pbjh\Zgguo� rmfhf� g_jZ\gh\_kguo� i_j_oh^h\� y\ey_lky� gZebqb_� dhjj_eypbb�
f_`^m�fmevlbiebdZlb\guf�b�Z^^blb\guf�rmfhf��<�wlhf�ih^jZa^_e_�jZkkfhl�
jbf�klhoZklbq_kdbc�g_ebg_cguc�hkpbeeylhj��nbabq_kdhc�j_ZebaZpb_c�dhlhjh�
]h�y\eyxlky��gZijbf_j�� agZqbl_evgu_�mijm]b_�ihi_j_qgu_�kf_s_gby�p_gljh\�
fZkk�gZgh[Zehd� 

>_l_jfbgbjh\Zggh_� mjZ\g_gb_� aZlmoZxs_]h� g_ebg_cgh]h� hkpbeeylhjZ�
bf__l�\b^ 

 

0)()(2)( 322
0 =++++ xxtxtxtx βαωλ��� , 

 

]^_�.�b�� –�g_dhlhju_�iZjZf_lju� 
JZkkfhljbf� kemqZc� kbevgh]h� aZlmoZgby�� aZibr_f� mjZ\g_gb_�^\b`_gby�\�fZk�
rlZ[_� \j_f_gb�� ^ey� dhlhjh]h� dhwnnbpb_gl� ijb� dm[bq_kdhf� qe_g_� jZ\gy_lky�
_^bgbp_� 
 

 32
xbxaxx −−−=�      (a > 0 b b > 0).  

 

Ij_^iheh`bf��qlh�\uihegyxlky�mkeh\by�a >> b�b b <<���b�\\_^_f�nemdlmZpbb�
iZjZf_ljZ�ijb�d\Z^jZlbqghf�qe_g_�b�kdhjhklb� �nemdlmZpbyfb�iZjZf_ljZ�ijb�
ebg_cghf�qe_g_�ij_g_[j_]Z_f���MjZ\g_gb_�EZg`_\_gZ��2.6��ijbf_l�\b^ 

 

 )()](1[ 2
32

1 txxtbaxx ξξ +−−−−=� . (2.26) 

 

LZdbf�h[jZahf��\�wlhf�kemqZ_�f(x) = – ax – bx
2
– x

3�b�g1(x) = bx
2
, g2(x) = 1. 

Dhwnnbpb_gl�^bnnmabb��khhl\_lkl\mxsbc�mjZ\g_gbx��2.26���bf__l�\b^ 

 

( )2242
1 2)( νν ++∆= xrxbxd , 

 



 
54 

]^_�
1

21

∆
∆

=
b

ν . 

Ih^klZ\bf�_]h�\��2.12���aZibr_f�jZ\gh\_kgmx�iehlghklv�\_jhylghklb� 
 

 ( ) 
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−++= ∫−
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yry

ybyay
dy

b
xrxCxP

0
224

32

2
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1224

2

1
exp2)( 1

νν
νν γ . (2.27) 

 

MjZ\g_gb_�� hij_^_eyxs__� lhqdb� wdklj_fmfZ� iehlghklb� \_jhylghklb� �2.27) 

bf__l�\b^ 

 

 0
11

2 =







+

+
+

+
+

ρ
ρ

ρ
vra

x
b

xx , (2.28) 

 

]^_� 2
11)1(4 b∆−= γρ . 

Bkke_^m_f�wlh�mjZ\g_gb_�\gZqZe_�ijb�r =���>bkdjbfbgZgl�d\Z^jZlgh]h�mjZ\g_�
gby�jZ\_g 

 

ρρ +
−

+
=

1

4

)1(
2

2
ab

D . 

 

Mqblu\Zy�ij_^iheh`_gby�h�iZjZf_ljZo��ijb^_f�d�\u\h^m��qlh�^bkdjbfbgZgl�
\k_]^Z�hljbpZl_evguc��MjZ\g_gb_��2.28��bf__l�_^bgkl\_gguc�dhj_gv�x=���gZb�
[he__� \_jhylgh_� jZ\gh\_kgh_� khklhygb_� hkpbeeylhjZ� khhl\_lkl\m_l� lhqd_� mk�
lhcqb\h]h� jZ\gh\_kby� ^_l_jfbgbjh\Zgghc� kbkl_fu�� l�_�� g_dhjj_ebjh\Zggu_�
rmfu�g_�\uau\Zxl�g_jZ\gh\_kgu_�i_j_oh^u��<�kemqZ_�r���^bkdjbfbgZgl�jZ�
\_g 

ρ
ρ

ρ +
+

−
+

=
1

)(4

)1(
2

2
vrab

D . 
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IjbjZ\gb\Zy�_]h�gmex��hij_^_ebf�djblbq_kdh_�agZq_gb_�^ey�dhjj_eypbb� 
 

)1(4

442

ρρ
ρ

+
−−

=
v

aab
rcr . 

 

Mqblu\Zy�ij_^iheh`_gby�h�iZjZf_ljZo��ij_g_[j_`_f�\�qbkebl_e_�b: 

 

v

a
rcr ρ

−= . 

 

B�� gZdhg_p�� \\h^y� lZdhc�`_�� dZd� b� \� ij_^u^msbo� imgdlZo�� iZjZf_lj� �= !/a, 

hdhgqZl_evgh� ihemqbf�� qlh� rcr = – 1 / ���� Ijb� r > rcr� mjZ\g_gb_� �2.28�� bf__l�
_^bgkl\_gguc� ^_ckl\bl_evguc� dhj_gv� x=��� b� jZ\gh\_kgZy� iehlghklv�
\_jhylghklb��2.27��y\ey_lky�h^ghfh^Zevghc�dZd�gZ�jbk����Z��Ijb�r < rcr��wlh�mk�
eh\b_�fh`_l�[ulv�\uiheg_gh��_keb�g_jZ\_gkl\h�_rcr| <��\uihegy_lky��mjZ\g_gb_�
(2.28�� bf__l� ljb� dhjgy�� b� jZ\gh\_kgZy� iehlghklv� \_jhylghklb� �2.27) –� [bfh�
^ZevgZy�dZd�gZ�jbk����[��Ke_^h\Zl_evgh��ijb�r = rcr�ijhbkoh^bl�h^ghfh^Zevguc-

[bfh^Zevguc�i_j_oh^� 
<ujZ`_gb_�^ey�wnn_dlb\gh]h�ihl_gpbZeZ�bf__l�\b^ 

 

 )]2(ln[)1(
2

1
)( 2242

11

0
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++∆−+
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++
∆

= ∫ xrxb
yry

ybyay
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xU

x

ef .  

 

?]h�]jZnbdb�bf_xl�dZq_kl\_ggh�lZdhc�`_�\b^�dZd�gZ�jbk������Ijb�r > rcr�wnn_d�
lb\guc�ihl_gpbZe�bf__l�h^bg�fbgbfmf��dZd�gZ�jbk����Z���Z�ijb�r < rcr –�^\Z�fb�
gbfmfZ��dZd�gZ�jbk����[�� 

Gm`gh� hlf_lblv�� qlh�nhjfZevgh��iheh`b\�iZjZf_lj� b� \hkklZgZ\eb\Zx�
s_c� kbeu� \� mjZ\g_gbb� �2.26��f_gvrbf� gmey��g_jZ\gh\_kgu_�i_j_oh^u� [m^ml�
gZ[ex^Zlvky�ijb�iheh`bl_evghc�\aZbfghc�dhjj_eypbb�rmfh\uo�bklhqgbdh\� 
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2.5. <u\h^u�d�jZa^_em�� 

���Bamq_gb_�jheb�\aZbfghc�dhjj_eypbb�rmfh\�\�y\e_gbb�bg^mpbjh\Zg�
guo�rmfhf� g_jZ\gh\_kguo� i_j_oh^h\� ^hklb]Z_lky� jZkkfhlj_gb_f� mjZ\g_gby�
EZg`_\_gZ�k�^\mfy�fmevlbiebdZlb\gufb�\aZbfgh-dhjj_ebjh\Zggufb�]Zmkkh\�
kdbfb� [_eufb�rmfZfb�� ^ey� dhlhjh]h� ijbgbfZ_lky� h[s__� bkqbke_gb_�� \dex�
qZxs__��\�qZklghklb��bkqbke_gb_�Blh�b�KljZlhgh\bqZ��Khhl\_lkl\mxs__�mjZ\�
g_gb_� Nhdd_jZ-IeZgdZ� ^ey� iehlghklb� \_jhylghklb� \u\h^blky� ihkj_^kl\hf�
gh\h]h�ijhklh]h�f_lh^Z��hkgh\Zggh]h�gZ�^\moklmi_gqZlhf�mkj_^g_gbb�g_dhlh�
jhc�nmgdpbb��aZ\bkys_c�hl�iZjZf_ljZ�khklhygby�kbkl_fu� 

��� Bkke_^h\Zgb_� \ebygby� \aZbfghc� dhjj_eypbb�rmfh\� gZ� jZ\gh\_kgh_�
j_r_gb_�mjZ\g_gby�Nhdd_jZ-IeZgdZ�ZgZeblbq_kdbfb�b�qbke_ggufb�f_lh^Zfb�
ihdZau\Z_l��qlh�^Z`_�\�kjZ\gbl_evgh�ijhkluo�klhoZklbq_kdbo�kbkl_fZo�k�eb�
g_cghc�b�dm[bq_kdhc�\hkklZgZ\eb\Zxs_c�kbehc�baf_g_gb_�bgl_gkb\ghklb�\aZ�
bfghc�dhjj_eypbb�fh`_l�ijb\h^blv�d�dZq_kl\_gghfm�baf_g_gbx�jZ\gh\_kghc�
iehlghklb�\_jhylghklb��Z�bf_ggh�d�h^ghfh^Zevguc-[bfh^Zevghfm�g_jZ\gh\_k�
ghfm�i_j_oh^m��bg^mpbjh\Zgghfm�rmfhf��LZdh]h� jh^Z�dZq_kl\_ggu_�baf_g_�
gby� lZd`_�fh]ml�\uau\Zlvky��ijb�gZebqbb�g_gme_\hc�dhjj_eypbb��dZd�bgl_g�
kb\ghklvx� fmevlbiebdZlb\gh]h� rmfZ�� lZd� b� bgl_gkb\ghklvx� Z^^blb\gh]h�
rmfZ� 

Hkgh\gu_�j_amevlZlu��ij_^klZ\e_ggu_�\�^Zgghf�jZa^_e_��him[ebdh\Zgu�\�
jZ[hl_�>5]. 
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J:A>?E��  

W<HEXPBY�KBKL?FU�<�G?KL:PBHG:JGHC�KJ?>? 

3.1. H[hkgh\Zgb_�fh^_eb 

<�ij_^u^ms_f�jZa^_e_�[ueh�jZkkfhlj_gh�y\e_gb_�g_jZ\gh\_kguo�i_j_�
oh^h\��bg^mpbjh\Zgguo�\aZbfghc�dhjj_eypb_c�rmfh\uo�bklhqgbdh\��Hgh�h[m�
keh\e_gh�bkdexqbl_evgh�nemdlmZpbyfb�hdjm`Zxs_c�kj_^u��b�g_�k\yaZgh�k�__�
kbkl_fZlbq_kdhc� w\hexpb_c� \h� \j_f_gb�� Ij_^iheh`_gb_� h� klZpbhgZjghklb�
kj_^u�fh`_l� [ulv� \uiheg_gh��ih� djZcg_c�f_j_��gZ�ijhly`_gbb� \j_f_gb�gZ�
[ex^_gby�aZ�kbkl_fhc��<�ijhlb\ghf�kemqZ_�g_h[oh^bfh�ijbgbfZlv�\h�\gbfZ�
gb_�j_eZdkZpbx�kbkl_fu�d�klZpbhgZjghfm�khklhygbx��DZd�ijZ\beh��hgZ�wdkih�
g_gpbZevgh� [ukljh� ^hklb]Z_l� wlh� khklhygb_�� b� k� fhf_glZ� \j_f_gb�� fgh]h�
[hevr_]h�\j_f_gb�j_eZdkZpbb�kj_^u��fh`gh�bkke_^h\Zlv�w\hexpbx�kbkl_fu�\�
klZpbhgZjghc�kj_^_��H^gZdh�\hafh`gu�hldehg_gby�hl�wlh]h�aZdhgZ��dZd�\�kem�
qZ_�wdkihg_gpbZevgh�aZlygmlhc� �stretched exponential��j_eZdkZpbb�beb�_s_�[h�
e__�f_^e_gghc�kl_i_gghc�j_eZdkZpbb��<hagbdZ_l�bgl_j_k�bkke_^h\Zlv�wnn_dlu��
h[mkeh\e_ggu_�^\mfy�nZdlhjZfb��nemdlmZpbyfb�kj_^u�b�__�kbkl_fZlbq_kdbf�
baf_g_gb_f� \h� \j_f_gb��Hkh[_gghklb� \j_f_gghc� w\hexpbb� kbkl_fu�\� kj_^_��
ZghfZevgh� j_eZdkbjmxs_c� d� klZpbhgZjghfm� khklhygbx�� jZg__� g_� bkke_^h\Z�
ebkv� 

JZkkfhljbf�klhoZklbq_kdmx�kbkl_fm�k�ebg_cghc�\hkklZgZ\eb\Zxs_c�kb�
ehc�b�^\mfy�bklhqgbdZfb�rmfZ��h^bg�ba�dhlhjuo�fmevlbiebdZlb\guc��Z�^jm]hc�
–�Z^^blb\guc��Ij_^iheh`bf��qlh�j_eZdkZpby�^Zgghc�kbkl_fu�ijhbkoh^bl�\�g_�
klZpbhgZjghc� \h� \j_f_gb� kj_^_��;_ajZaf_j_ggh_� mjZ\g_gb_�EZg`_\_gZ�bf__l�
\b^ 

 

 )()()]([)()( 21 ttxttxt ξξκλ =−+� , (3.1) 
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]^_�x(0) = x0 –�gZqZevgh_�agZq_gb_�iZjZf_ljZ�khklhygby� 
�(t) –�iheh`bl_evgh� hij_^_e_gguc� dhwnnbpb_gl� aZlmoZgby�� aZ\bkb�
fhklv�hl�\j_f_gb�dhlhjh]h�h[mkeh\e_gZ�g_klZpbhgZjghklvx�kj_^u� 
�> 0 –� iZjZf_lj� ebg_cghc� \hkklZgZ\eb\Zxs_c� kbeu� �`_kldhklv�
³ijm`bgdb´�. 

MjZ\g_gb_��3.1��g_ihkj_^kl\_ggh�ke_^m_l�ba�mjZ\g_gby��2.6��\�ij_^iheh`_gbb��
qlh�^_l_jfbgbjh\ZggZy�kbeZ��fmevlbiebdZlb\gZy�nmgdpby�b�Zfieblm^Z�Z^^b�
lb\gh]h�rmfZ� aZ\bkyl� y\gh� hl� \j_f_gb�� l�_�� f(x, t) = – �x / �(t), g1(x, t) = x / �(t�� b�
g2(x, t)Ag2(t) = 1 / �(t��� khhl\_lkl\_ggh��Hgh� hibku\Z_l� kbevgh� aZlmoZxsbc� ]Zj�
fhgbq_kdbc�hkpbeeylhj�k�nemdlmbjmxs_c�`_kldhklvx�b�kdhjhklvx��;m^_f�ih�
eZ]Zlv��qlh�\j_fy�j_eZdkZpbb�kbkl_fu�\k_]^Z�fgh]h�[hevr_�\j_f_gb�j_eZdkZ�
pbb� bklhqgbdh\� rmfZ�� ihwlhfm� ijb[eb`_gb_� ]Zmkkh\kdh]h� [_eh]h� rmfZ�
ijbf_gbfh�b�mjZ\g_gb_��3.1��ihgbfZ_lky�\�bkqbke_gbb�KljZlhgh\bqZ��Ij_^ih�
eh`bf� lZd`_�� qlh�rmfu� g_dhjj_ebjh\Zggu_��LZdbf� h[jZahf�� bo� klZlbklbq_�
kdb_�oZjZdl_jbklbdb�hij_^_eyxlky�\ujZ`_gb_f��2.7��k�r = 0. 

AZ\bkbfhklv� hl� \j_f_gb� dhwnnbpb_glZ� aZlmoZgby�fh`_l� [ulv� \ua\ZgZ��
gZijbf_j��baf_g_gb_f� l_fi_jZlmju�kj_^u�\h�\j_f_gb��\ke_^kl\b_�q_]h�iZjZ�
f_lju�� aZ\bkysb_� hl� l_fi_jZlmju�� lZd`_�baf_gyxlky�\h�\j_f_gb��GZijbf_j��
_keb� jZkkfZljb\Z_lky� ^\b`_gb_� qZklbp� \� `b^dhklb�� lh� aZlmoZgb_�� kh]eZkgh�
nhjfme_�KlhdkZ�� aZ\bkbl�hl�\yadhklb�`b^dhklb��DZd�ba\_klgh��k�ih\ur_gb_f�
l_fi_jZlmju�hgZ�mf_gvrZ_lky��k�ihgb`_gb_f�–�m\_ebqb\Z_lky��?keb�jZkkfZl�
jb\Z_lky�we_dljbq_kdbc�hkpbeeylhj��lh�_]h�aZlmoZgb_�g_ihkj_^kl\_ggh�k\yaZgh�
k�khijhlb\e_gb_f��>ey�ijh\h^gbdh\�k�m\_ebq_gb_f�l_fi_jZlmju�hgh�m\_ebqb�
\Z_lky��ijbq_f�ijyfh�ijhihjpbhgZevgh��Z�^ey�ihemijh\h^gbdh\�–�wdkihg_gpb�
Zevgh�m[u\Z_l��Gm`gh�hlf_lblv��qlh�gZ�ZgZeh]h\uo�ko_fZo�fh`gh�j_Zebah\Zlv�
fgh`_kl\h�g_ebg_cguo�j_`bfh\�baf_g_gby�dhwnnbpb_glZ�aZlmoZgby��ijbq_f�
g_k\yaZgguo�k�baf_g_gb_f�l_fi_jZlmju��>ey�bkke_^h\Zgby�ijbf_f�kl_i_gghc�
aZdhg�baf_g_gby�dhwnnbpb_glZ�aZlmoZgby�\h�\j_f_gb�\�\b^_ 
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tt

tttlt

tt

t

λ
λ β ,  (3.2) 

 

]^_�l (l >���b�� –�g_dhlhju_�iZjZf_lju�dhwnnbpb_glZ�aZlmoZgby� 
10 =βlt �b� λβ =1lt . 

LZdbf� h[jZahf��ij_^iheZ]Z_lky��qlh� kj_^Z� ZghfZevgh� w\hexpbhgbjm_l�gZ�dh�
g_qghf�\j_f_gghf�bgl_j\Ze_� �t0, t1���b�\�fhf_gl�\j_f_gb� t1�^hklb]Z_l�klZpbh�
gZjgh_�khklhygb_��oZjZdl_jbam_fh_�ihklhygguf�dhwnnbpb_glhf��.  

Gm`gh�hlf_lblv��qlh�ij_^eh`_ggZy�fh^_ev� �3.1��kh�kl_i_gguf�dhwnnb�
pb_glhf�aZlmoZgby��3.2��fh`_l�[ulv�j_Zebah\ZgZ�gZ�ZgZeh]h\uo�we_dljbq_kdbo�
ko_fZo�� khklhysbo�ba� mfgh`bl_e_c�b� kmffZlhjh\� >1,137@��<� kZfhf�^_e_��hgb�
y\eyxlky�ijhkljZgkl\_ggh-h^ghjh^gufb�nbabq_kdbfb�kbkl_fZfb��dhlhju_�fh�
]ml�[ulv�hibkZgu�h^ghc�^bgZfbq_kdhc�i_j_f_gghc��Qlh�dZkZ_lky�ijbf_g_gby�
ijb[eb`_gby�]Zmkkh\kdh]h�[_eh]h�rmfZ��lh�hgh�fh`_l�[ulv�\uiheg_gh�ijb�bk�
ihevah\Zgbb�we_dljhgguo�]_g_jZlhjh\�rmfZ��bgl_gkb\ghklv�dhlhjuo�ihklhyg�
gZ�^h�g_dhlhjh]h�agZq_gby�qZklhlu��?keb�wlh�h[j_aZxs__�ki_dlj�agZq_gb_�qZk�
lhlu� gZfgh]h� [hevr_� oZjZdl_jguo� qZklhl� kbkl_fu�� lh� lZdhc� rmf� fh`gh�
kqblZlv�[_euf�rmfhf��Ijhklhc�kihkh[�]_g_jZpbb�lZdh]h�“d\Zab[_eh]h”�rmfZ�
khklhbl�\�mkbe_gbb�l_ieh\h]h�rmfZ�khijhlb\e_gby��bgl_gkb\ghklv�dhlhjh]h�g_�
baf_gy_lky�\�hq_gv�[hevrhc�h[eZklb�qZklhl��rmf�GZcd\bklZ���Kb]gZe�k�\uoh^Z�
bgl_]jZlhjZ�q_j_a�qbkeh\hc�ZgZeh]h\uc�ij_h[jZah\Zl_ev�ih^Z_lky�gZ�dhfivx�
l_j��dhlhjuc�b�\u^Z_l�hdhgqZl_evgu_�j_amevlZlu�–�iehlghklb�\_jhylghklb��Kh�
hl\_lkl\mxsZy� ZgZeh]h\Zy� ko_fZ� jZkkfZljb\Z_fhc� kbkl_fu� ijb\_^_gZ� gZ�
jbk������Baf_g_gb_�aZlmoZgby�h[_ki_qb\Z_lky�i_j_f_gguf�j_abklhjhf�R��Baf_�
jy_fZy�\_ebqbgZ�x –�gZijy`_gb_��<g_rgb_�rmfu� �fh]ml�[ulv�dZd�dhjj_ebjh�
\Zggu_��lZd�b�g_dhjj_ebjh\Zggu_��]_g_jbjm_lky�^\mfy�]_g_jZlhjZfb� 
 



 
60 

 

 

Jbk�������:gZeh]h\Zy�ko_fZ 
 

Gm`gh�hlf_lblv�h^gm�hkh[_gghklv�mjZ\g_gby�EZg`_\_gZ��3.1��k�dhwnnb�
pb_glhf� aZlmoZgby� �3.2���JZkkfZljb\Zy� w\hexpbx� kbkl_fu�gZ� \j_f_gghf�bg�
l_j\Ze_� �t0, t1���fh`gh�k^_eZlv� aZf_gm�i_j_f_gguo� β

β
τ −

−
= 1

)1(

1
t

l
 (�����b�i_�

j_c^b� d� gh\hfm� fZkrlZ[m� \j_f_gb� 2�� Ijb� wlhf� mjZ\g_gb_� EZg`_\_gZ� �3.1) 

k\h^blky�d�mjZ\g_gbx�k�ihklhygguf�dhwnnbpb_glhf�aZlmoZgby� 
 

)(
~

)()](
~

[)( 21 τξττξκτ =−+ xx� , 

 

]^_� )(
~
1 τξ �b� )(

~
2 τξ  –�[_eu_�rmfu�k�gh\ufb�klZlbklbq_kdbfb�oZjZdl_jb�

klbdZfb� 
Bkihevamy�\ujZ`_gb_�^ey�^_evlZ-nmgdpbb�hl�ijhba\hevghc�nmgdpbb��hij_^_�
ebf�dhjj_eypbhggu_�nmgdpbb�rmfh\� )(

~
1 τξ �b� )(

~
2 τξ : 

 

)()(2)()( 111 ττδττξτξ ′−′∆=〉′〈 ,     )()(2)()( 222 ττδττξτξ ′−′∆=〉′〈 , 

 

]^_�bgl_gkb\ghklb�rmfh\�bf_xl�\b^ 

 

1
)1()1(1

1 ])1[()( ∆′−=′∆ −− βββ τβτ l ,     2
)1()1(1

2 ])1[()( ∆′−=′∆ −− βββ τβτ l . 
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LZdbf� h[jZahf��bkihevamy�g_ebg_cgmx� aZf_gm�\j_f_gb�hl�mjZ\g_gby� k�g_ih�
klhygguf� \h� \j_f_gb� aZlmoZgb_f� b� ihklhyggufb� bgl_gkb\ghklyfb� rmfh\�
fh`gh� i_j_clb� d� mjZ\g_gbx� k� ihklhygguf� aZlmoZgb_f� b� g_ihklhyggufb� \h�
\j_f_gb�bgl_gkb\ghklyfb��<u[hj�f_`^m�wlbfb�^\mfy�mjZ\g_gbyfb�hij_^_ey�
_lky�dhgdj_lghc�kblmZpb_c��<�dZ`^hc�j_Zevghc�nbabq_kdhc�kbkl_f_�_klv�k\hc�
gZ[hj�_kl_kl\_gguo�i_j_f_gguo��nbabq_kdbo�\_ebqbg���baf_gyxsboky�\h�\j_�
f_gb�ih�lhfm�beb�bghfm�aZdhgm��dZd�\�kemqZ_�ZgZeh]h\hc�ko_fu�gZ�jbk�������\�
dhlhjhc�g_ebg_cghklv�\h�\j_f_gb�j_Zebam_lky�^ey�aZlmoZgby� 
 

 

3.2. J_eZdkZpby�klhoZklbq_kdhc�kbkl_fu��ijb[eb`_ggu_�j_amevlZ�
lu 

G_kfhljy�gZ�k\hx�ijhklhlm��ihemqblv�lhqgu_�\ujZ`_gby�klZlbklbq_kdbo�
oZjZdl_jbklbd�^ey� mjZ\g_gby�EZg`_\_gZ� �3.1��g_�ij_^klZ\ey_lky�\hafh`guf��
Bkihevam_f�ijb[eb`_gguc�ih^oh^��Ke_^my�Ijbeh`_gbx�:��Z�lZd`_�j_amevlZ�
lZf�>108,109,127@��ij_^klZ\bf�mjZ\g_gb_��3.1��k�^\mfy�[_eufb�rmfZfb�\�\b^_�
mjZ\g_gby�k�h^gbf�[_euf�rmfhf�\�bkqbke_gbb�KljZlhgh\bqZ� 
 

 )()( 2
2

1 txxxt ξκλ ∆+∆+−=� , (3.3) 

 

]^_��(t) –� ]Zmkkh\kdbc�[_euc�rmf�k�gme_\uf�kj_^gbf� agZq_gb_f�b�_^b�
gbqghc�bgl_gkb\ghklvx� 

 

 )(2)()( tttt ′−=〉′〈 δξξ .  (3.4) 

 

<\_^_f�oZjZdl_jbklbq_kdmx�Zfieblm^m�>139]: 12 ∆∆=s ��b�jZa^_ebf�h[eZklv�
agZq_gbc�iZjZf_ljZ�khklhygby�x�gZ�^\Z�bgl_j\ZeZ��_x| < s�b�_x| > s��\�dZ`^hf�ba�dh�
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lhjuo� h^bg� ba�rmfh\uo� bklhqgbdh\� ij_h[eZ^Z_l� gZ^� ^jm]bf��LZd� \� h[eZklb�
|x| < s�^hfbgbjm_l�Z^^blb\guc�rmf��b�\deZ^hf�fmevlbiebdZlb\gh]h�rmfZ�fh`�
gh�ij_g_[j_qv��Khhl\_lkl\_ggh��\�h[eZklb�_x| > s�hkgh\ghc�\deZ^�^_eZ_l�fmevlb�
iebdZlb\guc�rmf��Z�\deZ^�Z^^blb\gh]h�rmfZ�ij_g_[j_`bfh�fZe��LZd�dZd�kbk�
l_fZ� klZlbklbq_kdb� kbff_ljbqgZ� hlghkbl_evgh� ij_h[jZah\Zgby� x:– x, 

h]jZgbqbfky�\�^Zevg_cr_f�jZkkfhlj_gb_f�Z[khexlgh]h�agZq_gby� _x_��Ij_^ih�
eh`bf��qlh�gZqZevgh_�agZq_gb_�iZjZf_ljZ�khklhygby�x0�iheh`bl_evgh��ijbq_f�
x0 > s. 

 

 

3.2.1. <deZ^�Z^^blb\gh]h�rmfZ�ij_g_[j_`bfh�fZe. 

JZkkfhljbf�h[eZklv�agZq_gbc�x��\�dhlhjhc�^hfbgbjm_l�fmevlbiebdZlb\�
guc�rmf��l�_�� _x| > s��Ij_g_[j_]Zy�Z^^blb\guf�rmfhf��mjZ\g_gb_� �3.3��ijbf_l�
\b^ 

 

 )()( 1 txxxt ξκλ ∆+−=� . (3.5) 

 

Kh]eZkgh�l_hj_f_�<hg]Z�b�AZdZb�>140@��h[uqgu_�ijZ\beZ�bkqbke_gby�ijbf_gb�
fu�d�mjZ\g_gbyf�EZg`_\_gZ��_keb�hgb�bgl_jij_lbjmxlky�dZd�klhoZklbq_kdb_�
mjZ\g_gby�KljZlhgh\bqZ��<\_^_f�gh\mx�i_j_f_ggmx 

 

 







= ∫

t
d

txty
0 )(

exp)()(
τλ
τκ

. (3.6) 

 

Ba�mjZ\g_gby��3.5��ihemqbf 

 

)()( 1 tyyt ξλ ∆=� . 
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JZa^_ebf�i_j_f_ggu_�b�ijhbgl_]jbjm_f�wlh�mjZ\g_gb_� 
 









∆= ∫

t
d

xty
0

10
)(

)(
exp)(

τλ
ττξ

. 

 

LZdbf�h[jZahf��j_r_gb_�mjZ\g_gby��3.5��fh`gh�ij_^klZ\blv�\�\b^_ 

 

 [ ])()(exp)( 10 ttxtx Λ−Ξ∆= κ , (3.7) 

 

]^_���t) –�]Zmkkh\kdbc�kemqZcguc�ijhp_kk��oZjZdl_jbamxsbc�\deZ^�rmfZ� 
 

 ∫=Ξ
t

d
t

0 )(

)(
)(

τλ
ττξ

; (3.8) 

 

��t) –�^_l_jfbgbjh\ZggZy�nmgdpby��oZjZdl_jbamxsZy�\deZ^�\hkklZ�
gZ\eb\Zxs_c�kbeu� 

 

 ∫=Λ
t

d
t

0 )(
)(

τλ
τ

. (3.9) 

 

=Zmkkh\kdbc� ijhp_kk���t��iheghklvx� hij_^_ey_lky� k\hbf� kj_^gbf� agZq_gb_f�
〉Ξ〈 )(t ��jZ\guf�gmex��b�dhjj_eypbhgghc�nmgdpb_c� 〉′ΞΞ〈 )()( tt : 

 

〉′ΞΞ〈 )()( tt = ∫ ∫
′ 〉〈t t

dd
0 0 21

21
21

)()(

)()(

τλτλ
τξτξττ . 

 

Ih^klZ\bf�\ujZ`_gb_�^ey�dhjj_eypbhgghc�nmgdpbb��3.4��b��bkihevamy�k\hckl�
\h�^_evlZ-nmgdpbb��hdhgqZl_evgh�ihemqbf� 
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′

=〉′ΞΞ〈
),min(

0
2 )(

2)()(
tt

d
tt

τλ
τ

. (3.10) 

 

Hij_^_ebf�klZlbklbq_kdb_�fhf_glu�iZjZf_ljZ�khklhygby��3.7): 

 

〉Ξ∆〈Λ−=〉〈 )](exp[)](exp[)( 10 tntnxtx
nn κ , 

 

]^_�n = 0, 1, 2, … 

<ujZ`_gb_� \� m]eh\uo� kdh[dZo� ij_^klZ\ey_l� fhf_glu� eh]Zjbnfbq_kdb-

ghjfZevgh]h�kemqZcgh]h�ijhp_kkZ�>52@��Bkihevamy�ba\_klgh_�\ujZ`_gb_��hdhg�
qZl_evgh�ihemqbf 

 

 [ ])(2)(exp)( 2
1

2
0 tntnxtx
nn Λ−∆=〉〈 κσ ,  

 

]^_� 〉Ξ〈= )()( 22
ttσ  –�^bki_jkby�kemqZcgh]h�ijhp_kkZ���t): 

 

 ∫=
t

d
t

0
2

2

)(
2)(

τλ
τσ . (3.11) 

 

LZdbf�h[jZahf��\ujZ`_gb_�^ey�kj_^g_]h�agZq_gby��i_j\h]h�fhf_glZ��iZjZf_ljZ�
khklhygby�bf__l�\b^ 

 

 







−∆=〉〈 ∫∫

tt dd
xtx

00
210

)()(
exp)(

τλ
τκ

τλ
τ

. (3.12) 

 

;m^_f�iheZ]Zlv��qlh�\j_fy�^hklb`_gby�kj_^gbf�agZq_gb_f��3.12��mjh\gy�s 

f_gvr_�\j_f_gb�t1��ihke_�dhlhjh]h�dhwnnbpb_gl�aZlmoZgby�ijbgbfZ_l�klZpbh�
gZjgh_�agZq_gb_����Ih^klZ\bf��3.2��\��3.11���ihemqbf 
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 ( )ββ

β
σ 21

0
21

20
2

)21(

2
2)( −− −

−
+= tt

l
tt ,  

]^_�� ������ 

 
0

20
2 ln

2
2)(

t

t

l
tt +=σ .  

]^_�� = 1/2. 

 

Ih^klZ\bf��3.2��\��3.9���ihemqbf 

 

 ( )ββ

β
−− −

−
+=Λ 1

0
1

0
)1(

1
)( tt

l
tt   

]^_�� ���� 

 
0

0 ln
1

)(
t

t

l
tt +=Λ .  

]^_�� = 1. 

<�aZ\bkbfhklb�hl�agZq_gbc�iZjZf_ljZ���\hafh`gu�ke_^mxsb_�kemqZb������= 0; 

2) �< 0; 3) 0 <�< 1/2; 4) �= 1/2; 5) 1/2 <�< 1; 6) �= 1; 7) �> 1. 

<�i_j\hf�kemqZ_���=���dhwnnbpb_gl� aZlmoZgby�hklZ_lky�ihklhygguf�\h�
\j_f_gb��G_�gZjmrZy�h[sghklb��ijbf_f��qlh��= l =���<ujZ`_gb_�^ey�i_j\h]h�
fhf_glZ�bf__l�\b^ 

 

 ])exp[()( 10 txtx κ−∆=〉〈 . (3.13) 

 

Gm`gh� hlf_lblv�� qlh� nemdlmZpbb� iZjZf_ljZ� \hkklZgZ\eb\Zxs_c� kbeu� �� g_�
^he`gu�baf_gylv�\hkklZgZ\eb\Zxsbc�oZjZdl_j�kbeu��Ihwlhfm�\�^Zgghf�ijb�
f_j_�b�\�^Zevg_cr_f�^he`gh�\uihegylvky�mkeh\b_��û1 << ���Ke_^h\Zl_evgh��\�
jZkkfZljb\Z_fhf� kemqZ_�� kh]eZkgh� �3.13��� gZ[ex^Z_lky� h[uqgZy� wdkihg_gpb�
ZevgZy�j_eZdkZpby� 
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<h�\lhjhf�kemqZ_���<���dhwnnbpb_gl�aZlmoZgby��kh]eZkgh��3.2���mf_gvrZ�
_lky�hl���^h���gZ�\j_f_gghf�bgl_j\Ze_�t0 < t < t1��<ujZ`_gb_�^ey�i_j\h]h�fhf_g�
lZ��3.12��k�lhqghklvx�^h�g_dhlhjh]h�ihklhyggh]h�fgh`bl_ey�A�bf__l�\b^ 

 

 







−

−
−
∆

=〉〈 −− ββ

β
κ

β
121

2
1

0
)1()21(

exp)( t
l

t
l

Axtx . (3.14) 

 

Kh]eZkgh�wlhfm�\ujZ`_gb_��\�aZ\bkbfhklb�hl�dhgdj_lguo�agZq_gbc�iZjZf_ljZ�
���\hafh`gZ�kblmZpby��ijb�dhlhjhc�^bki_jkby�\hajZklZ_l�[uklj__��q_f�nmgd�
pby��oZjZdl_jbamxsZy�\deZ^�\hkklZgZ\eb\Zxs_c�kbeu��Ihwlhfm��kj_^g__�agZ�
q_gb_� \hajZklZ_l�� b� kbkl_fZ� g_� ^_fhgkljbjm_l� j_eZdkZpbhggh_� ih\_^_gb_�� Z�
b^_l� \� jZaghk�� qlh� khhl\_lkl\m_l� jZaju\m� wnn_dlb\ghc� ©ijm`bgdbª��G_h[oh�
^bfh� mqblu\Zlv� g_ebg_cgu_� h]jZgbqb\Zxsb_� keZ]Z_fu_�� >jm]Zy� \hafh`gZy�
kblmZpby�–�k`ZlZy�wdkihg_gpbZevgZy�j_eZdkZpby� 

<� lj_lv_f� kemqZ_�� 0 <�<����� i_j\uc� fhf_gl� gZ� \j_f_gghf� bgl_j\Ze_�
t0 < t < t1�hij_^_ey_lky�\ujZ`_gb_f��3.14���>bki_jkby�\hajZklZ_l�f_^e_gg__��q_f�
nmgdpby��oZjZdl_jbamxsZy�\deZ^�\hkklZgZ\eb\Zxs_c�kbeu��kbkl_fZ�^_fhgkl�
jbjm_l�aZlygmlmx�wdkihg_gpbZevgmx�j_eZdkZpbx� 

JZkkfhljbf�q_l\_jluc�kemqZc���=�����I_j\uc�fhf_gl�bf__l�\b^ 

 

 





−








=〉〈

∆

2/1

0

0

2
exp)(

2

1

t
lt

t
Axtx

l κ
.  

 

Wdkihg_glZ� m[u\Z_l� \h� \j_f_gb� [uklj__�� kbkl_fZ� ^_fhgkljbjm_l� aZlygmlmx�
wdkihg_gpbZevgmx�j_eZdkZpbx� 

Iyluc� kemqZc�� ��2 <�<��� dZq_kl\_ggh� ih^h[_g� lj_lv_fm� kemqZx� k� lhc�
ebrv�jZagbp_c��qlh�^bki_jkby�g_�\hajZklZ_l��Z�m[u\Z_l�d�g_dhlhjhfm�ihklhyg�
ghfm�agZq_gbx��Wlh�hagZqZ_l��qlh�aZlmoZgb_�\hajZklZ_l�gZklhevdh�[ukljh��qlh�
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kemqZcgZy�kbeZ�m`_�g_�fh`_l�ijb\h^blv�d�^\b`_gbx�kbkl_fm��J_eZdkZpby�kbk�
l_fu�h[_ki_qb\Z_lky�^_l_jfbgbjh\Zgghc�kbehc��b�hgZ�y\ey_lky�aZlygmlhc�wdk�
ihg_gpbZevghc� 

<�r_klhf�kemqZ_���=���aZ\bkbfhklv�hl�\j_f_gb�iZjZf_ljZ�aZlmoZgby�h[m�
keZ\eb\Z_lky�^_ckl\b_f�^_l_jfbgbjh\Zgghc�kbehc��kj_^g__�agZq_gb_�iZjZf_l�
jZ�aZlmoZgby�bf__l�\b^ 

 

l

t

t
Axtx

/

0

0)(

κ−









=〉〈 .  

 

LZdbf�h[jZahf��j_eZdkZpby��\�hlebqb_�hl�ij_^u^msbo�kemqZ_\��ghkbl�kl_i_g�
ghc�oZjZdl_j� 

B��gZdhg_p��\�k_^vfhf�kemqZ_���>���aZlmoZgb_�\hajZklZ_l�gZklhevdh�[ukl�
jh��qlh�g_�lhevdh�kemqZcgZy�kbeZ��gh�b�^_l_jfbgbjh\ZggZy��q_j_a�g_dhlhjh_�dh�
g_qgh_� \j_fy�g_�fh]ml� \ua\Zlv�^\b`_gb_� kbkl_fu��b� kj_^g__� agZq_gb_�iZjZ�
f_ljZ�khklhygby�oZjZdl_jbam_lky�ihklhygguf�agZq_gb_f� 

LZdbf�h[jZahf��\�h[eZklb�^hfbgbjh\Zgby�fmevlbiebdZlb\gh]h�rmfZ�gZ�
[ex^Zxlky� ke_^mxsb_� j_`bfu� j_eZdkZpbb� kj_^g_]h� agZq_gby� iZjZf_ljZ� kh�
klhygby�� wdkihg_gpbZevguc�� k`Zluc� wdkihg_gpbZevguc�� aZlygmluc� wdkihg_g�
pbZevguc� b� kl_i_gghc�� Ijb� ^hklb`_gbb� bf� agZq_gby�� jZ\gh]h�
oZjZdl_jbklbq_kdhc�Zfieblm^_��g_h[oh^bfh�m`_�mqblu\Zlv�\deZ^�Z^^blb\gh]h�
rmfZ��b�ijb�^Zevg_cr_f�mf_gvr_gbb�kj_^g_]h�agZq_gby�\ebygb_�fmevlbieb�
dZlb\gh]h�rmfZ�klZgh\blvky�ij_g_[j_`bfh�fZeuf� 
 

 

3.2.2. <deZ^�fmevlbiebdZlb\gh]h�rmfZ�ij_g_[j_`bfh�fZe� 
JZkkfhljbf�h[eZklv�agZq_gbc�x��\�dhlhjhc�^hfbgbjm_l�Z^^blb\guc�rmf��

l�_��_x| < s��Ij_g_[j_]Zy�fmevlbiebdZlb\guf�rmfhf��mjZ\g_gb_��3.3��ijbf_l�\b^ 
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 )()( 2 txxt ξκλ ∆+−=� , (3.15) 

 

]^_�x(0) = s. 

Bkihevamy� ih^klZgh\dm� �3.6��� hl� mjZ\g_gby� �3.15�� i_j_c^_f� d� ke_^mxs_fm�
mjZ\g_gbx 

 

)()](exp[)( 2 ttyt ξκλ Λ∆=� . 

 

JZa^_eyy�i_j_f_ggu_�b�bgl_]jbjmy�ih�qZklyf��_]h�j_r_gb_�aZibku\Z_lky�\�\b^_ 

 

[ ]∫ Λ∆+=
t

d
sty

0

2
)(

)(
)(exp)(

τλ
ττξτκ . 

 

B��gZdhg_p��mqblu\Zy�wlh�\ujZ`_gb_��j_r_gb_�mjZ\g_gby��3.15��ijbf_l�hdhgqZ�
l_evguc�\b^ 

 

 [ ] )](exp[
)(

)(
)(exp)(

0

2 t
d

stx
t

Λ−








Λ∆+= ∫ κ
τλ

ττξτκ . (3.16) 

Gm`gh�hlf_lblv��qlh�hlkq_l�\j_f_gb�^ey�wlh]h�mjZ\g_gby�gZqbgZ_lky�k�fhf_glZ�
^hklb`_gby�\u[hjhqghc�ljZ_dlhjb_c�mjh\gy�s��b�[m^_f�ij_^iheZ]Zlv��qlh�aZ\b�
kbfhklv� dhwnnbpb_glZ� aZlmoZgby� hl� \j_f_gb� m`_� bf__l� kl_i_gghc� oZjZdl_j�
\b^Z��3.2). 

>ey� ^Zevg_cr_]h� ZgZebaZ� h]jZgbqbfky� gZoh`^_gb_f� i_j\h]h� fhf_glZ�
�kj_^g_]h�agZq_gby��iZjZf_ljZ�khklhygby��3.16���Hg�bf__l�\b^ 

 

 )](exp[)( tstx Λ−=〉〈 κ .  
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LZdbf�h[jZahf��oZjZdl_j�j_eZdkZpbb�i_j\h]h�fhf_glZ�iheghklvx�hij_^_ey_lky�
^_l_jfbgbjh\Zgghc�kbehc��B�\�aZ\bkbfhklb�hl�agZq_gbc�iZjZf_ljZ���dhwnnb�
pb_glZ�aZlmoZgby�fh]ml�gZ[ex^Zlvky�lZdb_�`_�j_`bfu�j_eZdkZpbb��dZd�b�ij_�
^u^ms_f�imgdl_��Z�bf_ggh��wdkihg_gpbZevguc�ijb��=���k`Zluc�wdkihg_gpb�
Zevguc�ijb��<���aZlygmluc�wdkihg_gpbZevguc�ijb�0 <�<���b�kl_i_gghc�ijb�
�=���<�kemqZ_��>��kj_^g__�agZq_gb_�[m^_l�ihklhygguf�\h�\j_f_gb��Ijb�^hk�
lb`_gbb�dhwnnbpb_glhf�aZlmoZgby�klZpbhgZjgh]h�agZq_gby����fhf_gl�\j_f_gb�
t1��hlkqblZgguc�hl�gZqZeZ�^\b`_gby�ba�lhqdb�x0��^Zevg_cr__�baf_g_gb_�\h�\j_�
f_gb�kj_^g_]h�agZq_gby�hibku\Z_lky�wdkihg_gpbZevguf�aZdhghf� 

H[h[sZy�j_amevlZlu�^Zggh]h�ih^jZa^_eZ��gm`gh�hlf_lblv�h^gm�hkh[_g�
ghklv��<�\ujZ`_gbb��3.7��\_ebqbgZ� [ ])(exp 10 tx Ξ∆ ��gZah\_f�__�klhoZklbq_kdhc�
Zfieblm^hc��g_�aZ\bkbl�hl�iZjZf_ljZ�\hkklZgZ\eb\Zxs_c�kbeu����k�^jm]hc�klh�
jhgu� hgZ� fh`_l� oZjZdl_jbah\Zlvky� [_kdhg_qghc� ^bki_jkb_c�� qlh� oZjZdl_jgh�
^ey�^bnnmabhggh]h�ih\_^_gby��Bkke_^m_f�_]h�\�h[s_f�kemqZ_�^\mo�fmevlbieb�
dZlb\guo�rmfh\��Hlebqbl_evgZy�hkh[_gghklv�–�fh]ml�[ulv�ihemq_gu�lhqgu_�
j_amevlZlu� 
 

 

3.3. Fh^_ev�ZghfZevghc�^bnnmabb�qZklbp�\�kemqZcghf�ihe_�kdhjh�
kl_c 

JZkkfhljbf�^bnnmabx�qZklbp��kh\_jrZxsbo�h^ghf_jgh_�^\b`_gb_�\�mk�
eh\byo� [hevrh]h� lj_gby� \� kemqZcghf� ihe_� kdhjhkl_c�� ihjh`^Z_fhf� ^\mfy�
fmevlbiebdZlb\gufb�\aZbfgh�dhjj_ebjh\Zggufb��r � ���]Zmkkh\kdbfb�[_eufb�
rmfZfb��;_ajZaf_jgh_�mjZ\g_gb_�^\b`_gby�k�aZ\bkbfuf�\h�\j_f_gb�dhwnnb�
pb_glhf�aZlmoZgby�bf__l�\b^ 

 

 ∑
=

=
2

1

)())(()()(
i

ii ttxgtxt ξλ � . (3.17) 



 
70 

KlZlbklbq_kdb_� oZjZdl_jbklbdb�rmfh\� �i(t�� hij_^_eyxlky� \ujZ`_gb_f� �2.7). 

LZd�dZd�hgb�–�\g_rgb_��lh�aZlmoZgb_�b�klhoZklbq_kdb_�kbeu�\��3.17��g_�k\yaZgu�
nemdlmZpbhggh-^bkkbiZlb\ghc�l_hj_fhc��Hlf_lbf�lZd`_��qlh�wlh�mjZ\g_gb_�g_�
mqblu\Z_l� wnn_dlu� bg_jpbb� qZklbp�� lZd� dZd� \h� fgh]bo� kemqZyo� hgb� \Z`gu�
lhevdh� ^ey� hq_gv� dhjhldh]h� gZqZevgh]h� \j_f_ggh]h� bgl_j\ZeZ��>ey� [hevrbo�
\j_f_gguo�fZkrlZ[h\�wlbfb�wnn_dlZfb�fh`gh�ij_g_[j_qv��Ihwlhfm�]eZ\gu_�
klZlbklbq_kdb_�oZjZdl_jbklbdb�j_r_gby�mjZ\g_gby��3.17��fh]ml�[ulv�ij_^klZ\�
e_gu�[_a�ijb[eb`_gbc� 
 

 

3.3.1. Iehlghklv�\_jhylghklb�b�__�fhf_glu� 
Bkihevamy�f_lh^�EZg`_\_gZ��ihemqbf�\ujZ`_gb_�g_klZpbhgZjghc�iehl�

ghklb�\_jhylghklb�P(x, t��^ey�dhhj^bgZlu�qZklbpu�x(t��b�\uqbkebf�__�fhf_glu��
MjZ\g_gb_�EZg`_\_gZ� �3.17�� k� ^\mfy� [_eufb�rmfZfb� klZlbklbq_kdb� wd\b\Z�
e_glgh�mjZ\g_gbx�EZg`_\_gZ�k�h^gbf�[_euf�rmfhf��>ey�kemqZy�bkqbke_gby�
KljZlhgh\bqZ�ihemqbf 

 

 )())(()()( ttxGtxt ξλ =� , (3.18) 

 

]^_�x(0) = x0; 

nmgdpby�G(x��hij_^_ey_lky�\ujZ`_gbyfb��A.8��b��A.10��b�bf__l�\b^ 

 

 ∑ ∑
= =

∆=
2

1

2

1

)()()(
i j

jiij xgxgxG , (3.19) 

 

�(t) –�]Zmkkh\kdbc�[_euc�rmf�k�gme_\uf�kj_^gbf�agZq_gb_f�b�dhjj_�
eypbhgghc�nmgdpb_c��3.4). 
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<� h[s_f� kemqZ_�� Zfieblm^Z�nemdlmZpbc�G(x�� y\ey_lky�g_hljbpZl_evghc��JZk�
kfhljbf� kemqZc� k� h]jZgbq_gb_f� G(x) >�� ^ey� \k_o� x� b�� ke_^h\Zl_evgh�� 
x(t) ∈(–�,��� 

>ey�lh]h�qlh[u�gZclb�iehlghklv�\_jhylghklb�^ey�x(t���bkihevam_f�y\gh_�
\ujZ`_gb_�^ey�x(t���dhlhjh_�ke_^m_l�ba�mjZ\g_gby��3.18���:evl_jgZlb\gh_�ihem�
q_gb_�iehlghklb�\_jhylghklb�ihkj_^kl\hf�j_r_gby�khhl\_lkl\mxs_]h�mjZ\g_�
gby�Nhdd_jZ-IeZgdZ� ij_^klZ\e_gh� \�Ijbeh`_gbb� ;���Ihemqbf� j_r_gb_� ^ey�
x(t)��jZa^_eyy�i_j_f_ggu_�b�bgl_]jbjmy�mjZ\g_gb_��3.18���;m^_f�bf_lv� 
 

 ∫∫ ′
′′

=
′
′ ttx

x t

tdt

xG

xd

0

)(

)(

)(

)(
0

λ
ξ

. (3.20) 

 

<\_^_f�gh\h_�h[hagZq_gb_ 

 

 ∫ ′
′

=Ψ−Ψ
x

x xG

xd
xx

0
)(

)()( 0 . (3.21) 

 

Lh]^Z�mjZ\g_gb_��3.20��fh`_l�[ulv�i_j_aZibkZgh�\�ke_^mxs_c�nhjf_ 

 

 ��x(t��� ���t) + u0, (3.22) 

 

]^_���t) –�kemqZcguc�ijhp_kk��3.8); 

u0 = �(x0). 

Ke_^my�hij_^_e_gbx��3.21���nmgdpby�u =��x��y\ey_lky�g_ij_ju\ghc�b�fhghlhg�
gh�\hajZklZxs_c��ke_^h\Zl_evgh��PLn u =��–����PDx u =������K�^jm]hc�klhjh�
gu��h[eZklv�agZq_gbc�nmgdpbb���t) –�\k_�^_ckl\bl_evgu_�qbkeZ��Ke_^h\Zl_evgh��
mjZ\g_gb_� �3.22�� ijbf_gbfh� ^ey� \k_o� agZq_gbc� \j_f_gb� lhevdh�� _keb 

��–�) = –��b����) =���Ij_^iheh`bf��qlh�wlb�mkeh\by�\uihegyxlky�b�ijbf_f�
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\h�\gbfZgb_��qlh�h[jZlgZy�nmgdpby�x =�–1
(u��y\ey_lky�h^ghagZqghc��lZd`_�g_�

ij_ju\gZy�b�fhghlhggh�\hajZklZxsZy��AZibr_f�_^bgkl\_ggh_�j_r_gb_�mjZ\�
g_gby��3.18��\�ke_^mxs_c�nhjf_ 

 

 x(t�� ��–1���t) + u0). (3.23) 

 

Khhlghr_gb_��3.23��ihdZau\Z_l��qlh�klZlbklbq_kdb_�k\hckl\Z�x(t��hij_^_eyxlky�
]Zmkkh\kdbf�ijhp_kkhf���t���dhlhjuc�iheghklvx�oZjZdl_jbam_lky�_]h�kj_^gbf�
agZq_gb_� 〉Ξ〈 )(t ��jZ\guf�gmex��b�dhjj_eypbhgghc�nmgdpb_c��3.10). 

Imklv�Px(x, t��b�P�(�, t��h[hagZqZxl�h^ghf_jgu_�iehlghklb�\_jhylghklb�lh�
]h��qlh�x(t) = x�b���t) = � ��khhl\_lkl\_ggh��LZd�dZd�kms_kl\m_l�h^ghagZqgh_�khhl�
\_lkl\b_�f_`^m� x(t��b���t��� ^he`gh� \uihegylky� mkeh\b_�Px(x, t)|dx| = P�(�, t)|d� |. 

Ijbf_f�\h�\gbfZgb_��qlh�h^ghf_jgZy�iehlghklv�\_jhylghklb�P�(�, t�� ]Zmkkh\�
kdh]h�ijhp_kkZ�bf__l�\b^ 

 

P�(�, t) = 











−

)(2
exp

)(2

1
2

2

tt σ
ξ

σπ
, 

 

]^_� )(2
tσ  –�^bki_jkby��3.11). 

Bkihevam_f�khhlghr_gb_�dx / d�= G(x���dhlhjh_�ke_^m_l�ba��3.21��b��3.22���ihem�
qbf�bkdhfmx�iehlghklv�\_jhylghklb� 
 

 










 −Ψ
−=

)(2

))((
exp

)()(2

1
),(

2

2
0

t

ux

txG
txPx σσπ

. (3.24) 

 

WlZ� iehlghklv� \_jhylghklb� m^h\e_l\hjy_l� mkeh\bx� ghjfbjh\db�� Z� bf_ggh�
∞

∞−∫ Px(x, t)dx =���Ih�hij_^_e_gbx�__�p_eu_�fhf_glu�jZ\gu 
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 ∫
∞

∞−

=〉〈 ),()( txPxdxtx x
nn , (3.25) 

 

]^_�n = 1, 2, … 

Fhf_glu�kh^_j`Zl�ihe_agmx�bgnhjfZpbx�h�klhoZklbq_kdhc�^bgZfbd_�kbkl_�
fu��Ih^klZ\bf� �3.24��\� �3.25��b�\\_^_f�gh\mx�i_j_f_ggmx� y = ���x) – u0) / 1(t), 

\ujZ`_gb_�^ey�fhf_glh\��3.25��k\_^_lky�d�m^h[ghc�^ey�bkke_^h\Zgby�nhjf_ 

 

 [ ]∫
∞

∞−

−− +Ψ=〉〈 2/
0

1
2

))((
2

1
)( ynn

eutydytx σ
π

. (3.26) 

 

<�aZ\bkbfhklb�hl�lh]h��dZd�dhwnnbpb_gl�aZlmoZgby��(t��aZ\bkbl�hl�\j_f_�
gb�� qZklbpu� fh]ml� [ulv� ehdZebah\Zgu� beb� ^_ehdZebah\Zgu� ijb� t:��� ?keb�
1(�) <��� l�_��� _keb� �(t�� jZkl_l� ^hklZlhqgh� [ukljh�� lh� klZpbhgZjgZy�iehlghklv�
\_jhylghklb�Px(x,���kms_kl\m_l��b�qZklbpu�ehdZebah\Zgu��;jhmgh\kdb_�qZklb�
pu� \� aZf_jaZxs_c� `b^dhklb� kem`Zl� \� dZq_kl\_� ijbf_jZ�� GZijhlb\�� _keb�
1(t):��ijb� t:���lh�qZklbpu�^_ehdZebah\Zgu��Bkke_^m_f�ih^jh[gh�ihke_^�
gbc�kemqZc� 
 

 

3.3.2. :kbfilhlbq_kdh_�ih\_^_gb_�fhf_glh\�^ey�[hevrbo�\j_f_g� 
>ey�lh]h�qlh[u�bamqblv�ih\_^_gb_�dhhj^bgZlu�qZklbpu�x(t��ijb�[hevrbo�

\j_f_gZo��bkke_^h\Zlv�j_`bfu�^bnnmabb��ihemqbf�Zkbfilhlbq_kdb_�\ujZ`_�
gby�^ey�fhf_glh\� 〉〈 )(tx

n �ijb� t:���Wlh�dhfie_dkgZy�aZ^ZqZ��ihlhfm�qlh�ih�
^ugl_]jZevgh_� \ujZ`_gb_� \� �3.26�� kh^_j`bl� h[jZlgmx�nmgdpbx��–1

(u��bgl_�
]jZevghc�nmgdpbb���x���LZd� dZd�^bki_jkby� )(2

tσ � klj_fblky�d�[_kdhg_qghklb�
^ey�[hevrbo�\j_f_g��h[jZlgZy�nmgdpby�^ey�y >��b�y <��fh`_l�[ulv�aZf_g_gZ�__�
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ZkbfilhlbdZfb�ijb�u:��b�u:–���khhl\_lkl\_ggh��>ey�lh]h�qlh[u�gZclb�wlb�
Zkbfilhlbdb��^himklbf��qlh�ZkbfilhlbdZ�^ey�nmgdpbb�G(x��bf__l�\b^ 

 

 ρα
ρ ||~)( xxG ∆      (x :�!��� (3.27) 

 

]^_�!� ���beb�–; 

û! –�wnn_dlb\gZy�bgl_gkb\ghklv�[_eh]h�rmfZ�ijb�x = !�� 
.! (�����–�^_ckl\bl_evguc�iZjZf_lj� 

Ijb� mdZaZgguo� agZq_gbyo� iZjZf_ljZ� .!� h[_ki_qb\Z_lky� mkeh\b_���±�) = ±���
Gm`gh�hlf_lblv��qlh�kemqZc�.! =�� khhl\_lkl\m_l�ebg_cghfm�fmevlbiebdZlb\�
ghfm�rmfm��.! = 0 –�Z^^blb\ghfm�rmfm��Fh`gh�mdZaZlv�_s_�h^gm�nbabq_kdmx�
\hafh`ghklv��g_ebg_cguc�fmevlbiebdZlb\guc�rmf�k�.! =�����ijb�dhlhjhf�eb�
g_cgZy�aZ\bkbfhklv�j_Zebam_lky�g_�^ey�Zfieblm^u�rmfZ��Z�^ey�_]h�bgl_gkb\gh�
klb��Hg�bf__l�g_ihkj_^kl\_ggh_�hlghr_gb_�d�y\e_gbx�gZijZ\e_gghc�i_jdhey�
pbb� >143@�� lZd`_� \klj_qZ_lky� \� d\Zglh\hc� hilbd_� >144@��<�^Zevg_cr_f�[m^_f�
ijh\h^blv�bkke_^h\Zgby�^ey�ijhba\hevgh]h�agZq_gby�.! (������<u[jZggZy�kl_�
i_ggZy�aZ\bkbfhklv�Zfieblm^u�rmfZ�khhl\_lkl\m_l�ij_^iheh`_gbx�h�kZfhih�
^h[bb�klhoZklbq_kdhc�kbkl_fu�>33]. 

:kbfilhlbdm�dhwnnbpb_glZ�aZlmoZgby�ijbf_f�\�\b^_��(t) ~ lt
�
 (t:����]^_�

l –�iheh`bl_evguc�iZjZf_lj�b������� �wlh�mkeh\b_�]ZjZglbjm_l��qlh�1(�) =����
Wnn_dlb\guc�dhwnnbpb_gl�lj_gby��dhlhjuc�ijbgZ^e_`bl�d�mdZaZgghfm�deZk�
km��bkihevah\Zeky��gZijbf_j��ijb�hibkZgbb�ZghfZevghc�^bnnmabb�[jhmgh\kdbo�
qZklbp�\�g_h^ghjh^ghc�kj_^_��lZdhc�dZd�hdjm`_gb_�`b\hc�de_ldb�>83@��<u[jZg�
gu_�kl_i_ggu_�aZ\bkbfhklb�^ey�G(x��b��(t��kh\f_klgh�mihfbgZebkv�\�dhgl_dkl_�
^bnnmabb�\�dhfie_dkghc�kj_^_��lZdhc�dZd�lmj[me_glgZy�`b^dhklv�>103@��LZdbf�
h[jZahf��nbabq_kdhc�j_ZebaZpb_c�fh^_eb� �3.1��fh]ml�kem`blv�fZeu_�mijm]b_�
kf_s_gby�njZ]f_glh\�ihebf_jguo�p_ihq_d�\�^hklZlhqgh�\yadhc�g_h^ghjh^ghc�
kj_^_��<�k\hx�hq_j_^v�mjZ\g_gb_��3.17��fh`_l�hibku\Zlv�w\hexpbx�kemqZcgh]h�



 
75 

ijhp_kkZ��\ua\Zggh]h�nemdlmZpbyfb�`_kldhklb��\�mdZaZgghc�nbabq_kdhc�kbk�
l_f_��dhlhjZy�\aZbfh^_ckl\m_l�k�g_h^ghjh^ghc�eb[h�lmj[me_glghc�kj_^hc� 

Ijb�\u[jZgghc�Zkbfilhlbd_��3.27��\ujZ`_gb_��3.21��ijbf_l�nhjfm 

 

 










<
−

=

∆
Ψ −

1,
1

||

1,
||

ln

~)( 1

ρ
ρ

α

ρ
ρ

ρ α
α

α
ρ

ρx

a

x

x . (3.28) 

 

IZjZf_lj�ghjfbjh\db�a!�fh`_l�[ulv�gZc^_g��_keb�lhqgZy�nhjfZ�nmgdpbb���x) 

ba\_klgZ��GZdhg_p��ba�\ujZ`_gby��3.28��ihemqbf 

 

 |)|exp(~)(
1

uau ρρρ ∆Ψ−      (u :�!��� (3.29) 

]^_�.! = 1, 

b 

 [ ] ρα
ρρ αρ −− −∆Ψ 1

1

1 ||)1(~)( uu      (u :�!��� (3.30) 

]^_�.! < 1. 

JZkkfhljbf�wlb�^\Z�kemqZc�jZa^_evgh� 
 

 

3.3.2.1. KemqZc�ebg_cgh]h�fmevlbiebdZlb\gh]h�rmfZ� 
<�wlhf�kemqZ_��.! =���aZf_gbf�h[jZlgmx�nmgdpbx��–1

(\1(t) + u0��__�Zkbf�
ilhlbdZfb�� l�_��� a+exp[ +∆ (\1(t) + u0�@� ijb� y >�� b� –a–exp[ −∆ (\1(t) + u0�@� ijb�
y <���\ujZ`_gb_��3.26��ijb�t:��ijbf_l�\b^ 

 

 ∑ ∫
∞

−+∆〉〈
ρ

ρρ ρσρ
π 0

2
0 )2/))((exp()(

2

1
~)( yutyndyatx

nn . (3.31) 
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Bkihevam_f�klZg^Zjlgmx�bgl_]jZevgmx�nhjfmem�>142] 

 

 





=∫

∞
−−

2
erfc

2

2/

0

2/
22 p

edye
pypy π

,  

 

]^_� ∫
∞ −=
z

t
dtez

2

)/2()erfc( π  –�^hihegbl_evgZy�nmgdpby�hrb[hd� 
IjbgbfZy� \h� \gbfZgb_�� qlh� erfc(–�) =��� k\_^_f� Zkbfilhlbq_kdmx� nhjfmem�
(3.31��d�ke_^mxs_c�nhjf_ 

 

 ∑ ∆+∆〉〈
ρ

ρρρ σρρ )2/)(exp()(~)( 22
0 tnunatx

nn . (3.32) 

 

<Z`gh� hlf_lblv�� lZd� dZd� \ujZ`_gb_� �3.29�� ij_^klZ\ey_l� ]eZ\guc� qe_g�
Zkbfilhlbq_kdh]h�jZaeh`_gby�nmgdpbb��–1

(u���lh�g_h[oh^bfh�hklZ\blv�lhevdh�
gZb[hevr__� keZ]Z_fh_� \� ijZ\hc� qZklb� \ujZ`_gby� �3.32��� <� qZklghklb�� _keb�
û+ >û–��lh 

 

 )2/)(exp(~)( 22
0 tnunatx

nn σ+++ ∆+∆〉〈      (t :���� (3.33) 

 

l�_���qZklbpu�klj_fylky�d�iexk�[_kdhg_qghklb��:�_keb�û+���û–��lh 

 

 )2/)(exp()1(~)(
22

0 tnunatx
nnn σ−−− ∆+∆−−〉〈      (t :���� (3.34) 

 

l�_���qZklbpu�klj_fylky�d�fbgmk�[_kdhg_qghklb��Ih^q_jdg_f��qlh�lZdh_�ih\_^_�
gb_�x(t��ijyfh_�ke_^kl\b_�fmevlbiebdZlb\ghc�ijbjh^u�rmfZ� 

?keb�û+ =û– =û�� lh�a+ = a– = a��h[Z� keZ]Z_fu_�\�ijZ\hc�qZklb�\ujZ`_gby�
(3.32��bf_xl�lhl�`_�ihjy^hd��b�Zkbfilhlbq_kdh_�khhlghr_gb_��3.32��k\_^_lky�d�
ke_^mxs_fm 
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 )2/)(exp()cosh(2~)(
22

0 tnunatx
nn σ∆∆〉〈      (t :���� (3.35) 

 

]^_�n –�q_lgh_� 
 

 )2/)(exp()sinh(2~)(
22

0 tnunatx
nn σ∆∆〉〈      (t :���� (3.36) 

 

]^_�n –�g_q_lgh_� 
Ihke_^gb_� khhlghr_gb_� ihdZau\Z_l�� qlh�� \� ijhlb\hiheh`ghklv� ij_^u^msbf�
kemqZyf� �khhlghr_gby� �3.33��b� �3.34����g_�ijhbkoh^bl�kbkl_fZlbq_kdh]h�jhklZ�
i_j\h]h�fhf_glZ� 〉〈 )(tx ^ey�u0 =���l�_���x0 =�–1�����>jm]bfb�keh\Zfb��\�wlhf�kem�
qZ_� dhhj^bgZlZ� qZklbpu� x(t�� ^_fhgkljbjm_l� qbklh� ^bnnmabhggh_� ih\_^_gb_��
dhlhjh_�fh`_l� oZjZdl_jbah\Zlvky�^bki_jkb_c� 222

)()()( 〉〈−〉〈= txtxtxσ ��LZd�dZd�
)(222

2

2~)( t
x eat σσ ∆ �ijb�t:���fh]ml�kms_kl\h\Zlv�jZaebqgu_�j_`bfu�^bnnmabb�

^ey�[hevrbo�\j_f_g� 
Ijb� \u[jZgghc� Zkbfilhlbd_� dhwnnbpb_glZ� aZlmoZgby� �(t) ~ lt

�
 (t:����

bkihevamy�\ujZ`_gb_��3.11���^ey�kemqZy��<����ihemqbf 

 

 β

β
σ 21

2

2

)21(

4
~)(ln −

−
∆

t
l

tx      (t :���� (3.37) 

 

LZdbf� h[jZahf��gZah\_f� ^bnnmabhggh_�ih\_^_gb_� aZlygmluf� wdkihg_gpbZev�
guf��stretched exponential���_keb�0 <�<�����wdkihg_gpbZevguf��_keb��=���k`Z�
luf�wdkihg_gpbZevguf��compressed exponential���_keb��< 0 ��?keb��=�����lh]^Z�

)
~

/ln()/2(~)( 22
ttltσ ��]^_� t

~
 –�g_dhlhjuc�oZjZdl_jbklbq_kdbc�\j_f_gghc�fZk�

rlZ[��:kbfilhlbq_kdh_�\ujZ`_gb_�^ey�^bki_jkbb�dhhj^bgZlu�qZklbpu�ijbf_l�
\b^ 
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2

4

22 )
~

/(2~)( l
x ttat

∆

σ      (t :���� (3.38) 

 

WlZ�Zkbfilhlbq_kdZy�nhjfmeZ�^_fhgkljbjm_l�aZf_qZl_evgmx�hkh[_gghklv�jZk�
kfZljb\Z_fhc�kbkl_fu��Z�bf_ggh��oZjZdl_j�__�^bnnmabhggh]h�j_`bfZ�hij_^_�
ey_lky�wnn_dlb\ghc�bgl_gkb\ghklvx�û�[_eh]h�rmfZ��dhlhjZy�\�h[s_f�kemqZ_�
aZ\bkbl�hl�dhwnnbpb_glZ�dhjj_eypbb�r��Ke_^my�h[s_ijbgylhc�l_jfbgheh]bb��
kdZ`_f�� qlh� kbkl_fZ� ^_fhgkljbjm_l� km[^bnnmabx�� _keb�û� l

2���� ghjfZevgmx�
^bnnmabx��_keb�û l

2����b�kmi_j^bnnmabx��_keb�û! l
2����kf��jbk������� 

=jZnbdb�\j_f_gghc� aZ\bkbfhklb�^bki_jkbb�dhhj^bgZlu�qZklbpu��hij_�
^_ey_fhc�\ujZ`_gbyfb��3.37��b��3.38��ko_fZlbq_kdb�ij_^klZ\e_gu�gZ�jbk�������
KZfhc�[ukljhc�\�wlhf�kemqZ_�y\ey_lky�k`ZlZy�wdkihg_gpbZevgZy�^bnnmaby��Z�
kZfhc�f_^e_gghc�–�km[^bnnmaby� 

 

 

O��� ��� ��� ���

∆

���

���

���

���

���
kmi_j^bnnmaby

km[^bnnmaby

Jbk�������>bZ]jZffZ�aZ\bkbfhklb�û�hl�l��<^hev�kiehrghc�ebgbb�û l
2���j_Zebah\u\Z_lky�

ghjfZevgZy�^bnnmaby��\�h[eZklb�û! l
2
/4 –�kmi_j^bnnmaby��\�h[eZklb�û� l

2
/4 –�km[^bnnm�

aby. 
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3.3.2.2. KemqZc�g_ebg_cgh]h�fmevlbiebdZlb\gh]h�rmfZ� 
<�wlhf�kemqZ_��.! <���ih^klZ\bf�Zkbfilhlbdm��3.30��\�\ujZ`_gb_��3.26��b�

bkihevam_f�klZg^Zjlgmx�bgl_]jZevgmx�nhjfmem�>142]: 

 

 





 +

Γ=
−∞

−∫
2

1
2 2

1

0

2/2 µµ
µ y
edyy , (3.39) 

 

]^_�� > –1; 

+�z) = ∞∫0 dx x
z–1

e
–x

 –�]ZffZ-nmgdpby� 
Ihemqbf�Zkbfilhlbq_kdh_�\ujZ`_gb_�^ey�fhf_glh\ 

 

Z

W

σ[
��W�

�

�
�

�

[

W

σ[
��W�

�

�

�
�

Jbk�������Z��Ko_fZlbq_kdbc�\b^�aZ\bkbfhklb�^bki_jkbb��������hl�\j_f_gb��û 1, l = ����djb�
\Zy���– � = ������aZlygmlZy�wdkihg_gpbZevgZy�^bnnmaby���djb\Zy���– � = ���wdkihg_gpbZev�
gZy�^bnnmaby���djb\Zy���– � = –������k`ZlZy�wdkihg_gpbZevgZy�^bnnmaby���[��\b^�aZ\bkb�
fhklb�^bki_jkbb��������hl�\j_f_gb���a

2
= 1, 1

~ =t , l = ����djb\Zy���– û ������km[^bnnmaby���
djb\Zy���– û ������ghjfZevgZy�^bnnmaby���djb\Zy���– û ������kmi_j^bnnmaby�� 
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 ∑ −−∆Γ〉〈
ρ

η
ρρρ

ρσαηρ
π

1
)]()1(2)[2()1(

2

1
~)( ttx

nn      (t :���� (3.40) 

 

]^_��! = 1 + n /(1 – .!). 

<Z`gh�hlf_lblv��qlh�\�ijZ\hc�qZklb�wlh]h�Zkbfilhlbq_kdh]h�khhlghr_gby�g_�
h[oh^bfh�hklZ\blv�lhevdh�gZb[hevr__�keZ]Z_fh_��<�qZklghklb��_keb�.+ >.–��lh 

 

 
1

)]()1(2[
2

)2(
~)( −

++
+ +−∆

Γ
〉〈 ησα

π
η

ttx
n      (t :����  

 

Z�_keb�.+ < .–��lh 

 

 
1

)]()1(2[
2

)2(
)1(~)( −

−−
− −−∆

Γ
−〉〈 ησα

π
η

ttx
nn      (t :����  

 

B��gZdhg_p��_keb�.! =., (�! =����lh�h[Z�keZ]Z_fu_�bf_xl�lhl�`_�ihjy^hd��b�\u�
jZ`_gb_��3.40��ijbf_l�\b^ 

 

 12

1

2

1

)]()1(2][)1([
2

)2(
~)( −

−

−

−

+ −∆−+∆
Γ

〉〈 η
ηη

σα
π

η
ttx

nn      (t :����  

 

Wlb� khhlghr_gby� ihdZau\Zxl�� _keb�û+�û–�� \k_�fhf_glu� ^ey� x(t�� jZkoh^ylky�
ijb�t:�� 

Ij_^iheh`bf��qlh�.! =.�b�û! =û��Bkihevamy�Zkbfilhlbq_kdh_�khhlghr_�
gb_��3.30���\ujZ`_gb_��3.26��k\_^_lky�d�ke_^mxs_fm�khhlghr_gbx 

 

 1)]()1(2[
)2(

~)( −−∆
Γ

〉〈 ησα
π

η
ttx

n      (t :���� (3.41) 

]^_�n –�q_lgh_� 
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 )()]1(2[
2

1

2

1
~)(

21
0 tutx

n −−−∆





 −

Γ
−

〉〈 ηη σαη
π

η
     (t :���� (3.42) 

 

]^_�n –�g_q_lgh_� 
Ihke_^g__�khhlghr_gb_�ihdZau\Z_l��qlh� 〉〈 )(tx =���_keb�u0 =���qZklbpu�^_fhg�
kljbjmxl�qbklh�^bnnmabhggh_�ih\_^_gb_��<�wlhf�kemqZ_�\ujZ`_gb_�^ey�^bk�
i_jkbb�dhhj^bgZlu�qZklbpu�ijbf_l�\b^ 

 

 ασα
π
ασ −−∆

−−Γ
1

2

2 )]()1(2[
)21)1(1(

~)( ttx      (t :����  

 

OZjZdl_j�^bnnmabb�aZ\bkbl�hl�ihdZaZl_ey�.�b�Zkbfilhlbq_kdh]h�ih\_^_gby�1(t). 

?keb� �(t)∝ t
�
 (t:��� �������� lh]^Z� 12

(t)∝ t
1 – 2�� ijb� �<���� b� 12

(t)∝ ln(t / t
~ �� ijb�

�=�����LZdbf�h[jZahf��\�i_j\hf�kemqZ_� α
β

σ −
−

∝ 1

21

2 )( ttx ��qZklbpu�^_fhgkljbjmxl�
kmi_j^bnnmabx��_keb�.> 2���ghjfZevgmx�^bnnmabx��_keb�.= 2���km[^bnnmabx��
_keb�.< 2���kf��jbk��������<h�\lhjhf�kemqZ_�qZklbpu�^_fhgkljbjmxl�kl_i_ggh-

eh]Zjbnfbq_kdmx�^bnnmabx�� )
~

/(ln)( 1

2

2
tttx

ασ −∝ . 

LZdbf�h[jZahf��fmevlbiebdZlb\gZy�ijbjh^Z�rmfh\�b�\j_f_ggZy�aZ\bkb�
fhklv� dhwnnbpb_glZ� aZlmoZgby� fh]ml� ijb\h^blv� d� ZghfZevghfm� ih\_^_gbx�
kbkl_fu��<�qZklghklb��_keb��= const��lh�mkeh\by G(x)|x: � �:��b�G(x)|x: � �:0 

hl\_qZxl�aZ�[ukljmx�b�f_^e_ggmx�^bnnmabx��khhl\_lkl\_ggh��K�^jm]hc�klhjh�
gu�� _keb�G(x) = const� �[_euc�rmf� –� Z^^blb\guc��� lh� ^bnnmaby� [ukljZy�� _keb�
�(t)|t: �:0 b�f_^e_ggZy, _keb �(t)|t: �:�. AZf_qZl_evgh��qlh�h^gh\j_f_ggh_�
ijbkmlkl\b_�wlbo�nZdlhjh\�fh`_l�ijb\h^blv�d�gh\hfm�klhoZklbq_kdhfm�y\e_�
gbx��Z�bf_ggh�d�aZ\bkbfhklb�oZjZdl_jZ�ZghfZevghc�^bnnmabb�hl�wnn_dlb\ghc�
bgl_gkb\ghklb�[_eh]h�rmfZ� 
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3.3.3. Ih^l\_j`^_gb_� Zkbfilhlbq_kdh]h� ih\_^_gby� lhqgufb� j_amev-

lZlZfb� 
>ey�ih^l\_j`^_gby�Zkbfilhlbq_kdbo�j_amevlZlh\�\uqbkebf�y\gu_�\ujZ�

`_gby�fhf_glh\�^ey�dhhj^bgZlu�qZklbpu�x(t��\�^\mo�qZklguo�kemqZyo� 
 

 

3.3.3.1. >\Z�Z^^blb\guo�rmfZ� 
<� dZq_kl\_� i_j\h]h� ijbf_jZ� jZkkfhljbf� kemqZc�� \� dhlhjhf� ^\Z� [_euo�

rmfZ� y\eyxlky� Z^^blb\gufb�� l�_��� g1(x) = g2(x) = 1. Lh]^Z��
G

2
(x) =û1 +û2 + 2r 21∆∆ AG

2�� ��x)=x / G�� �–1
(u) = Gu, u0 = x 0 / G�� b� \ujZ`_gb_�

(3.26��k\h^blky�d�ke_^mxs_fm 

 

 ∫
∞

∞−

−+=〉〈 2/
0

2

])([
2

1
)( ynn

extyGdytx σ
π

.  

 

β���� ���� ���� ���� ���

α

��

��

��

��

� kmi_j^bnnmaby

km[^bnnmaby

Jbk�������>bZ]jZffZ�aZ\bkbfhklb�.�hl����<^hev�kiehrghc�ebgbb�.= 2��j_Zebah\u\Z_lky�
ghjfZevgZy�^bnnmaby��\�h[eZklb�.> 2� –�kmi_j^bnnmaby��\�h[eZklb�.< 2� –�km[^bnnmaby� 
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Bkihevamy�[bghfbZevgmx�b�bgl_]jZevgmx� �3.39��nhjfmeu��ihke_�\uqbke_gbc�
ihemqbf�\ujZ`_gb_�^ey�fhf_glh\ 
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k
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n
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x
tx
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2

1
)( 














 +Γ=〉〈 ∑

=
σ

π
,  

 

]^_�>n / 2] –�p_eZy�qZklv�n / 2; 

m
nC = n!/(n – m)!m! –�[bghfbZevgu_�dhwnnbpb_glu� 

Ke_^my�wlhc�nhjfme_��]eZ\guc�qe_g�Zkbfilhlbq_kdh]h�jZaeh`_gby� 〉〈 )(tx
n �^ey�

[hevrbo� \j_f_g�bf__l� \b^� keZ]Z_fh]h� \� kmff_�� khhl\_lkl\mxs_]h� k = [n /2], 

l�_�� 
 

 nn
tG

n
tx )](2[

2

11
~)( σ

π






 +

Γ〉〈 ,  

 

]^_�n –�q_lgh_� 
 

 
10 )](2[

2
~)( −






Γ〉〈 nn

tG
n

n
x

tx σ
π

,  

 

]^_�n –�g_q_lgh_� 
LZd� dZd�û= G

2
, .=�� b� �= n +��� lZdh_�`_� Zkbfilhlbq_kdh_� ih\_^_gb_� ke_^m_l�

lZd`_�ba�nhjfme��3.41��b��3.42���khhl\_lkl\_ggh� 
 

 

3.3.3.2. :^^blb\guc�b�ebg_cguc�fmevlbiebdZlb\guc�rmfu� 
Ihemqbf�\gZqZe_�y\gu_�\ujZ`_gby�g_klZpbhgZjghc�iehlghklb�\_jhylgh�

klb�b� __�fhf_glh\��JZkkfhljbf� kemqZc��ijb� dhlhjhf� dhwnnbpb_gl� aZlmoZgby�
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ihklhyg_g�� dhjj_eypby� f_`^m� rmfZfb� hlkmlkl\m_l�� h^bg� rmf� –� ebg_cguc�
fmevlbiebdZlb\guc��^jm]hc�–�Z^^blb\guc��l�_���(t)A1, r = 0, g1(x) = x, g2(x)A� . 

Ke_^my�hij_^_e_gbx��3.21���ihemqbf 

 �(x) = 







∆
∆

∆ 2

1

1

arcsinh
1

x . (3.43) 

Ijb�wlhf�g_klZpbhgZjgZy�iehlghklv�\_jhylghklb��3.24��bf__l�\b^ 

 

 P(x, t) =
)(2

1

2
2

1 ∆+∆ xtπ 






























∆
∆

−







∆
∆

∆
−

2

2

1
0

2

1

1

arcsinharcsinh
4

1
exp xx

t
.  

  (3.44) 

Ih^klZ\bf� h^ghf_jgmx� iehlghklv� \_jhylghklb� �3.44�� \� \ujZ`_gb_� ^ey�
fhf_glh\��3.25��b�\uihegbf�aZf_gm�i_j_f_gghc�u =��x���]^_�nmgdpby���x��hi�
j_^_ey_lky�\ujZ`_gb_f��3.43���Ihemqbf 

 

 ∫
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∞−








+−∆

−








∆
∆

=〉〈
t

uu

t

u
udu

t

tu
tx

n

n

n

24
exp)(sinh

4

))4/(exp(
)( 0

2

1

2
0

2/

1

2

π
, (3.45) 

 

]^_�u0 =��x0). 

>ey�\uqbke_gby�bgl_]jZeZ�\�\ujZ`_gbb� �3.45��bkihevam_f�nhjfmeu�kl_i_g_c�
]bi_j[hebq_kdhc�nmgdpbb�sinh x [142] 

 

 
n

nn

nn

k

k
n

k

n

n
CxknCx 22

1

0
212

2

2

)1(
)(2cosh)1(

2

1sinh
−

+−−= ∑
−

=
−

, (3.46) 

 ∑
=

+
+ +−−=

n

k

k
n

k

n

n
xknCx

0
122

12
)122sinh()1(

2

1sinh , (3.47) 

]^_�
)!(!

!

knk

n
C

k
n −

=  –�[bghfbZevgu_�dhwnnbpb_glu� 
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Ih^klZ\bf�\ujZ`_gby��3.46��b��3.47��\�\ujZ`_gb_��3.45��b�ijbf_f�\h�\gbfZgb_�
bgl_]jZevgmx�nhjfmem�>142] 
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∞−
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)2/cosh(

)2/sinh(

4
exp

)cosh(

)sinh( 22
2

bcp

bcp

b
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bpy

py
dye

cyby π
, (3.48) 

 

]^_�b > 0. 

HdhgqZl_evgh�ihemqbf�lhqgu_�\ujZ`_gby�^ey�p_euo�fhf_glh\� 
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C 2)1(− ,  (3.49) 
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1
0arcsinh

2

1
2sinh xkn . (3.50) 

 

LZdbf�h[jZahf��ba�\ujZ`_gby��3.50��kj_^g__�agZq_gb_�^ey�dhhj^bgZlu�qZklbpu�
bf__l�\b^ 

 

 
t

extx 1
0)( ∆=〉〈 . (3.51) 

 

Khhl\_lkl\_ggh�ba��3.49���bkihevamy�k\hckl\Z�]bi_j[hebq_kdbo�b�h[jZlguo�]b�
i_j[hebq_kdbo�nmgdpbc��ke_^m_l�\ujZ`_gb_�kj_^g_]h�agZq_gby�d\Z^jZlZ�dhhj�
^bgZlu�qZklbpu 
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∆
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∆

∆
+=〉〈 ∆ t

extx . (3.52) 

 

Bkihevamy�\ujZ`_gby� �3.51��b� �3.52���gZc^_f�^bki_jkbx�dhhj^bgZlu�qZklbpu�
222

)()()( 〉〈−〉〈= txtxtxσ : 

 

 )1(
2

)()( 111 4

1

2242
0

2 −
∆

∆
+−= ∆∆∆ ttt

x eeextσ . (3.53) 

 

LZdbf�h[jZahf��_keb�ijbgylv��qlh�gZqZevgZy�dhhj^bgZlZ�qZklbpu�jZ\gy_lky�gm�
ex��x0 =���lh]^Z�i_j\uc�fhf_gl�jZ\_g�gmex� 〉〈 )( tx =���<�wlhf�kemqZ_�qZklbpu�
^_fhgkljbjmxl� qbklh� ^bnnmabhggh_� ih\_^_gb_�� dhlhjh_�fh`_l� oZjZdl_jbah�
\Zlvky� ^bki_jkb_c� dhhj^bgZlu� qZklbpu� �3.53��� ?_� ZkbfilhlbdZ� ^ey� [hevrbo�
\j_f_g�[m^_l�bf_lv�\b^� t

x et 14

1

22

2
~)(

∆

∆
∆

σ ��Ke_^h\Zl_evgh��j_`bf�^bnnmabb�– 

wdkihg_gpbZevguc� 
Mql_f� aZ\bkbfhklv� dhwnnbpb_glZ� aZlmoZgby� hl� \j_f_gb� b� dhjj_eypbx�

f_`^m�rmfZfb��Ke_^my�hij_^_e_gbx��3.19���\�wlhf�kemqZ_ 

 

 )2()(
22

1 νν ++∆= xrxxG , (3.54) 

 

]^_� 12 ∆∆=ν . 

>ey�_r _�����ihemqbf 
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 νν ruru −∆−=Ψ− )sinh(1)( 1
21 . (3.56) 

 

Ih^klZ\bf�\ujZ`_gb_��3.56��\�\ujZ`_gb_ (3.26���Bkihevamy�khhlghr_gb_ 

 

 
2

0
01

1
)sinh(

r

rx
u

−

+
=∆

ν

ν
, (3.57) 

 

dhlhjh_�ke_^m_l�ba� �3.56), b�klZg^Zjlgmx�bgl_]jZevgmx�nhjfmem� �3.48���ihem�
qbf�\ujZ`_gby�^ey�i_j\h]h�b�\lhjh]h�fhf_glh\ 

 

 〉〈 )(tx = (x0 + r�)exp[û112
(t) / 2] – r�,  

 

 〉〈 )(2
tx = [(x0 + r�)

2
 + �2

(1 – r
2
) /2 @H[S>�û112

(t)] –  

 – 2r�(x0 + r��H[S>û112
(t) /2 ] + �2

(3r
2
 – 1) / 2.  

 

Ijb�t :���Zkbfilhlbdb�wlbo�\ujZ`_gbc�ijbfml�\b^ 

 

 〉〈 )(tx ~ (x0 + r�)exp[û112
(t) / 2], (3.58) 

 

 〉〈 )(2 tx ~ [(x0 + r�)
2
 + �2

(1 – r
2
) /2 ]exp[2û112

(t)]. (3.59) 

 

K� ^jm]hc� klhjhgu�� lZdb_� `_� Zkbfilhlbq_kdb_� ij_^klZ\e_gby� 〉〈 )(tx � b�
〉〈 )(2 tx �^ey�[hevrbo�\j_f_g�ke_^mxl�ba�h[sbo�Zkbfilhlbq_kdbo�nhjfme��3.35) 

b��3.36���Qlh[u�ijh\_jblv�wlh��kjZ\gbf��3.27��k�Zkbfilhlbq_kdbf�khhlghr_gb�
_f�G(x) ~ 1∆ | x _��dhlhjh_�ke_^m_l�ba� �3.54��ijb� | x |:���ihemqbf�û! =û=û1�b�
.! =.=���>Ze__��lZd�dZd�arcsinh z ~!ln 2| z _�ijb� | z |:!���ba� �3.55) gZc^_f�Zkbf�
ilhlbq_kdmx�nhjfmem 
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KjZ\gb\Zy�wlh�\ujZ`_gb_�k�\ujZ`_gb_f��3.28���ihemqbf�a! = a = 2/1 2
r−ν ��B��

gZdhg_p��ih^klZ\eyy�agZq_gby�^ey�û�b�a�\�nhjfmeu��3.36) [n =�@�b��3.35) [n =�@�b�
bkihevamy�khhlghr_gb_��3.57���\�kZfhf�^_e_��ihemqbf�Zkbfilhlbq_kdb_�nhjfm�
eu��3.58��b��3.59). 

LZdbf� h[jZahf�� lhqgu_� j_amevlZlu� ih^l\_j`^Zxl� h[sb_� Zkbfilhlbq_�
kdb_�nhjfmeu��ihemq_ggu_�\�ij_^u^ms_f�ih^jZa^_e_��Ijb\_^_ggu_�\�^Zgghf�
ih^jZa^_e_� j_amevlZlu� fh]ml� [ulv� ijh\_j_gu� gZ� ZgZeh]h\hc� ko_f_� �jbk������
ijb�mkeh\bb��qlh�gZijy`_gb_���jZ\gy_lky�gmex��Z�\u[hjdb�^ey�baf_jy_fh]h�gZ�
ijy`_gby�x�ijhba\h^ylky�gZ�\j_f_gghf�bgl_j\Ze_��t0, t1). 

 

 

3.4. <u\h^u�d�jZa^_em�� 

���Bamq_gb_� \j_f_gghc� w\hexpbb� ijhkljZgkl\_ggh-h^ghjh^ghc� klhoZk�
lbq_kdhc�kbkl_fu�k�^\mfy�bklhqgbdZfb�rmfZ�\�g_klZpbhgZjghc�kj_^_�^hklb]Z�
_lky�jZkkfhlj_gb_f�mjZ\g_gby�EZg`_\_gZ�k�aZ\bkbfuf�\h�\j_f_gb�dhwnnbpb�
_glhf� aZlmoZgby�� dhlhjh_� hibku\Z_l� kbevgh� aZlmoZxsbc� ]Zjfhgbq_kdbc�
hkpbeeylhj�k�nemdlmbjmxs_c�qZklhlhc�b�kdhjhklvx��>ey�aZlmoZgby�ijbgbfZ�
_lky� kl_i_ggZy� aZ\bkbfhklv� \� dhg_qghf� \j_f_gghf� bgl_j\Ze_�� dhlhjZy�g_ih�
kj_^kl\_ggh�fh`_l�[ulv�j_Zebah\ZgZ�\�we_dljbq_kdbo�dhglmjZo��LZd`_�ij_^ih�
eZ]Z_lky�ijbf_gbfhklv�ijb[eb`_gby�]Zmkkh\kdh]h�[_eh]h�rmfZ� 

���>ey� bamq_gby� j_eZdkZpbb� ijbf_gy_lky� ijb[eb`_gguc� ih^oh^�� hkgh�
\Zgguc�gZ�jZa[b_gbb�h[eZklb�agZq_gbc�iZjZf_ljZ�khklhygby�gZ�^\Z�bgl_j\ZeZ��
\�dZ`^hf�ba�dhlhjuo�^hfbgbjm_l�h^bg�ba�rmfh\��b�khhl\_lkl\_ggh�\deZ^�^jm�
]h]h�ij_g_[j_]Z_lky��<�aZ\bkbfhklb�hl�agZq_gbc�iZjZf_ljZ�dhwnnbpb_glZ�aZlm�
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oZgby�fh]ml�gZ[ex^Zlvky�wdkihg_gpbZevguc��k`Zluc�wdkihg_gpbZevguc��aZly�
gmluc�wdkihg_gpbZevguc�b�kl_i_gghc�j_`bfu�j_eZdkZpbb�i_j\h]h�fhf_glZ�gZ�
dZ`^hf� \j_f_gghf� bgl_j\Ze_�� Ihke_� ^hklb`_gby� dhwnnbpb_glhf� aZlmoZgby�
klZpbhgZjgh]h�agZq_gby�j_eZdkZpby�h[uqgZy��wdkihg_gpbZevgZy��<�h[eZklb�^h�
fbgbjh\Zgby�fmevlbiebdZlb\gh]h�rmfZ�\u^_e_gZ� klhoZklbq_kdZy� Zfieblm^Z��
dhlhjZy�g_�aZ\bkbl�hl�iZjZf_ljZ�\hkklZgZ\eb\Zxs_c�kbeu�b�fh`_l�oZjZdl_jb�
ah\Zlvky�[_kdhg_qgufb�klZlbklbq_kdbfb�fhf_glZfb� 

���Bamq_gb_�^bgZfbdb�qZklbp�ijb�[hevrbo�\j_f_gZo�\�kemqZcghf�ihe_�
kdhjhkl_c��ihjh`^Z_fhf�^\mfy�fmevlbiebdZlb\gufb�rmfZfb��^hklb]Z_lky�\u�
qbke_gb_f�Zkbfilhlbd�fhf_glh\�iehlghklb�\_jhylghklb��Ijb�bo�ZgZeba_�\uy\�
e_gu�jZaebqgu_�j_`bfu�ZghfZevghc�^bnnmabb�qZklbp��Z�bf_ggh��ghjfZevguc��
km[^bnnmaby�� kmi_j^bnnmaby�� wdkihg_gpbZevguc�� aZlygmluc� wdkihg_gpbZev�
guc��k`Zluc�wdkihg_gpbZevguc�b�kl_i_ggh-eh]Zjbnfbq_kdbc��<�g_dhlhjuo�qZ�
klguo�kemqZyo�h[sb_�Zkbfilhlbq_kdb_�j_amevlZlu�[ueb�ih^l\_j`^_gu�lhqgu�
fb� nhjfmeZfb� ^ey� fhf_glh\�� H[gZjm`_gZ� hlebqbl_evgZy� hkh[_gghklv�
klhoZklbq_kdbo� kbkl_f� k� ebg_cguf� fmevlbiebdZlb\guf� rmfhf�� j_`bf� bo�
^bnnmabhggh]h�ih\_^_gby�fh`_l�hij_^_eylvky� wnn_dlb\ghc�bgl_gkb\ghklvx�
[_eh]h�rmfZ��dhlhjZy��\�h[s_f�kemqZ_��aZ\bkbl�hl�iZjZf_ljZ�\aZbfghc�dhjj_�
eypbb� 

Hkgh\gu_�j_amevlZlu��ij_^klZ\e_ggu_�\�^Zgghf�jZa^_e_��him[ebdh\Zgu�\�
jZ[hlZo�>6,7,9]. 

 



J:A>?E��  

W<HEXPBY�KBKL?FU�K�><MFY�BKLHQGBD:FB�P<?LGH=H�
RMF: 

4.1. H[hkgh\Zgb_�fh^_eb 

<�ij_^u^msbo�^\mo� jZa^_eZo�bamqZehkv�ih\_^_gb_� klhoZklbq_kdbo� kbk�
l_f�\�ijb[eb`_gbb�]Zmkkh\kdbo�[_euo�rmfh\��>Zgguc�ih^oh^�ijbf_gbf��_keb�
\j_fy�j_eZdkZpbb�bklhqgbdh\�rmfZ�gZfgh]h�f_gvr_�\j_f_gb�j_eZdkZpbb�kbk�
l_fu��<�jZfdZo�^Zggh]h�ih^oh^Z�bkihevah\Zebkv�f_lh^u�mjZ\g_gbc�EZg`_\_gZ�
b�Nhdd_jZ-IeZgdZ��iha\heyxsb_�ihemqblv�iehlghklv�\_jhylghklb�b�__�fhf_g�
lu��?keb�`_�\j_fy�j_eZdkZpbb�bklhqgbdh\�rmfZ�kjZ\gbfh�kh�\j_f_g_f�j_eZd�
kZpbb�kbkl_fu��lh�g_h[oh^bfh�jZkkfZljb\Zlv�p\_lgu_�rmfu�k�g_gme_\uf�\j_�
f_g_f� dhjj_eypbb�� <� wlhf� kemqZ_� g_l� \hafh`ghklb� ihemqblv� lhqgu_�
klZlbklbq_kdb_�oZjZdl_jbklbdb�klhoZklbq_kdhc�kbkl_fu��b�^ey�bkke_^h\Zgby�__�
\j_f_gghc� w\hexpbb�rbjhdh_� ijbf_g_gb_� ihemqbeb� ijb[eb`_ggu_�f_lh^u��
Mqblu\Zy�\Z`ghklv�lhqguo�j_amevlZlh\��\hagbdZ_l�bgl_j_k�\uihegblv�wlh�bk�
ke_^h\Zgb_�\�jZfdZo�lhqguo�j_amevlZlh\��gZoh`^_gbx�dhlhjuo�ihk\ys_g�^Zg�
guc�jZa^_e� 

JZkkfhljbf�klhoZklbq_kdmx�kbkl_fm�k�ebg_cghc�\hkklZgZ\eb\Zxs_c�kb�
ehc�b�^\mfy�bklhqgbdZfb�p\_lgh]h�rmfZ��;_ajZaf_jgh_�mjZ\g_gb_�EZg`_\_gZ�
bf__l�\b^ 

 

 )(tx� + [� – f1(t)]x(t) = |x(t)|
.
f2(t), (4.1) 

 

]^_�x(0) = x0 > 0; 

�> 0 –�dhwnnbpb_gl�ebg_cghc�\hkklZgZ\eb\Zxs_c�kbeu� 
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. –�^_ckl\bl_evguc�iZjZf_lj�g_ebg_cgh]h�fmevlbiebdZlb\gh]h�rm�
fZ� 
f1(t��b� f2(t) –�p\_lgu_�rmfu�k�gme_\ufb�kj_^gbfb�agZq_gbyfb�b�ba�
\_klgufb�klZlbklbq_kdbfb�oZjZdl_jbklbdZfb� 

Gm`gh� hlf_lblv�� qlh� ij_^iheh`_gb_� iheh`bl_evghklb� gZqZevgh]h� agZq_gby�
iZjZf_ljZ�khklhygby�g_�h]jZgbqb\Z_l�h[sghklb�jZkkfZljb\Z_fh]h�mjZ\g_gby��
l�d��klhoZklbq_kdZy�kbkl_fZ�klZlbklbq_kdb�kbff_ljbqgZ�hlghkbl_evgh�ij_h[jZ�
ah\Zgby�x:– x. 

<�^_l_jfbgbjh\Zgghf�kemqZ_��l�_��ijb�\k_o�agZq_gbyo�\j_f_gb� f1(t)A��b�
f2(t)A����mjZ\g_gb_��4.1��hibku\Z_l�k\h[h^guc�kbevgh�aZlmoZxsbc�]Zjfhgbq_�
kdbc� hkpbeeylhj� k� iZjZf_ljhf� ��� khhl\_lkl\mxsbf� d\Z^jZlm� qZklhlu� kh[kl�
\_gguo� dhe_[Zgbc�� KemqZc� k� h^gbf� fmevlbiebdZlb\guf� p\_lguf� rmfhf��
f1(t)A���ih^jh[gh�bamq_g�\�>52@��ijb�wlhf�mjZ\g_gb_�EZg`_\_gZ��4.1��hibku\Z_l�
rbjhdbc�deZkk�kemqZcguo�ijhp_kkh\��<�qZklghklb��_keb�\j_fy�j_eZdkZpbb�kbk�
l_fu��–1�gZfgh]h�[hevr_�\j_f_gb�dhjj_eypbb�rmfZ�f2(t���l�_��hg�y\ey_lky�]Zmk�
kh\kdbf�[_euf�rmfhf��lh]^Z�ijb��=��b�.=��iZjZf_lj�khklhygby�x(t) –�\bg_�
jh\kdbc� ijhp_kk�� hibku\Zxsbc� iheh`_gb_� [jhmgh\kdhc� qZklbpu� \�
ijhkljZgkl\_��ijb��>��b�.= 0 –�ijhp_kk�Hjgrl_cgZ-Me_g[_dZ��hibku\Zxsbc�
kdhjhklv�[jhmgh\kdhc�qZklbpu��ijb��>��b�.= 1 –�eh]Zjbnfbq_kdb�ghjfZevguc�
ijhp_kk��hibku\Zxsbc�kbevgh�aZlmoZxsbc�]Zjfhgbq_kdbc�hkpbeeylhj�k�nemd�
lmbjmxs_c� qZklhlhc�� LZdbf� h[jZahf�� mjZ\g_gb_� EZg`_\_gZ� �4.1�� h[h[sZ_l�
mjZ\g_gb_�EZg`_\_gZ�k�h^gbf�fmevlbiebdZlb\guf�p\_lguf�rmfhf�gZ�kemqZc�
^\mo�fmevlbiebdZlb\guo�p\_lguo�rmfh\��h^bg�ba�dhlhjuo�ebg_cguc��^jm]hc�– 

g_ebg_cguc� 
<� ij_^u^ms_f� jZa^_e_� m`_� jZkkfZljb\Zeky� g_ebg_cguc� fmevlbiebdZ�

lb\guc�rmf�kh�kl_i_gghc�Zfieblm^hc�nemdlmZpbc��b�mdZau\Zebkv�\hafh`gu_�k�
nbabq_kdhc� lhqdb� aj_gby� agZq_gby�iZjZf_ljZ�.��Z�bf_ggh��.= 0, .= 1/2, .= 1. 

?keb�.=��� lh]^Z�mjZ\g_gb_� �4.1��kh^_j`bl�^\Z�ebg_cguo�fmevlbiebdZlb\guo�
rmfZ��b�hgh�fh`_l�[ulv�ij_^klZ\e_gh�\�\b^_�mjZ\g_gby�k�h^gbf�rmfhf� 



 
92 

 

)(tx� + � x(t) = x(t) f(t), 

 

]^_ x(t)�0 b f(t)A f2(t) + f1(t). 

?keb� f1(t��b� f2(t) –� ]Zmkkh\kdb_�rmfu� k�gme_\ufb�kj_^gbfb� agZq_gbyfb�b�ba�
\_klgufb�dhjj_eypbhggufb�nmgdpbyfb��lh]^Z�rmf�f (t) –�lh`_�]Zmkkh\kdbc��b�
_]h� klZlbklbq_kdb_�oZjZdl_jbklbdb�fh]ml�[ulv�hij_^_e_gu��Wlhl� kemqZc�m`_�
bkke_^h\Zg�\�>52@��ihwlhfm�\�^Zevg_cr_f�jZkkfZljb\Z_lky�mjZ\g_gb_�EZg`_\_�
gZ��4.1��iZjZf_ljhf�.����Wlh�iha\hebl�bkihevah\Zlv�m`_�ba\_klgu_�j_amevlZlu�
^ey�klhoZklbq_kdhc�kbkl_fu�k�g_ebg_cguf�fmevlbiebdZlb\guf�p\_lguf�rm�
fhf�b�ijh\_jylv�ihemq_ggu_�\�qZklguo�kemqZyo��Gh�k�nbabq_kdhc�lhqdb�aj_gby�
\u^_ey_lky�kemqZc�.=���khhl\_lkl\mxsbc�kbevgh�aZlmoZxs_fm�]Zjfhgbq_kdh�
fm�hkpbeeylhjm�k�nemdlmbjmxsbfb�qZklhlhc�b�kdhjhklvx��Ijb�wlhf�ebg_cguc�
fmevlbiebdZlb\guc� b� Z^^blb\guc� p\_lgu_�rmfu� kqblZxlky� \g_rgbfb��Ih�
wlhfm�hgb�g_�k\yaZgu�k�aZlmoZgb_f�b�nemdlmZpbhggh-^bkkbiZlb\gZy�l_hj_fZ�g_�
\uihegy_lky��K�^jm]hc�klhjhgu��mjZ\g_gb_� �4.1��fh`_l�hibku\Zlv�]Zjfhgbq_�
kdbc� hkpbeeylhj��ihf_s_gguc� \� l_ieh\mx�[Zgx�� _keb�^ey�\gmlj_ggbo�nemd�
lmZpbc�ijbf_gbfZ�b^_ZebaZpby�[_eh]h�rmfZ��<�ijhlb\ghf�kemqZ_��g_h[oh^bfh�
aZibku\Zlv�mjZ\g_gb_�k�y^jhf�iZfylb�kbeu�lj_gby�\b^Z��1.8). 

Gm`gh�hlf_lblv��qlh�k�fZl_fZlbq_kdhc�lhqdb�aj_gby�^ey�kemqZy�0 <.< 1 

j_r_gb_�mjZ\g_gby�EZg`_\_gZ� �4.1��g__^bgkl\_ggh_�\�lhqd_�x =���Kms_kl\m_l�
^\Z�j_r_gby��ijhoh^ysbo�q_j_a�ghev��b�\�aZ\bkbfhklb�hl�nbabq_kdbo�ij_^ih�
kuehd�^_eZ_lky�khhl\_lkl\mxsbc�\u[hj��?keb�lhqdZ�x =��jZkkfZljb\Z_lky�dZd�
Z^khj[bjmxsZy��lh]^Z�j_r_gb_�mjZ\g_gby��4.1��ijb�0� t < tfp��]^_�tfp –�kemqZcgh_�
\j_fy� i_j\h]h� ^hklb`_gby� qZklbp_c� lhqdb� x =��� kh\iZ^Z_l� k� j_r_gb_f� ke_�
^mxs_]h�mjZ\g_gby 

 

 { )(tx� + [� – f1(t)]x(t)}|x(t)|
–.

 = f2(t), (4.2) 
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Z�ijb�t > tfp x(t)A���LZd�dZd�jZkkfZljb\Z_lky�kbevgh�aZlmoZxsbc�]Zjfhgbq_kdbc�
hkpbeeylhj��lh�lhqdZ�x =��y\ey_lky�j_]meyjghc��b�j_r_gb_�mjZ\g_gby��4.1��kh\�
iZ^Z_l�k�j_r_gb_f�mjZ\g_gby��4.2��ijb�\k_o�agZq_gbyo�\j_f_gb�t����Ihemqbf�
_]h�^ey�kemqZy�ijhba\hevguo�g_aZ\bkbfuo�rmfh\�f1(t��b�f2(t���AZl_f�hij_^_ebf�
bo�klZlbklbq_kdb_�oZjZdl_jbklbdb��iha\heyxsb_�\ujZablv�klZlbklbq_kdb_�oZ�
jZdl_jbklbdb�kbkl_fu� 

4.2. KlZlbklbq_kdb_�oZjZdl_jbklbdb�kbkl_fu 

4.2.1. J_r_gb_�mjZ\g_gby�EZg`_\_gZ� 
Qlh[u�ihemqblv�j_r_gb_�mjZ\g_gby��4.2��\uihegbf�g_ebg_cgh_�ij_h[jZ�

ah\Zgb_� ^ey� dhhj^bgZlu� qZklbpu�� <\_^_f� gh\mx� nmgdpbx� y(t) = x(t)|x(t)|
–.

 

(.����� ijhba\h^gZy� dhlhjhc� jZ\gZ� )(ty� = (1 –.)|x(t)|
–.

)(tx� �� Lh]^Z� g_ebg_cgh_�
mjZ\g_gb_�EZg`_\_gZ��4.2��k\h^blky�d�ebg_cghfm�mjZ\g_gbx 

 

 )(ty�  + [& – (1 – .)f1(t)]y(t) = (1 – .)f2(t), (4.3) 

 

]^_�& = (1 – .)�; 

y(0) = α−1
0x . 

Qlh[u�ihemqblv� j_r_gb_� mjZ\g_gby� �4.3�� \\_^_f�gh\mx�nmgdpbx� z(t�� lZdmx��
qlh��kf���gZijbf_j��>145]) 

 

y(t) = z(t)exp[–&t + (1 – .) ∫
t

fd
0

1 )(ττ ]. 

 

?_�ijhba\h^gZy )(ty� �jZ\gZ 
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)(ty� = )(tz� exp[–&t + (1 – .) ∫
t

fd
0

1 )(ττ ] +  

+ z(t)exp[–&t + (1 – .) ∫
t

fd
0

1 )(ττ ][–& + (1 – .)f1(t)]. 

 

Ih^klZ\eyy�\ujZ`_gby�^ey�y(t��b� )(ty� �\�mjZ\g_gb_��4.3���ihemqbf�gh\h_�mjZ\g_�
gb_�^ey�kemqZcghc�i_j_f_gghc�z 

 

)(tz� = (1 – .)f2(t)exp[&t – (1 – .) ∫
t

fd
0

1 )(ττ ], 

 

]^_�z(0) = α−1
0x . 

JZa^_eyy�i_j_f_ggu_�>146@��_]h�j_r_gb_�ijbf_l�\b^ 

 

z(t) = α−1
0x + (1 – .) ∫

t

fd
0

2 )(ττ exp[&2 – (1 – .) ∫
τ

ττ
0

111 )(fd ]. 

 

Ke_^h\Zl_evgh��j_r_gb_�mjZ\g_gby��4.3��fh`_l�[ulv�aZibkZgh�\�\b^_ 

 

 







−−−+−+−= ∫−

t

FfdxtFtty
0

12
1
01 )]()1(exp[)()1()]()1(exp[)( ταωτττααω α , 

  (4.4) 

]^_ 

 ∫=
t

fdtF
0

11 )()( ττ .  

 

<\_^_f�\�jZkkfhlj_gb_�gh\uc�kemqZcguc�ijhp_kk�F(t): 

 



 
95 

 







−−−+= ∫−−

t
t

FfdxetF
0

12
1
0 )]()1(exp[)()1()( ταωτττααω . (4.5) 

 

Lh]^Z�\ujZ`_gb_��4.4��fh`gh�i_j_ibkZlv� 
 

y(t) = F(t)exp[(1 – .)F1(t)]. 

 

B��gZdhg_p��ih^klZ\eyy�wlh�\ujZ`_gb_�^ey�y(t��\�\ujZ`_gb_�x(t) = y(t)|y(t)|
. / (1 – .)

, 

j_r_gb_�mjZ\g_gby��4.2��ij_^klZ\bf�\�ke_^mxs_c�nhjf_ 

 

 
)()1/( 1|)(|)()( tF

etFtFtx αα −= . (4.6) 

 

Bkihevamy� wlh� j_r_gb_�� hij_^_ebf� oZjZdl_jbklbdb�rmfh\� f1(t��b� f2(t���iha\h�
eyxsb_�aZibkZlv�oZjZdl_jbklbdb�kemqZcgh]h�ijhp_kkZ�x(t). 

 

 

4.2.2. KlZlbklbq_kdb_�oZjZdl_jbklbdb�rmfh\� 
>ey�lh]h�qlh[u�ihemqblv�h^ghf_jgmx�g_klZpbhgZjgmx�iehlghklv�\_jh�

ylghklb�iZjZf_ljZ�khklhygby�x(t���g_h[oh^bfh�hij_^_eblv�h^ghf_jgu_�iehlgh�
klb�\_jhylghklb�ijhp_kkh\�F1(t��b�F(t). 

H^ghf_jgmx�iehlghklv�\_jhylghklb�^ey�F1(t��fh`gh�gZclb�\�kemqZ_�]Zmk�
kh\kdh]h�rmfZ� f1(t���Wlh�ij_^iheh`_gb_�\uihegy_lky�^ey�fgh]bo�bklhqgbdh\�
j_Zevgh]h�rmfZ��>_ckl\bl_evgh�� _]h� wnn_dl�qZklh�h[mkeh\e_g�dmfmeylb\guf�
^_ckl\b_f�fgh]bo�kemqZcguo�nZdlhj��Ke_^my�p_gljZevghc�ij_^_evghc�l_hj_f_�
wlhl�rmf�fh`gh�kqblZlv� ]Zmkkh\kdbf��Ijbf_f��qlh� ]Zmkkh\kdbc�rmf� f1(t��oZ�
jZdl_jbam_lky�gme_\uf�kj_^gbf�agZq_gb_f�b�ijhba\hevghc�klZpbhgZjghc�dhj�
j_eypbhgghc�nmgdpb_c��aZ\bkys_c�ebrv�hl�jZaghklb�^\mo�fhf_glh\�\j_f_gb� 
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 〉′〈 )()( 11 tftf = r1(|t – t'|). (4.7) 

 

GZ�nmgdpbx�r1(u��gZdeZ^u\Z_lky�^\Z�h]jZgbq_gby��r1(0) >���l�_��^bki_jkby��oZ�
jZdl_jbamxsZy�jZa[jhk�agZq_gbc��iheh`bl_evgZ��r1(�) =���l�_��agZq_gby�rmfZ�\�
fhf_glu� \j_f_gb�� agZqbl_evgh� m^Ze_ggu_� ^jm]� hl� ^jm]Z�� g_� dhjj_ebjmxl��<�
kbem�ebg_cghc�aZ\bkbfhklb�F1(t��hl�f1(t)��kemqZcguc�ijhp_kk�F1(t) –�]Zmkkh\kdbc�
[147@��dhlhjuc�iheghklvx�oZjZdl_jbam_lky�kj_^gbf�agZq_gb_f��jZ\guf�gmex��b�
dhjj_eypbhgghc�nmgdpb_c�>52]: 

 

K1(t1, t2 ) = 〉〈 )()( 2111 tFtF = ∫ ∫ 〉〈
1 2

0 0

211121 )()(

t t

ffdd ττττ = ∫ ∫ −
1 2

0 0

2121 |)(|

t t

rdd ττττ . 

 

>ey�lh]h�qlh[u�aZibkZlv�dhjj_eypbhggmx�nmgdpbx�\�\b^_�h^ghdjZlgh]h�bgl_�
]jZeZ��\\_^_f�gh\u_�i_j_f_ggu_��21 – 22 = u, 21 + 22 = v��b�gZc^_f�ydh[bZg 

 

J =

vu

vu

∂
∂

∂
∂

∂
∂

∂
∂

22

11

ττ

ττ

=
2

1
. 

 

Hij_^_eb\� h[eZklv� bgl_]jbjh\Zgby� ^ey� gh\uo� i_j_f_gguo�� dhjj_eypbhggmx�
nmgdpbx�kemqZcgh]h�ijhp_kkZ�F1(t��fh`gh�ij_^klZ\blv�\�\b^_ 

 

K1(t1, t2 ) = ∫ −
2

0

2 ))((

t

utudur + ∫
−

−
1

21

))(( 1

t

tt

utudur + ∫
− 21

0

2 )(

tt

udurt      (t1 > t2). 

 

LZdbf�h[jZahf��\ujZ`_gb_�^ey�^bki_jkbb�ijbgbfZ_l�ke_^mxsmx�nhjfm 
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 )(
2
1 tσ = K1(t, t) = ∫ −

t

utudur
0

1 ))((2 . (4.8) 

 

Gm`gh�hlf_lblv��\�kbem�lh]h��qlh�]Zmkkh\kdb_�rmfu�f1(t��b�–f1(t��y\eyxlky�klZ�
lbklbq_kdb�wd\b\Ze_glgufb��lh�kemqZcgu_�]Zmkkh\kdb_�ijhp_kku�F1(t��b�–F1(t) 

lZd`_� klZlbklbq_kdb� wd\b\Ze_glu��:� wlh� hagZqZ_l�� qlh� j_r_gb_� �4.6�� fh`gh�
ij_^klZ\blv�\�\b^_ 

 

 
)(

)1/(

1

|)(|)(
)(

tF
e

tFtF
tx

αα −

= . (4.9) 

 

:gZebabjmy�\ujZ`_gb_��4.5���fh`gh�ijbclb�d�\u\h^m��qlh�g_l�\hafh`gh�
klb� ihemqblv� h^ghf_jgmx� iehlghklv� \_jhylghklb� ^ey�ijhp_kkZ�F(t�� \� kemqZ_�
]Zmkkh\kdh]h�rmfZ� f2(t��� l�d�� ih^� agZdhf� bgl_]jZeZ� ihy\ey_lky� g_]Zmkkh\kdbc�
ijhp_kk��Hij_^_ebf�klZlbklbq_kdb_�oZjZdl_jbklbdb�rmfZ�f2(t��lZdbf�h[jZahf��
qlh[u�ih^�bgl_]jZehf�klhye�]Zmkkh\kdbc�ijhp_kk��>ey�wlh]h�ij_^iheh`bf��qlh�
f_`^m�rmfZfb� f1(t�� b� f2(t�� kms_kl\m_l� ki_pbZevgZy� aZ\bkbfhklv�� \ujZ`_ggZy�
ke_^mxsbf�khhlghr_gb_f 

 

 
)()1(

2
1)()(

tF
etftf

α−= , (4.10) 

 

]^_�f (t) –�]Zmkkh\kdbc�rmf�k�gme_\uf�kj_^gbf�agZq_gb_f�b�ijhba\hevghc�
klZpbhgZjghc�dhjj_eypbhgghc�nmgdpb_c 

 

 )()( tftf ′ = r(|t – t'|). (4.11) 

 

IjbgbfZ_lky�� qlh�rmfu� f (t��b� f1(t�� y\eyxlky�g_aZ\bkbfufb��Ijb� wlhf�rmfu�
f1(t��b�f2(t��ohlv�b�aZ\bkbfu_��gh�g_dhjj_ebjh\Zggu_��>_ckl\bl_evgh�fh`gh�aZ�
ibkZlv 
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〉′〈 )()( 21 tftf = 〉′〈 ′− )()1(
1

1)()(
tF

etftf
α

= 〉〉〈′〈 ′− )()1(
1

1)()(
tF

etftf
α

. 

 

LZd�dZd� 〉′〈 )(tf =��� lh� 〉′〈 )()( 21 tftf =���qlh�ih^l\_j`^Z_l� l_abk�h�g_dhjj_ebjh�
\Zgghklb�aZ\bkbfuo�rmfh\�f1(t��b�f2(t). 

LZdbf�h[jZahf�� f2(t) –�g_]Zmkkh\kdbc�ijhp_kk�k�gme_\uf�kj_^gbf�agZq_�
gb_f�b�dhjj_eypbhgghc�nmgdpb_c��dhlhjmx�fh`gh�aZibkZlv�\�\b^_ 

 

〉〈′−=〉′〈 ′−− )()1()()1(
22

11|)(|)()(
tFtF

eettrtftf
αα

. 

 

<ujZ`_gb_� \� m]eh\uo� kdh[dZo�ij_^klZ\ey_l� dhjj_eypbhggmx�nmgdpbx� eh]Z�
jbnfbq_kdb�ghjfZevgh]h�ijhp_kkZ�>52]: 

 

[ ]1
),(2/)]()([)1()()1()()1( 1

2
1

2
1

2
11 −=〉〈 ′′+−′−− ttKtttFtF

eeee
σσααα

. 

 

Ih^klZ\bf�khhlghr_gb_��4.11��\�\ujZ`_gb_��4.5��b�hij_^_ebf�klZlbklb�
q_kdb_�oZjZdl_jbklbdb�]Zmkkh\kdh]h�ijhp_kkZ�F(t���?]h�kj_^g__�agZq_gb_�bf__l�
\b^ 

 

 m(t) = 〉〈 )(tF = t
ex

ωα −−1
0 .  (4.12) 

 

Hij_^_ebf�dhjj_eypbhggmx�nmgdpbx�[52]: 

 

K(t1, t2 ) = 〉〈 )()( 21 tFtF =
)( 21 tt

e
+−ω





〉〈−+ ∫−−

1

1

0

11
1
0

)1(2
0 )()1(

t
r

efdxx
ωαα ττα + 

+ ∫ 〉〈− −
2

2

0

22
1
0 )()1(

t
r

efdx
ωα ττα + 




〉〈− +∫ ∫ )(

0 0

2121
2 21

1 2

)()()1(
ττωττττα effdd

t t

= 



 
99 

=
)( 21 tt

e
+−ω









−−+ +− ∫ ∫ )(

0 0

2121
2)1(2

0
21

1 2

|)(|)1(
ττωα ττττα erddx

t t

. 

 

K\_^_f�^\mdjZlguc�bgl_]jZe�\�ihke_^g_f�\ujZ`_gbb�d�h^ghdjZlghfm��>ey�wlh�
]h� i_j_c^_f� d� gh\uf� i_j_f_gguf�� lZdbf� `_�� dZd� b� \� ij_^u^ms_f� kemqZ_��
Dhjj_eypbhggZy�nmgdpby�K(t1, t2 ��ijbf_l�\b^ 

 

K(t1, t2 ) =
)( 21 tt

e
+−ω [ ]











−
−

+ ∫ −−
2

2

0

)2(
2

)1(2
0 )(

2

)1(
t

uut
eeudurx

ωωα

ω
α

 + 

+ [ ]∫
−

− −
1

21

1 )2(
)(

t

tt

uut
eeudur

ωω
 + [ ]











−∫
−

+
21

2

0

)2(
)(

tt
uut

eeudur
ωω

     (t1 > t2). 

 

GZc^_f�^bki_jkbx� 
 

12
(t) = K(t, t) – m

2
(t) = [ ]∫ −− −

− t
uut

t

eeudur
e

0

)2(
2

2 )()1( ωω
ω

ω
α . 

 

Bkihevamy�nhjfmem� ^ey� ]bi_j[hebq_kdh]h� kbgmkZ�� hdhgqZl_evgh_� \ujZ`_gb_�
^ey�^bki_jkbb�ij_^klZ\bf�\�\b^_ 

 

 12
(t) = ( ) ∫ −−

− tt

utudur
e

0

)](sinh[)(12 ω
κ

α
ω

. (4.13) 

 

LZdbf� h[jZahf�� mjZ\g_gb_� EZg`_\_gZ� �4.2�� k� ijhba\hevgufb� g_aZ\bkbfufb�
rmfZfb�f1(t��b�f2(t��k\h^blky�d�ke_^mxs_fm�mjZ\g_gbx�EZg`_\_gZ 

 

 ( ) )()1(
1

1)(|)(|)}()]([{
tF

etftxtxtftx
αακ −− =−+� , (4.14) 
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]^_�f1(t��b�f(t) –�klZlbklbq_kdb�g_aZ\bkbfu_�]Zmkkh\kdb_�p\_lgu_�rmfu�k�
ba\_klgufb�klZlbklbq_kdbfb�oZjZdl_jbklbdZfb� 

Hij_^_eb\�klZlbklbq_kdb_�oZjZdl_jbklbdb�rmfh\��gZc^_f�g_klZpbhgZj�
gmx�iehlghklv�\_jhylghklb�^ey�iZjZf_ljZ�khklhygby�kbkl_fu� 
 

 

4.2.3. Iehlghklv�\_jhylghklb�iZjZf_ljZ�khklhygby� 
<\_^_f� \� jZkkfhlj_gb_� kl_i_ggh-ghjfZevguc� kemqZcguc� ijhp_kk�

p(t) = F(t)|F(t)|
. / (1 – .)

 [52@��Imklv�Pp(p, t��hagZqZ_l�h^ghf_jgmx�iehlghklv�\_jhyl�
ghklb�lh]h��qlh�ijhp_kk�p(t��\�fhf_gl�\j_f_gb�t�ijbgbfZ_l�agZq_gb_�ba�bgl_j�
\ZeZ��p, p + dp���HgZ�bf__l�\b^ 

 

 Pp(p, t) =






 −

−
− −

)(2

)](||[
exp

||)(2

1
2

2

t

tmpp

pt σσπ
α α

α . (4.15) 

 

KemqZcguc�ijhp_kk� )(1)(
tF

etl =  –�eh]Zjbnfbq_kdb�ghjfZevguc��Imklv�Pl(l, t��ha�
gZqZ_l�h^ghf_jgmx�iehlghklv�\_jhylghklb�lh]h��qlh�ijhp_kk�l(t��\�fhf_gl�\j_�
f_gb�t�ijbgbfZ_l�agZq_gb_�ba�bgl_j\ZeZ��l, l+ dl���hgZ�bf__l�\b^ 

 

 







−=

)(2

ln
exp

)(2

1
),(

2
1

2

1 t

l

lt
tlPl σσπ

    (l ����� (4.16) 

 

<�khhl\_lkl\bb�k�\ujZ`_gb_f� �4.9���j_r_gb_�mjZ\g_gby� �4.14��fh`_l�[ulv�aZ�
ibkZgh� dZd� x(t) = p(t) / l(t��� ]^_� p(t��b� l(t�� klZlbklbq_kdb�g_aZ\bkbfu_� kl_i_ggh-

ghjfZevguc�b�eh]Zjbnfbq_kdb�ghjfZevguc�ijhp_kku��G_�ljm^gh�ijbclb�d�\u�
\h^m��qlh��\\h^y�gh\mx�i_j_f_ggmx�p(t) = x(t) l(t���mjZ\g_gb_��4.14��fh`_l�[ulv�
ihemq_gh�ba�mjZ\g_gby�EZg`_\_gZ�k�h^gbf�rmfhf 
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 [ )(tp� + �S(t)]|p(t)|
– .

= f(t),  

 

]^_�p(0) = x0. 

Imklv�Px(x, t��hagZqZ_l�h^ghf_jgmx�iehlghklv�\_jhylghklb�lh]h��qlh�ijh�
p_kk� x(t�� \� fhf_gl� \j_f_gb� t� ijbgbfZ_l� agZq_gb_� ba� bgl_j\ZeZ� �x, x+ dx��� ?_�
fh`gh�\uqbkeblv��bkihevamy�nhjfmem�^ey�iehlghklb�\_jhylghklb�hlghr_gby�
^\mo�kemqZcguo�\_ebqbg��kf���gZijbf_j��>136]): 

 

 ∫
∞

=
0

),(),(),( tyxPtydyyPtxP plx . (4.17) 

 

Ih^klZ\eyy�\ujZ`_gby��4.15��b��4.16��\�\ujZ`_gb_��4.17��b�^_eZy�aZf_gm�i_j_�
f_gguo�u = y

1–.��ihemqbf�hdhgqZl_evgh_�\ujZ`_gb_�g_klZpbhgZjghc�h^ghf_j�
ghc�iehlghklb�\_jhylghklb�kemqZcgh]h�ijhp_kkZ�x(t): 

 

 ∫
∞ −







 −

−−
−

=
0

2

2

2

2

)(2

)](||[

)(2

ln
exp

||)()(2

1
),(

t

tmxux

t

u
du

xtt
txPx σσσπσ

α α

α
α

α

, (4.18) 

 

]^_�1.(t) = (1 – .)11(t). 

Ihkljhbf�]jZnbdb�iehlghklb�\_jhylghklb��4.18���>ey�wlh]h�\u[_j_f�dhj�
j_eypbhggu_�nmgdpbb��4.7��b��4.11��\b^Z��1.6) 

 

 







−=

11

1
1 exp)(

ττ
uD

ur ,     





−=

ττ
uD

ur exp)( , (4.19) 

 

]^_�D1�b�D –�bgl_gkb\ghklb�rmfh\�f1(t��b�f (t���khhl\_lkl\_ggh� 
21�b�2 –�\j_f_gZ�dhjj_eypbb�rmfh\� 

<�kemqZ_��4.19��\ujZ`_gby�^ey�^bki_jkbb��4.8��b��4.13��ijbfml�\b^ 
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 ( )[ ]12)( 1
11

2
1 −+= − ττσ t

etDt ,  

 

 








−
−

+











 +−

−
−

+
−

= )2exp(
1

1
exp

1

2

1

)1(
)(

22

2
2

tt
D

t ω
τω

τ
τ

ω
ωτ

ωτ
ωτ

τ
κτ

ασ .  

   

 

=jZnbdb�iehlghklb�\_jhylghklb� �4.18��^ey�jZaguo�agZq_gbc�iZjZf_ljZ�.�ijb�
\_^_gu�gZ�jbk������ 

Bkke_^m_f�g_klZpbhgZjgmx�iehlghklv�\_jhylghklb�\�ij_^_evguo�kemqZ�
yo��?keb�f1(t)A0 [ 0)(

2 →tασ �^ey�\k_o�fhf_glh\�\j_f_gb�t��@��fZeZy�hdj_klghklv�
lhqdb�u =��^_eZ_l�hkgh\ghc�\deZ^��ihwlhfm�fh`gh�aZibkZlv 

 

∫∫
∞

→

∞ −









−







 −

−
−

=
0

2

2

0)(
0

2

2

)(2

ln
exp

)(

1
lim

)(2

)](||[
exp

||)(2

1
),(

2 t

u
du

tt

tmxx
du

xt
txP

t
x

αασ

α

α σσσπσ
α

α

. 

 

>_eZy�aZf_gm�i_j_f_gguo�z = ln u��k\_^_f�bgl_]jZe�\�ij_^u^ms_f�\ujZ`_gbb�d�
lZ[ebqghfm 

 

∫
∞

∞−








−

)(2
exp

2

2

t

z
zdz

ασ
= 





)(
2

1
exp)(2

2
tt αα σσπ . 

 

LZdbf�h[jZahf��\�wlhf�kemqZ_�\ujZ`_gb_��4.18��k\h^blky�d�h^ghf_jghc�iehlgh�
klb�\_jhylghklb�kl_i_ggh-ghjfZevgh]h�jZkij_^_e_gby��4.15). 

?keb�f (t)A0 [12
(t):��^ey�\k_o�fhf_glh\�\j_f_gb�t��@��ijbf_f�\h�\gbfZ�

gb_��qlh 



 
103 

 

Z

[���� ���� ��� ���

3[�[��W�

���

���

���

���

[

[���� ���� ��� ���

3[�[��W�

���

���

���

���

\

[���� ���� ��� ���

3[�[��W�

���

���

���

���

�

�

�

�

�

�

Jbk�������=jZnbd�iehlghklb�\_jhylghklb�ijb�x0 = 1 ,  � = 0,1, D1 = D = 21 = 2 = 1:  

Z��.= ���[��.= 0,5��\��.= – 2 ��Djb\Zy���– t = ���djb\Zy���– t = 5. 
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?keb� x0 >��� w\hexpby� qZklbp�ijhbkoh^bl�gZ�ihem�[_kdhg_qghc�ijyfhc� >�,����
_keb�`_�x0 <���lh�x∈(–�, 0 @��>ey�kemqZy�x0 >���mqblu\Zy�\ujZ`_gb_� �4.12��^ey�
kj_^g_]h�agZq_gby m(t���ihke_�ij_h[jZah\Zgbc�fh`gh�aZibkZlv 
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txt
txPx κ

σσπ
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LZdbf�h[jZahf��\ujZ`_gb_��4.18��k\h^blky�d�h^ghf_jghc�iehlghklb�\_jhylgh�
klb�eh]Zjbnfbq_kdb�ghjfZevgh]h�jZkij_^_e_gby��4.20) [52]. 

<�fhf_gl�\j_f_gb� t =��iehlghklv�\_jhylghklb�Px(x, t) (4.18��i_j_oh^bl�\�
^_evlZ-nmgdpbx�/(x – x0��>_ckl\bl_evgh��fh`gh�aZibkZlv 

 

),(lim
0

txPx
t→

= )),(lim(lim
0)(0 2

txPx
tt →→ ασ

= )),(lim(lim
0)(0 2

txPx
tt →→ σ
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IjbgbfZy�\h�\gbfZgb_��qlh�\ujZ`_gby��4.15��beb��4.20��^ey�gme_\h]h�fhf_glZ�
\j_f_gb�y\eyxlky�^_evlZ-nmgdpbyfb��ijboh^bf�d�\u\h^m��qlh�iehlghklv�\_jh�
ylghklb�Px(x, t��ijb�t =��lZd`_�^_evlZ-nmgdpby� 
 

 

4.2.4. >jh[gu_�fhf_glu�iehlghklb�\_jhylghklb� 
I_j_c^_f� d� \uqbke_gbx� ^jh[guo� g_klZpbhgZjguo�fhf_glh\� ^ey� iZjZ�

f_ljZ�khklhygby�kbkl_fu�x(t���Ih�hij_^_e_gbx�hgb�jZ\gu 

 

 ∫
∞

∞−

−− =〉〈= vvr
x

vvrv
r xxtxdxPtxtxtm ||),()(|)(|)( , (4.21) 

 

]^_�r –�^_ckl\bl_evgh_�qbkeh��v� ���beb��� 
>jh[gu_�fhf_glu�ijb�r >��y\eyxlky�ihe_aguf�bgkljmf_glhf�^ey�bkke_^h\Z�
gby�ih\_^_gby�iehlghklb�\_jhylghklb�P(x, t��ijb� |x |:���\�k\hx�hq_j_^v��ijb�
r <��hgb�ij_^hklZ\eyxl�bgnhjfZpbx�h�ih\_^_gbb�P(x, t��\�hdj_klghklb�lhqdb�
x =���Koh^bfhklv�beb�jZkoh^bfhklv�^jh[guo�fhf_glh\�ijb�qZklghf�agZq_gbb�
iZjZf_ljZ�r�iha\hey_l�^_eZlv�\u\h^u�h�ih\_^_gbb�ijb�|x |:��b�x:���khhl\_l�
kl\_ggh��>jh[gu_�fhf_glu� )(

1
tmr �oZjZdl_jbamxl�Zkbff_ljbqghklv�jZkij_^_e_�

gby�b�\k_]^Z� )()(
10

tmtm rr ≥ ��?keb�`_�iehlghklv�\_jhylghklb�hij_^_e_gZ��gZijb�
f_j�� lhevdh� ^ey�iheh`bl_evguo� agZq_gbc�iZjZf_ljZ� khklhygby�� dZd� \� kemqZ_�
eh]Zjbnfbq_kdb� ghjfZevgh]h� jZkij_^_e_gby�� P(x, t)A�� ijb� x <��� lh]^Z�

)()(
10

tmtm rr = . 

Ih^klZ\eyy�\��4.21��\ujZ`_gb_�x(t) = p(t) l(t���^jh[gu_�fhf_glu�^ey�iZjZ�
f_ljZ� khklhygby�fh`gh�ij_^klZ\blv� \� \b^_�ijhba\_^_gby�^jh[guo�fhf_glh\�
kl_i_ggh-ghjfZevgh]h�jZkij_^_e_gby�b�eh]Zjbnfbq_kdb�ghjfZevgh]h� 
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>jh[gu_�fhf_glu�eh]Zjbnfbq_kdb�ghjfZevgh]h�ijhp_kkZ�>52]: 

 

 〉〈 )(tl
r = ( )∫

∞

0

, tyPydy l
r = [ ]2/)(exp

2
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2
tr σ . (4.22) 

 

>jh[gu_�fhf_glu�kl_i_ggh-ghjfZevgh]h�jZkij_^_e_gby�[52]: 

 

 〉〈 − )(|)(| tptp
vvr = ∫

∞

∞−

− vvr
p yytydyP ||),( = [ ]4/)(exp)(
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)( 21
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Γ −ησ
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ηη −− −+− , (4.23) 

 

]^_�� = 1 + r / (1 – .); 

a(t) = m(t) / 1(t); 

D– �� (z) –�bgl_]jZevgh_�ij_^klZ\e_gb_�nmgdpbb�iZjZ[hebq_kdh]h�pb�
ebg^jZ 
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Hlf_lbf��qlh�^ey��= n +���]^_�n =�����«��nmgdpbb�iZjZ[hebq_kdh]h�pbebg^jZ�
(4.24��fh`gh�ij_^klZ\blv�\�\b^_ 
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<\_^_f�gh\mx�i_j_f_ggmx�s = \1(t) / m(t��b�k]jmiibjm_f��ihemqbf 

 

1

0 0)(

11

)(

)(

2

1
lim)(

)(

2
2

−∞

→

−−








Γ ∫

tm

t
dsstm

t

σ
πη

π
σ

ηη





















±−

−2

2

)(

)(
)1(

2

1
exp

tm

t
s

σ
= 

= ∫
∞

−− ±
Γ 0

11 )1()(
)(

2
sdsstm δ

η
π ηη . 

 

Mql_f��qlh 

 

∫
∞

− ±
0

1 )1(sdss δη =




=+
=−

01,0

01,1

s

s
. 

 

LZdbf�h[jZahf 

 

)(lim
0)(

2
tm

v
r

t →σ
= )(1

tm −η [ ]2/)(exp
2
1

2
tr σ . 

 

Ih^klZ\eyy�\ujZ`_gby�^ey�iZjZf_ljZ���b�kj_^g_]h�agZq_gby�m(t���hdhgqZl_evgh�
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 [ ]trtrxtm
rv

r
t

κσ
σ

−=
→

2/)(exp)(lim 2
1

2
0

0)(
2

. (4.26) 

 

<ujZ`_gb_��4.26) –�^jh[gu_�fhf_glu�eh]Zjbnfbq_kdb�ghjfZevgh]h�jZkij_^_�
e_gby�>52]. 

4.3. :kbfilhlbq_kdh_�ih\_^_gb_�^ey�[hevrbo�\j_f_g 

<�ij_^u^ms_f�ih^jZa^_e_�[ueb�ihemq_gu�lhqgu_�\ujZ`_gby�^ey�iehl�
ghklb�\_jhylghklb�b�__�fhf_glh\�klhoZklbq_kdhc�kbkl_fu�k�^\mfy�fmevlbieb�
dZlb\gufb� p\_lgufb� rmfZfb�� Bkke_^m_f� Zkbfilhlbq_kdh_� ih\_^_gb_� wlbo�
klZlbklbq_kdbo�oZjZdl_jbklbd�^ey�[hevrbo�\j_f_g��l�_��t:�� 

<� wlhf� kemqZ_� m(�) =�� b� a(�) =��� :kbfilhlbq_kdZy� nhjfZ� \ujZ`_gby�
^bki_jkbb��4.13��ijbf_l�\b^ 
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∞

−−
=∞
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2 )(
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)( u
eudur ω

κ
ασ . (4.27) 

 

LZd�dZd�r(u):��ijb�u:���lh�agZq_gb_�^bki_jkbb�^ey�[hevrbo�\j_f_g��4.27) 

h]jZgbq_gh��l�_��12
(�) <���:kbfilhlbq_kdZy�nhjfZ�\ujZ`_gby�^bki_jkbb��4.8) 

fh`_l�[ulv�aZibkZgZ�\�nhjf_ 
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 )1()(1 totR =      (t :���� (4.28) 

 

lh]^Z� ∞<∞)(
2
1σ ��Z�_keb�0 < R1(�)���beb�R1(�) = 0 [R1(���–�bgl_gkb\ghklv�rm�

fZ@��gh�\ujZ`_gb_��4.28��g_�\uihegy_lky��lh]^Z� ∞=∞)(
2
1σ ��LZdbf�h[jZahf��km�

s_kl\m_l� ^\Z� dZq_kl\_ggh� jZaguo� kemqZy� Zkbfilhlbq_kdh]h� ih\_^_gby� ^ey�
[hevrbo�\j_f_g�\ujZ`_gby��4.8���Z�bf_ggh�� ∞<∞)(

2
1σ �b� ∞=∞)(

2
1σ . 

>ey�lh]h�qlh[u�hij_^_eblv�Zkbfilhlbq_kdh_�ih\_^_gb_�fhf_glh\� )(tm
v
r  

ijb�t:���\uqbkebf�D–������Ba�\ujZ`_gby��4.24) 
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Ih^klZ\eyy��4.29��\��4.25���ihemqbf 
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?keb� mkeh\b_� �4.28�� \uihegy_lky� > ∞<∞)(
2
1σ @�� \k_� ^jh[gu_� fhf_glu�

(4.30�� ijb� r >.– �� h]jZgbq_gu�� b� klZpbhgZjgZy� iehlghklv� \_jhylghklb�
Pst(x) = Px(x,���bf__l�\b^ 
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Hlf_lbf��qlh�nmgdpby�Pst(x) –�q_lgZy��qlh�lZd`_�ih^l\_j`^Z_lky�l_f�nZdlhf��
qlh� 0)(

1 =∞rm ��AgZq_gb_�nmgdpbb�Pst(x��\�lhqd_�x =��aZ\bkbl�hl�iZjZf_ljZ�.��_k�
eb�0 <.<���lh�Pst(0) =���_keb�.=���lh�Pst(0) = [ ])(2

2/)(
2
1 ∞∞ σπσ

e ��b�_keb�.< 0, 

lh�Pst(0) = 0. 

?keb� mkeh\b_� �4.28�� g_� \uihegy_lky� > ∞=∞)(
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0
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  (4.31) 

 

>ey�x���i_j\uf�keZ]Z_fuf�wdkihg_glu�\��4.31��fh`gh�ij_g_[j_qv�\�kjZ\g_gbb�
kh�\lhjuf�keZ]Z_fuf��ihemqbf 
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>ey�x = 0 �\ujZ`_gb_��4.31��fh`gh�ij_^klZ\blv�\�\b^_ 
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LZdbf�h[jZahf��agZq_gb_�klZpbhgZjghc�iehlghklb�\_jhylghklb�\kx^m�jZ\gy_l�
ky�gmex��djhf_�lhqdb�x = 0 ��\�dhlhjh_�__�agZq_gb_�–�[_kdhg_qghklv� 

Qlh[u�[u�emqr_�ihgylv�ih\_^_gb_�Pst(x��\�hdj_klghklb�lhqdb�x =���hij_�
^_ebf�\_jhylghklv 
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>ey�i_j\h]h�bgl_]jZeZ�\\_^_f�gh\mx�i_j_f_ggmx�z = ln u��\lhjhc�–�ij_^klZ\bf�
\�ke_^mxs_f�\b^_ 
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L�_��� \ujZ`_gb_� �4.36�� ij_^klZ\ey_l�nmgdpbx�O_\bkZc^Z h(s). B� \_jhylghklv�
W0(���fh`gh�ij_^klZ\blv�\�\b^_ 
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Wlh�hagZqZ_l��qlh�^ey�[hevrbo�\j_f_g�iheh\bgZ�qZklbp�[m^_l�ehdZebah\ZgZ�\�
hdj_klghklb�gmey��Z�^jm]Zy�iheh\bgZ�mklj_fblky�d�iexk�beb�fbgmk�[_kdhg_qgh�
klb� 

LZdbf� h[jZahf�� mqblu\Zy� wlh� \ujZ`_gby�� Z� lZd`_� \ujZ`_gby� �4.32�� b�
(4.33���fh`gh�k^_eZlv�\u\h^��qlh�^ey�kemqZy� ∞=∞)(

2
1σ �klZpbhgZjgZy�iehlghklv�

\_jhylghklb�g_�kms_kl\m_l� 
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4.4. =Zjfhgbq_kdbc�hkpbeeylhj�k�nemdlmbjmxsbfb�iZjZf_ljZfb 

JZkkfhljbf� kbevgh� aZlmoZxsbc� ]Zjfhgbq_kdbc� hkpbeeylhj� k�nemdlmb�
jmxs_c�qZklhlhc�b�kdhjhklvx��Dhhj^bgZlZ�qZklbpu�hibku\Z_lky�mjZ\g_gb_f�
EZg`_\_gZ� �4.1�� k� ebg_cguf� fmevlbiebdZlb\guf�rmfhf� f1(t�� b� Z^^blb\guf�
rmfhf�f2(t) (.=����?keb�nemdlmZpbb�qZklhlu�ij_g_[j_`bfh�fZeu��lh]^Z�iehl�
ghklv�\_jhylghklb�^ey�dhhj^bgZlu�qZklbpu�bf__l�\b^��4.15���Khhl\_lkl\_ggh��
_keb�ij_g_[j_`bfh�fZeu�nemdlmZpbb�kdhjhklb��hgZ�^Z_lky�\ujZ`_gb_f��4.20). 

Ij_^iheZ]Zy�f_`^m�rmfZfb�aZ\bkbfhklv��4.10���iehlghklv�\_jhylghklb�^ey�dh�
hj^bgZlu� qZklbpu� fh`gh� ij_^klZ\blv� \� \b^_� bgl_jiheypbhgghc� nhjfmeu�
(4.18���^Zxs_c�lhqgu_�j_amevlZlu�\�mdZaZgguo�\ur_�qZklguo�kemqZyo� 

=jZnbdb�gZa\Zgguo�iehlghkl_c�\_jhylghklb�^ey�wdkihg_gpbZevguo�dhj�
j_eypbhgguo�nmgdpbc� �4.19�� ]Zmkkh\kdbo�rmfh\� f1(t�� b� f(t�� ij_^klZ\e_gu� gZ�
jbk������;_ajZaf_jguc�iZjZf_lj���jZ\_g� λω 2

2
0 ��ij_^iheZ]Z_lky��qlh�dhwnnbpb�

_gl�aZlmoZgby���gZfgh]h�[hevr_�qZklhlu�dhe_[Zgbc�&0, �>>&0��>ey�fhf_glh\�
\j_f_gb� t >> (2�)–1� �\� kemqZ_� [_ajZaf_jgh]h� \j_f_gb� t!!��� fZkkhc� qZklbpu�
fh`gh�ij_g_[j_qv��b�ijb[eb`_gb_�kbevgh]h� aZlmoZgby�ijb_fe_fh�hibku\Z_l�

[����� ���� ���� ���� ����

3[�[��W�

�

�

�

�

�

Jbk�������=jZnbdb�iehlghkl_c�\_jhylghklb�ijb�x0 = 1 ,  � = 0,1, t = 10, 21 = 2 = 10. 

ImgdlbjgZy�djb\Zy�– D1 = �����b�D = ���lhq_qgZy�djb\Zy�– D1 = ��b�D = 0,01; 

kiehrgZy�djb\Zy�– D1 = �����b�D = 0,01. 
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__� w\hexpbx��IjbgbfZ_lky�� qlh� ^bki_jkby�D1�fmevlbiebdZlb\gh]h�rmfZ�gZ�
fgh]h� f_gvr_� iZjZf_ljZ� ��� qlh� h[_ki_qb\Z_l� \hkklZgZ\eb\Zxsbc� oZjZdl_j�
fmevlbiebdZlb\ghc� kbeu�� LZd`_� \j_fy� j_eZdkZpbb� kbkl_fu� �–1� kjZ\gbfh� kh�
\j_f_gZfb�dhjj_eypbb�rmfh\�21�b�2��qlh�\uau\Z_l�g_h[oh^bfhklv�ijbf_g_gby�
fh^_eb�p\_lgh]h�rmfZ� 

<ujZ`_gby�^ey�kj_^g_]h� agZq_gby�dhhj^bgZlu�qZklbpu�b�__�^bki_jkbb�
(4.25��bf_x�\b^ 

 

 



 −=〉〈 ttxtx κσ )(
2

1
exp)(

2
10 , (4.37) 

 [ ] [ ]{ } [ ])(2exp)()(exp)(2exp)()(
2
1

22
1

2
1

22
tttttmtx σσσσσ +−= , (4.38) 

 

]^_� )(
2
1 tσ , m(t��b� )(2

tσ �^Zxlky�\ujZ`_gbyfb��4.8), (4.12��b��4.13���khhl\_lkl\_g�
gh� 

Hij_^_ebf� h[eZklv� ijbf_gbfhklb� bgl_jiheypbhgghc� nhjfmeu� ^ey�
iehlghklb�\_jhylghklb��4.18��ijb�hibkZgbb�\j_f_gghc�w\hexpbb�kbevgh�aZlm�
oZxs_]h�hkpbeeylhjZ�k�^\mfy�g_aZ\bkbfufb�]Zmkkh\kdbfb�p\_lgufb�rmfZfb��
>ey� wlh]h� aZibr_f�\ujZ`_gby�kj_^g_]h� agZq_gby� �4.37��b�^bki_jkbb� �4.38��\�
kemqZ_�]Zmkkh\kdbo�[_euo�rmfh\��l�_��r1(u) = D1/(u��b�r(u) ='/(u���ijb�gme_\hf�
iZjZf_lj_��: 

 

 
tD

extx 1
0)( =〉〈 , (4.39) 

 ( ) tDtDtD
x Dteeext 111 4242

0
2

2)( +−=σ . (4.40) 

 

KjZ\gbf�wlb�ijb[eb`_ggu_�j_amevlZlu�k�lhqgufb�j_amevlZlZfb�\�kemqZ_�]Zmk�
kh\kdbo� [_euo�rmfh\� \� bkqbke_gbb�KljZlhgh\bqZ� ijb� gme_\hf� iZjZf_lj_� � 

�ih^imgdl�����������HdZau\Z_lky��qlh�kj_^gb_�agZq_gby��3.51��b��4.39��iheghklvx�
kh\iZ^Zxl�� Z� ^bki_jkbb� �3.53�� b� �4.40�� hlebqZxlky� \lhjufb� keZ]Z_fufb�
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)1(
2

14

1

2 −
∆

∆ ∆ t
e �b� tD

Dte 14
2 ��Qlh[u�qbke_ggu_�agZq_gby�ihke_^gbo�klZlbklbq_kdbo�

oZjZdl_jbklbd� [ueb� ijZdlbq_kdb� [ebadbfb�� gZeh`bf� h]jZgbq_gby�� ��� bgl_g�
kb\ghklv�Z^^blb\gh]h�rmfZ�gZfgh]h�f_gvr_�bgl_gkb\ghklb�fmevlbiebdZlb\�
gh]h�rmfZ��l�_��û2 <<û1�� ���ijhba\_^_gb_�bgl_gkb\ghklb�Z^^blb\gh]h�rmfZ�b�
\j_f_gb�fgh]h�f_gvr_�_^bgbpu��l�_��Dt�����=jZnbdb�iehlghkl_c�\_jhylghklb�
(3.44��b� �4.18��ijb�mdZaZgguo�h]jZgbq_gbyo�ijb\_^_gu�gZ�jbk������Hgb�^hklZ�
lhqgh�ohjhrh�gZdeZ^u\Zxlky�^jm]�gZ�^jm]Z� 

LZdbf�h[jZahf��bgl_jiheypbhggZy�nhjfmeZ�fh`_l�[ulv�ijbf_gbfZ�ijb�
bkke_^h\Zgbb� w\hexpbb�hkpbeeylhjZ�\�gZqZevgu_�fhf_glu�\j_f_gb�\�kemqZ_�
keZ[h]h�Z^^blb\gh]h�rmfZ�� 
 

 

[���� ��� ��� ���

3[�[��W�

���

���

���

���

���

Jbk�������=jZnbdb�nmgdpbb�jZkij_^_e_gby�\_jhylghklb�^ey�kemqZy�lhqgh]h��lhq_qgZy�djb�
\Zy��b�ijb[eb`_ggh]h�j_amevlZlZ��kiehrgZy�djb\Zy��ijb�x0 = 1 ,  � = 0, t = 10, 21 = 2 = 0, 

D1 = �����b�D = 0,001. 
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4.5. <u\h^u�d�jZa^_em�� 

��� Bkke_^h\Zgb_� \j_f_gghc� w\hexpbb� kbevgh� aZlmoZxs_c� klhoZklbq_�
kdhc�kbkl_fu�k�ebg_cghc�\hkklZgZ\eb\Zxs_c�kbehc�b�^\mfy�fmevlbiebdZlb\�
gufb�p\_lgufb�rmfZfb��Zfieblm^u�dhlhjuo�aZ\bkyl�hl�iZjZf_ljZ�khklhygby�
kbkl_fu�x�dZd�x�b�_x|

.��^hklb]Z_lky�iml_f�jZkkfhlj_gby�ki_pbZevghc�aZ\bkbfh�
klb�f_`^m�rmfZfb��Ijb�lZdhf�ih^oh^_�iZjZf_lj�khklhygby�fh`_l�[ulv�ij_^�
klZ\e_gZ�\�\b^_�ijhba\_^_gby�^\mo�g_aZ\bkbfuo�kl_i_ggh-ghjfZevgh]h�b�eh]Z�
jbnfbq_kdb-ghjfZevgh]h� ijhp_kkh\�� Wlh� iha\hey_l� aZibkZlv� \ujZ`_gby�
g_klZpbhgZjghc�iehlghklb�\_jhylghklb�b�^jh[guo�fhf_glh\� 

��� KjZ\g_gb_� lhqguo� j_amevlZlh\� ^ey� g_aZ\bkbfuo� ]Zmkkh\kdbo� [_euo�
rmfh\�\�bkqbke_gbb�KljZlhgh\bqZ�ijb�gme_\hf�iZjZf_lj_�\hkklZgZ\eb\Zxs_c�
kbeu�kh�ki_pbZevgufb�j_amevlZlZfb�ihdZau\Z_l��qlh�hgb�ohjhrh�kh]eZkmxlky�
ijb�hibkZgbb�\j_f_gghc�w\hexpbb�hkpbeeylhjZ�k�nemdlmbjmxs_c�qZklhlhc�b�
kdhjhklvx�^ey�gZqZevguo�fhf_glh\�\j_f_gb�ijb�keZ[hf�Z^^blb\ghf�rmf_� 

J_amevlZlu��ij_^klZ\e_ggu_�\�^Zgghf�jZa^_e_��him[ebdh\Zgu�\�jZ[hlZo�
[8,10,11]. 
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<U<H>U 

<� ^Zgghc� ^bkk_jlZpbhgghc� jZ[hl_� jZkkfhlj_gu� ijhkljZgkl\_ggh-

h^ghjh^gu_�klhoZklbq_kdb_�kbkl_fu��khklhygb_�dhlhjuo�fh`_l�[ulv�^hklZlhq�
gh�ohjhrh�hibkZgh�h^ghc�^bgZfbq_kdhc�i_j_f_gghc��<�kemqZ_�kbevgh]h�aZlm�
oZgby�bkke_^h\ZgZ�bo�\j_f_ggZy�w\hexpby�ih^�\ha^_ckl\b_f�^\mo�rmfh\. GZb�
[he__�\Z`gufb�j_amevlZlZfb�^bkk_jlZpbb�y\eyxlky�ke_^mxsb_� 

1. >ey�g_ebg_cguo�kbkl_f�\�ijb[eb`_gbb�\aZbfgh-dhjj_ebjh\Zgguo�]Zmk�
kh\kdbo�[_euo�rmfh\�mklZgh\e_gh��qlh�baf_g_gb_�dhwnnbpb_glZ�\aZbf�
ghc�dhjj_eypbb�fh`_l�ijb\h^blv�d�dZq_kl\_gghfm�baf_g_gbx�jZ\gh\_k�
ghc� iehlghklb� \_jhylghklb� ^bgZfbq_kdhc� i_j_f_gghc�� L_f� kZfuf��
\uy\e_gZ�dhgkljmdlb\gZy�jhev�\aZbfghc�dhjj_eypbb�\�y\e_gbb�h^ghfh�
^Zevgh]h-[bfh^Zevgh]h�g_jZ\gh\_kgh]h�i_j_oh^Z� 

2. Bkke_^h\ZgZ�\j_f_ggZy�w\hexpby�kbkl_fu�\�g_klZpbhgZjghc�kj_^_��JZk�
kfhlj_gb_� ijh\_^_gh� gZ� ijbf_j_� kbevgh� aZlmoZxs_]h� ]Zjfhgbq_kdh]h�
hkpbeeylhjZ�k�dhwnnbpb_glhf�aZlmoZgby��baf_gyxsbfky�\h�\j_f_gb�ih�
kl_i_gghfm�aZdhgm��MklZgh\e_gh��qlh�kemqZcgu_�hkpbeeypbb��\ua\Zggu_�
nemdlmZpbyfb�`_kldhklb��oZjZdl_jbamxlky�klZlbklbq_kdbfb�fhf_glZfb��
g_h]jZgbq_ggh�\hajZklZxsbfb�\h�\j_f_gb� 

3. Bamq_gZ�ZghfZevgZy�^bnnmaby�qZklbp��kh\_jrZxsbo�h^ghf_jgh_�^\b`_�
gb_�\�kemqZcghf�ihe_�kdhjhkl_c��dhlhjh_�ihjh`^Z_lky�dhjj_ebjh\Zggu�
fb� fmevlbiebdZlb\gufb�rmfZfb�� JZkkfhlj_gb_� ijh\_^_gh� ^ey� kemqZy�
[hevrh]h� lj_gby�� baf_gyxs_]hky� \h� \j_f_gb�ih� kl_i_gghfm� aZdhgm��<�
aZ\bkbfhklb� hl� iZjZf_ljh\� aZlmoZgby� b� rmfh\� \uy\e_gu� ke_^mxsb_�
^bnnmabhggu_�j_`bfu��ghjfZevguc��km[^bnnmabhgguc��kmi_j^bnnmab�
hgguc��wdkihg_gpbZevguc��aZlygmluc�wdkihg_gpbZevguc��k`Zluc�wdkih�
g_gpbZevguc��eh]Zjbnfbq_kdbc� 
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4. <� ki_pbZevghf� deZkk_� kbkl_f� k� ebg_cguf� fmevlbiebdZlb\guf�rmfhf�
h[gZjm`_gh�g_lbibqgh_�^ey�h[uqguo�^bnnmabhgguo�ijhp_kkh\�baf_g_�
gb_� oZjZdl_jZ� ^bnnmabb� ijb� baf_g_gbb� bgl_gkb\ghklb� û� wlh]h�rmfZ��
IhdZaZgh��qlh�kms_kl\m_l�djblbq_kdh_�agZq_gb_�bgl_gkb\ghklb�ûcr�lZdh_��
qlh�ijb�û�ûcr�bf__l�f_klh�km[^bnnmaby��f_^e_ggZy�^bnnmaby���ijb�û ûcr 

–�ghjfZevgZy�^bnnmaby��Z�ijb�û!ûcr –�kmi_j^bnnmaby� �[ukljZy�^bnnm�
aby�� 

5. Bkke_^h\ZgZ� \j_f_ggZy� w\hexpby� kbevgh� aZlmoZxs_]h� ]Zjfhgbq_kdh]h�
hkpbeeylhjZ�� \ha[m`^Z_fh]h�^\mfy�bklhqgbdZfb�p\_lgh]h�rmfZ��JZajZ�
[hlZg�f_lh^�hij_^_e_gby�g_klZpbhgZjghc�iehlghklb�\_jhylghklb�^ey�^b�
gZfbq_kdhc�i_j_f_gghc�b�__�fhf_glh\��MklZgh\e_gh��qlh�kj_^g__�agZq_�
gb_� ^bgZfbq_kdhc� i_j_f_gghc� wdkihg_gpbZevgh� m[u\Z_l� \h� \j_f_gb� b�
hij_^_ey_lky� iZjZf_ljZfb� nemdlmbjmxs_]h� dhwnnbpb_glZ� `_kldhklb��
_]h�kj_^gbf�agZq_gb_f�b�dhjj_eypbhgghc�nmgdpb_c� 
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ijb�2:��g_y\ghc�jZaghklghc�ko_fu 

 

 ∑
=

+=
2

1

))(())((
i

iii Wtxgtxfx δτδ , (A.1) 

 

]^_�/[ = x(t + 2) – x(t); 

ti = t + �i2; 0� �i�1; 

/:i = Wi(t + 2) – Wi(t) –�ijbjZs_gby�\bg_jh\kdbo�ijhp_kkh\�Wi(t���dhlh�
ju_�m^h\e_l\hjyxl�mkeh\byf 

 

 0=iWδ ,     τδδ ijji WW ∆= 2 , (A.2) 

 

]^_� \_jlbdZevgZy� q_jlZ� hagZqZ_l� mkj_^g_gb_� ih� ijbjZs_gbyf� \bg_jh\�
kdbo�ijhp_kkh\� 

Hlf_lbf��qlh�\hafh`gu_�agZq_gby�iZjZf_ljZ�dhjj_eypbb�r�h]jZgbq_gu�g_jZ�
\_gkl\hf�_r|����ihlhfm�qlh� 0)2(2)( 2121

2
21 ≥∆∆±∆+∆=± rWW τδδ . 

LZd� dZd� jZ\_gkl\h� x(ti) = x(t) + �i/[� aZibku\Z_lky� k� lhqghklvx� ^h�i_j\h]h�
ihjy^dZ�ih�/[��jZaeh`bf�^h�i_j\h]h�ihjy^dZ�nmgdpbx�gi(x(ti)): 

 

gi(x(ti)) = gi(x(t)) + gi'(x(t))�i/x, 

 



 
134 

b�ih^klZ\bf�__�\�\ujZ`_gb_��A.1���ihemqbf 

 

∑∑
==

′++=
2

1

2

1

))(())(())((
i

iii
i

ii WxtxgWtxgtxfx δδγδτδ . 

 

<�wlh�\ujZ`_gb_�\f_klh�/[�ihklZ\bf�\ujZ`_gb_� �A.1��b��ijbgbfZy�\h�\gbfZ�
gb_��qlh� 21τδ ∝iW ��aZibr_f�k�lhqghklvx�^h�i_j\h]h�ihjy^dZ�ih�2�hdhgqZl_ev�
gmx�nhjfmem�^ey�/[ 

 

 ∑ ∑∑
= ==

′++=
2

1

2

1

2

1

))(())(())(())((
i j

jijii
i

ii WWtxgtxgWtxgtxfx δδγδτδ . (A.3) 

 

AZl_f��\\_^_f�^\Z`^u�^bnn_j_gpbjm_fmx�nmgdpbx�u(x��b�\uqbkebf�jZaghklv�
/u = u(x(t + 2)) – u(x(t���� Ih^klZ\eyy� �A.3�� \� ijb[eb`_ggmx� nhjfmem�
/u = /[X�(x(t)) + 1/2(/[)

2
u�(x(t����gZc^_f�k�lZdhc�`_�kZfhc�lhqghklvx��dZd�b�\ujZ�

`_gb_��A.3) 

 

 +′+′= ∑
=

2

1

))(())(())(())((
i

ii Wtxgtxutxftxuu δτδ  

 +′′+ ∑ ∑
= =

2

1

2

1

))(())(())((
i j

jijii WWtxgtxgtxu δδγ  

 ∑ ∑
= =

′′+
2

1

2

1

))(())(())((
2

1

i j
jiji WWtxgtxgtxu δδ . (A.4) 

 

Ke_^mxsbc�rZ]� khklhbl� \� mkj_^g_gbb� �A.4��� J_amevlZl� aZibr_f� \� ke_�
^mxs_f�\b^_� 〈⋅〉=〉〈 uδ ��]^_�lhqdZ�hagZqZ_l�ijZ\mx�qZklv�\ujZ`_gby��A.4���<\_�
^_f�\�jZkkfhlj_gb_�iehlghklv�\_jhylghklb�P(x, t��lh]h��qlh�x(t) = x��Lh]^Z 
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 ∫
∞

∞−

≡〉〈=〉〈 ),()()())(( ),( txPxdxuxutxu txP .  

 

Ke_^h\Zl_evgh��fh`gh�aZibkZlv 

 

〉〈 uδ  = 〉+〈 ))(( τtxu  – 〉〈 ))(( txu  = ∫
∞

∞−

−+ )],(),()[( txPtxPxdxu τ  = 

= ∫
∞

∞−

−+
τ

ττ ),(),(
)(

txPtxP
xdxu      (2 :���� 

 

LZdbf�h[jZahf� 
 

 ∫
∞

∞− ∂
∂

=〉〈 ),()( txP
t

xdxuu τδ      (2 :���� (A.5) 

 

>Ze__��lZd�dZd� 〈⋅〉 �fh`_l�[ulv�ij_^klZ\e_gh�\�nhjf_�^\moklmi_gqZlh]h�mkj_^�
g_gby��l�_�� ),( txP〉⋅〈=〈⋅〉 ��\ujZ`_gby��A.2��b��A.4��^Zxl 

 

 

),(

2

1

2

1

2

1

2

1

)()()()()()(2)()(

txPi j
jiij

i j
jiiji xgxgxuxgxgxuxfxu ∑ ∑∑ ∑

= == =
∆′′+′∆′+′=〈⋅〉 γτ .  

  (A.6) 

 

<\_^_f�ke_^mxsb_�h[hagZq_gby 

 

 ∑ ∑
= =

′∆=
2

1

2

1

)()(2)(
i j

jiiji xgxgxh γ , (A.7) 

 ∑ ∑
= =

∆=
2

1

2

1

)()()(
i j

jiij xgxgxd . (A.8) 
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Bkihevamy�bgl_]jZevgh_�ij_^klZ\e_gb_�kj_^gbo�agZq_gbc�b�ijbgbfZy�a_jdZev�
gu_� ]jZgbqgu_�mkeh\by�� l�_��ihlhd�\_jhylghklb�h[jZsZ_lky�\�gmev�gZ�dhgpZo�
bgl_j\ZeZ��.,����dhlhjuc�\�qZklghklb�fh`_l�[ulv�[_kdhg_qguf��ijhbgl_]jbjm�
_f�ih�qZklyf��GZc^_f 

 

∫ ∂
∂

−=〉′〈
β

α

),()()()()( txPxf
x

xdxuxfxu , 

∫ ∂
∂

−=〉′〈
β

α

),()()()()( txPxh
x

xdxuxhxu , 

∫ ∂
∂

=〉′′〈
β

α

),()()()()(
2

2

txPxd
x

xdxuxdxu . 

 

LZdbf�h[jZahf��\ujZ`_gb_��A.6��ijbf_l�\b^ 

 

 ∫
∞

∞− 







∂
∂

++
∂
∂

−=〈⋅〉 ),()(),()]()([)(
2

2

txPxd
x

txPxhxf
x

xdxuτ . (A.9) 

 

GZdhg_p��kjZ\gb\Zy�ijZ\u_�qZklb�\ujZ`_gbc��A.5��b��A.9��b�ijbgbfZy�\h�\gb�
fZgb_��qlh�u(x) –�ijhba\hevgZy�nmgdpby��ihemqbf�mjZ\g_gb_�Nhdd_jZ-IeZgdZ�
(2.8���Wlh�mjZ\g_gb_�klZlbklbq_kdb�wd\b\Ze_glgh�mjZ\g_gbx�EZg`_\_gZ� �2.6). 

IjbgbfZy�^Zgguc�ih^oh^�^ey�\uqbke_gby�mkeh\gh]h�kj_^g_]h�
00 )(

))((
xtx

txu =
〉〈  

(t0� t��� fh`gh� ih^l\_j^blv�� qlh� iehlghklv� mkeh\ghc� \_jhylghklb� P(x, t | x0, t0) 

m^h\e_l\hjy_l�wlhfm�`_�mjZ\g_gbx�Nhdd_jZ-IeZgdZ� �2.8���Gm`gh�lZd`_�h[jZ�
lblv�\gbfZgb_�gZ�lh��qlh�wlh�mjZ\g_gb_�lZd`_�ijbf_gbfh�\�h[s_f�kemqZ_��dh�
]^Z�nmgdpbb�f (x��b�gi(x��y\gh�aZ\bkyl�hl�\j_f_gb� 

Wlb�j_amevlZlu�ihdZau\Zxl��qlh�mjZ\g_gb_� �2.6��hij_^_ey_l�fZjdh\kdbc�
^bnnmabhgguc�ijhp_kk�k�dhwnnbpb_glhf�kghkZ��jZ\guf�f (x) + h(x��b�dhwnnbpb�
_glhf�^bnnmabb��jZ\guf��d(x���Kh[kl\_ggu_�agZq_gby�fZljbpu�ûij�bf_xl�\b^ 
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 21
22

21
21

2,1 4)(
2

1

2
∆∆+∆−∆±

∆+∆
= rκ .  

 

Hgb�g_hljbpZl_evgu_��wlh�hagZqZ_l��qlh�\ujZ`_gb_��A.8) –�g_hljbpZl_evgh�hi�
j_^_e_ggZy�d\Z^jZlbqgZy�nhjfZ��l�_��d(x)����Iheghklvx�\ujh`^_gguc�kemqZc�
d(x)A��bf__l�f_klh��_keb�����g1(x) = g2(x) A�������û1� �û2� �������û1� ����û2�!����b�
g2(x) A���>beb�û2� ����û1�!����b�g1(x) A��@�����r = –���û1� �û2�!����b�g1(x) = g2(x��>beb�
r�  ���û1�  �û2� !� ���b�g1(x) = – g2(x�@��Mkeh\by� ��-���ij_^klZ\eyxl�ljb\bZevgu_�
kemqZb��\�dhlhjuo�rmfu�g_�\ha^_ckl\mxl�gZ�kbkl_fm��Z�mkeh\b_����hagZqZ_l��qlh�
rmfu� iheghklvx� g_cljZebamxl� ^jm]� ^jm]Z�� l�_��� 0)]()([

2
21 =〉±〈 tt ξξ � _keb�

1#=r ��<h�\k_o�hklZevguo�kemqZyo� 0)( ≠xd . 

KjZ\gb\Zy� mjZ\g_gb_� Nhdd_jZ-IeZgdZ� �1.9�� k� mjZ\g_gb_f� Nhdd_jZ-

IeZgdZ��2.8���fh`gh�k^_eZlv�\u\h^��qlh�mjZ\g_gb_�EZg`_\_gZ��1.4���\�dhlhjhf�
[_euc� rmf� oZjZdl_jbam_lky� \ujZ`_gb_f� �1.5��� klZlbklbq_kdb� wd\b\Ze_glgh�
mjZ\g_gbx�EZg`_\_gZ� �2.6���\�dhlhjhf�[_eu_�rmfu�oZjZdl_jbamxlky�\ujZ`_�
gb_f��2.7���ijbgbfZ_lky�h^bgZdh\h_�gZqZevgh_�mkeh\b_�^ey�h[hbo�mjZ\g_gbc���
_keb 

 

 F(x) = f (x) + h(x) – �d'(x),     ∆= )()( xdxG . (A.10) 

 

Hlf_lbf��qlh�^ey�kbkl_f�k�h^gbf�rmfhf�khhlghr_gb_�H(x) = �D�(x��\k_]^Z�
\uihegy_lky�� l�_��� )()( xDxH ′∝ ��>ey� kbkl_f� k� ^\mfy�rmfZfb� hgh� aZf_gy_lky�
h[sbf�khhlghr_gb_f��>ey�lh]h�qlh[u�_]h�gZclb��mql_f��qlh 

 

∑
=

∆=
∂
∂ 2

1

)(2
)(

)(

j
jij

i

xg
xg

xd
,     

dx

xdg

xg

xd
xd i

i i

)(

)(

)(
)(

2

1

∑
= ∂

∂
=′ . 
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LZdbf�h[jZahf��fh`gh�aZibkZlv 

 

 ∑
= ∂

∂′=
2

1 )(

)(
)()(

i i

ii
xg

xd
xgxh γ . (A.11) 

 

:gZebabjmy� \ujZ`_gb_� �A.11��� fh`gh� k^_eZlv� \u\h^�� qlh� khhlghr_gb_�
)()( xdxh ′∝ � \uihegy_lky� lhevdh� \� qZklguo� kemqZyo�� gZijbf_j�� _keb�

g1(x) = FRQVW��beb�g2(x) = FRQVW��beb��1 = �2��beb�g1(x) = g2(x). 
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IJBEH@?GB?�; 

J_r_gb_�g_klZpbhgZjgh]h�mjZ\g_gby�Nhdd_jZ-IeZgdZ 

 

 

Ihemqbf�iehlghklv�\_jhylghklb��3.24��^ey�dhhj^bgZlu�qZklbpu�x(t��k�ih�
fhsvx�Zevl_jgZlb\gh]h�f_lh^Z��hkgh\Zggh]h�gZ�j_r_gbb�mjZ\g_gby�Nhdd_jZ-

IeZgdZ��;m^_f� iheZ]Zlv�� qlh� dZ`^uc�fmevlbiebdZlb\guc� ]Zmkkh\kdbc� [_euc�
rmf��i(t��oZjZdl_jbam_lky�k\hbf�kh[kl\_gguf�iZjZf_ljhf��i� �kf��Ijbeh`_gb_�
:���MjZ\g_gb_�Nhdd_jZ-IeZgdZ��khhl\_lkl\mxs__�mjZ\g_gbx�EZg`_\_gZ��3.17), 

bf__l�\b^ 

 

 ),()(),()(),()(
2

2
2

txPxd
x

txPxh
x

txP
t

t xxx ∂
∂

+
∂
∂

−=
∂
∂λ , �;�1) 

 

]^_�Px(x, 0) = /(x – x0); 

h(x) –�dhwnnbpb_gl�kghkZ��hij_^_ey_lky�\ujZ`_gb_f��A.7)); 

d(x) –�dhwnnbpb_gl�^bnnmabb��hij_^_ey_lky�\ujZ`_gb_f��A.8)). 

>ey�lh]h�qlh[u�ihemqblv�j_r_gb_�mjZ\g_gby� �;�1���\\_^_f�gh\mx�i_j_�
f_ggmx� u = U(x��� ]^_� nmgdpby� U(x�� [m^_l� hij_^_e_gZ�� ?keb� nmgdpbb� U(x�� b� 
U

–1
(u��y\eyxlky�\aZbfgh�h[jZlgufb�b�U'(x) >���lh]^Z 

 

 Px(x, t) = Pu(u, t)U'(x). �;�2) 

 

<�khhl\_lkl\bb�k�\ujZ`_gb_f��;�1���iehlghklv�\_jhylghklb�Pu(u, t��kemqZcgh]h�
ijhp_kkZ�u(t) = U(x(t���m^h\e_l\hjy_l�mjZ\g_gbx�Nhdd_jZ-IeZgdZ��^ey�dhlhjh]h�
dhwnnbpb_glu� kghkZ�b�^bnnmabb� �dZd�nmgdpbb� klZjhc�i_j_f_gghc� x��bf_xl�
\b^�>34] 

 

 h
~

(x) = h(x)U'(x) + d(x)U''(x),     d
~

(x) = d(x)[U'(x)]
2
.  
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?keb�\u[jZlv�d~ (x�� ����lh]^Z�U'(x) = 1 / )(xd �b 

 

 
)(2

)()(2
)(

~

xd

xdxh
xh

′−
= .  

 

AZf_qZl_evgh��_keb��i =�����l�_���_keb�bkihevam_lky�bkqbke_gb_�KljZlhgh�
\bqZ� ^ey� mjZ\g_gby� EZg`_\_gZ� �3.17��� lh]^Z� h

~
(x) =�� b� mjZ\g_gb_� Nhdd_jZ-

IeZgdZ�^ey�iehlghklb�\_jhylghklb�Pu(u, t��ijbf_l�ijhkl_crmx�nhjfm 

 

 ),(),()(
2

2
2

tuP
u

tuP
t

t uu ∂
∂

=
∂
∂λ , �;�3) 

 

]^_�Pu(u, 0) = /(x – x0) )(xd  –�gZqZevgh_�mkeh\b_� 
Ihemqbf� j_r_gb_� wlh]h� mjZ\g_gby� f_lh^hf� oZjZdl_jbklbq_kdhc� nmgdpbb�
[141@��Mfgh`bf�h[_�_]h�qZklb�gZ�\ujZ`_gb_� )exp( uiΩ �b�ijhbgl_]jbjm_f�ih�i_�
j_f_gghc�u�\�[_kdhg_qguo�ij_^_eZo� 
 

 )exp(
),(

)(2
ui

t

tuP
dut u Ω

∂
∂

∫
∞

∞−

λ = ∫
∞

∞−

Ω
∂

∂
)exp(

),(
2

2

ui
u

tuP
du u . �;�4) 

 

<\_^_f� \� jZkkfhlj_gb_� oZjZdl_jbklbq_kdmx� nmgdpbx�� Ih� hij_^_e_gbx� hgZ�
jZ\gZ 

 

 ,�, t) = ∫
∞

∞−

Ω ),()exp( tuPuidu u . �;�5) 

 

I_j_c^_f�d�mjZ\g_gbx�^ey�,�, t���>ey�wlh]h�ijhbgl_]jbjm_f�ih�qZklyf�ijZ�
\mx�qZklv�mjZ\g_gby��;�4���Mqblu\Zy�\ujZ`_gb_��;�5���ihemqbf 
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),()(
2

t
dt

d
t ΩΘλ = ),(

2

1 2
tΩΘΩ− . 

 

J_rbf�wlh�mjZ\g_gb_�f_lh^hf�jZa^_e_gby�i_j_f_gguo� 
 

,(, t) = 



 Ω−ΩΘ )(

2

1
exp)0,(

22
tσ , 

 

]^_� )(2
tσ �hij_^_ey_lky�\ujZ`_gb_f��3.11). 

GZqZevgh_�agZq_gb_�oZjZdl_jbklbq_kdhc�nmgdpbb�,(,���gZc^_f�ba��;�5���ih^�
klZ\b\�gZqZevgh_�agZq_gb_�nmgdpbb�jZkij_^_e_gby�Pu(u, 0): 

 

,�, 0) = ∫
∞

∞−

−Ω )()](exp[ 0xxxUidx δ = exp[iU(x0)]. 

 

LZdbf� h[jZahf�� hdhgqZl_evgh_� \ujZ`_gb_� ^ey� oZjZdl_jbklbq_kdhc� nmgdpbb�
bf__l�\b^ 

 

 ,�, t) = 



 Ω−Ω )(

2

1
)(exp

22
0 txUi σ . �;�6) 

 

I_j_c^_f�hl��;�6��d�iehlghklb�\_jhylghklb�Pu(u, t���Bkihevam_f�nhjfmem 

 

 Pu(u, t) = ∫
∞

∞−

ΩΘΩ−Ω ),()exp(
2

1
tuid

π
.  �;�7) 

 

Ih^klZ\bf�\ujZ`_gb_��;�6��\��;�7���ihemqbf 
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Pu(u, t) = ∫
∞

∞− 





 Ω−−Ω−Ω )(

2

1
)]([exp

2

1 22
0 txUuid σ

π
. 

 

Bkihevamy�^ey�\uqbke_gby�wlh]h�\ujZ`_gby�lZ[ebqguc�bgl_]jZe�>142] 

 

∫
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∞−
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=

p

q

p
dxe

qxpx

4
exp

2
2 π

 

 

gZc^_f�hdhgqZl_evgh_�\ujZ`_gb_�^ey�iehlghklb�\_jhylghklb��dhlhjZy�y\ey_lky�
j_r_gb_�mjZ\g_gby��;�3) 
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−=

)(2

)(
exp

)(2

1
),(

2

2
0

t

uu

t
tuPu σσπ

.  

 

GZdhg_p�� ih^klZ\eyy� wlhl� j_amevlZl� \� �;�2�� b� ijbgbfZy� \h� \gbfZgb_�� qlh�
U(x) =��x), d(x) = G

2
(x��b�u =��x���kgh\Z�ihemqbf�\ujZ`_gb_��3.24). 

 

 


