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The solid structural unit heat distribution mathematical model based on the cluster approach accord-
ing to the heterogeneity of physical parameters: the thermal conductivity, heat capacity, density and tem-
perature, allowing to obtain the scaling matrix corresponding to these values in the stationary state, ena-
bling calculation of the transient processes in any cluster, allowing to obtain the temporal dependence of
these quantities in the corresponding coordinate in the direction of heat propagation for crystalline (with
known crystal lattice) and amorphous (with known density) microstructures is presented.
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1. INTRODUCTION

The problem of physical properties and processes
studying, occurring in solids at nano- and micro-sized
levels, exposed to the outside temperature and defor-
mation effects, is quite relevant today, as the develop-
ment of mathematical models of these processes to be
used in predictive calculations and thermal studies of
various substances.

In [1-3] the heat propagation mathematical model
in a homogeneous structural unit was presented. In
that case, density and other physical parameters of the
solid were taken to be isotropic-uniformly distributed
over the volume of the body, that is, in a given model
were in fact independent of space and time variables.
As a result of computer simulation based on actual
physical parameters (density, the physical dimensions
of the structural unit and thermodynamic properties) of
the substance temperature distribution in the sample
depending on the phase of the thermal process was
obtained and the time frame transients in real metals
were calculated. However, more accurate calculation of
the thermodynamic processes occurring in the simulat-
ed and real-world environments requires consideration
of the heterogeneity of the substance, as well as the
time dependence of the physical parameters. This will
allow the in future simulate the real thermal processes
in crystalline structures, which will produce more accu-
rate thermophysical calculations.

2. MODEL CALCULATION

The purpose of this work is the development the
mathematical model of thermal expansion in the struc-
tural unit taking into account its heterogeneity and
dependence of the physical properties of matter on
temperature and time phase of heat process.

In order to be able consider the heterogeneity of the
substance, the modeled structural unit is required to
split into clusters such that each cluster includes a
some atoms belonging to the structural unit (Figure 1).

The cluster size depends on the configuration of the
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PACS numbers: 61.50.Ah, 65.40.Ba

structural unit: the case for the cubic structure is rea-
sonable to take it equal @®0/2, for the face-centered
and the body-centered structures, respectively a®0/3.
For more complicated configurations the partition will
be different depending on the particular mass distribu-
tion. This model is also applicable to amorphous solids,
taking into account the density uniformity.
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Fig.1 — Structural unit divided by clusters

Proceeding from a principle of the mass additivity,
total density of matter in the cluster must match the
integral density of the structural unit, which corre-
sponds to the integral density of all the matter. Physi-
cal properties of the substance within each cluster, at
an initial temperature T, at the initial moment must

comply with the following expressions:
n n n
. Pi . Pi
Co= 2605 Ao =2 s D=1 @
1 1 Po 1 Po

where c;,A,;,p; — heat capacity, thermal conductivity
coefficient, density in ¢ claster at Tj,and 7=0.
Cos 49> P — the integral values of variables.

It will be assumed that on the surface the first clus-

ter temperature is kept constant T; =T, +AT, . Neces-
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sary to find the distribution of temperature in each
cluster i =1, 2, 3...n at the time 7, the amount of heat
accumulated therein in a given period of time, the cool-
ing speed and the temperature gradient at the outlet of
the corresponding cluster.

The system of equations describing the conservation
of enthalpy in clusters in the temperature increments

AT, taking into account AT;j =AT,.

s 1; (Where only bar

means the value one at the input, two bares — at the
output of the cluster) can be written as:

dAT;,.
LA AT AT,
dr j
dAT, A AT - AT
ar AT = @
dAT,, .
A 'ATnj T(n—l)j
T
for the initial conditions 7=0, AT, =0,
Ay = % = const , for a given time period Ar .
CoiP AT
In general for any time point z; solution of (2) takes
the form:
HA e J 7
AT, iy SE—T 3
where ‘ATL] matrix of temperature increment

changes at the outlet of i cluster at any point in time,

— A constant matrix of changes in i cluster for

the given period of time j.

ATy, AT;, | AT Ay A, LA,
TUAT, ATy (AT T Ay A Ay
AT, AT, | AT, Ay Ay A,

The diagonal matrix of the whole body parameters:

By, ZE(ANPU)]- ®)

i

= diag|A; +

1=1,2 38...n
Jj=123

P, — eigenvalues of the matrix ‘Aij

Aij =0, at
1#].

Speed of change outlet temperature increment i
cluster at any moment of time j:

dAT,

- —‘AT ~AT,, (6)
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The temperature gradient in corresponding cluster
at any given time can be written as:

dAT;
dr

AT ~AT,, |
Ar

LIat, | @

d -
@Bl
J

The amount of heat accumulated in the cluster dur-
ing the time interval (rj - TH):

d
‘AQL‘,‘ =P Cij- 1‘ aoA’"[A _drATil”}
®)
However

dAT
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Let us turn to increment of c; o Ay
clj :‘COi i ) ﬂ'ij :‘ (10)

Interrelation of the specific heat increment in corre-
sponding cluster and the the thermal conductivity coef-
ficient, at any moment of time, using (6), (7), (8), (9),
(10) can be represented as:

|Ar- —‘AT ~ AT, \

‘COL
(11

‘AT — AT, \

Shall use the notion of thermodynamic heat capaci-
ty as the amount of heat supplied to the body AQL-j,
relatednessed to the increment of the temperature of

the body ATij . ATij — shall mean the change of the

average integral temperature i cluster at j time mo-
ment. Accordingly, the increment of the specific heat i

claster at any time moment j:

Ac.. = LQU

- 12
T, (12)

where AT, = , m; —mass of i”

claster.
Substituting the expression (12) in (10), we obtain
change of the specific heat of the cluster over time:

At AQL,

AT

(13)

il = ‘Col‘

Using (13) and (11) obtain the increment of the
thermal conductivity coefficient of the cluster at any
given time:
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(a2l S11aT; -a7;, | -
(14)
M 1 P
ij

Equation (14) determines interrelation of heat ca-
pacity and heat conductivity coefficient in correspond-
ing cluster at any given time.

CONCLUSIONS

The mathematical model of heat distribution in
clusters of structural units of the substance, consider-
ing heterogeneity of thermal quantities Ciis Ayjs pi,Aﬂj

the direction of propagation thermal energy allows to
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investigate interrelation of these variables over time.
Using (3-14) in conjunction with (1) makes it possible,

Zn:cij Zn:/iij e, to
1 1

obtain a matrix conformity of these values in the sta-
tionary state. Also, the presented model allows to cal-
culate the the transient processes in each of the clus-
ters for thermal quantities Ac; A/IU,AQU,AT“Q. Moreo-
ver, the model allows to obtain the dependence of these
quantities on time in the given coordinate in the direc-
tion of heat propagation and explore these regularities.
The model is versatile for crystalline solids, if suffi-
ciently known the inner structure, and amorphous
solids with known density.
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Knacrepuas momens pacnpocTpaHeHus TEIJIA B CTPYKTYPHOMU €IUHHIE C YI€TOM HEOJHOPOIHOCTU CPEIbI

K.. Esdpumro, M.B. Vmkai, A.A. MouaJios

Hauyuonanvroiii ynusepcumem rkopabaecmpoerus umernu aomupana Marxaposa,
npocnexm I'epoes Cmanunepaoda 9, 54025 Huronaes, Yepaurna

IIpencraBiena mMareMaTWdecKas MOJEJb PACIIPOCTPAHEHMS TeILIa B CTPYKTYPHOM EIMHUIE TBEPIOTO
TeJia ¢ yYeTOM HEOJTHOPOIHOCTH (DH3MYECKHUX ITapaMeTPOB: TeIIOIPOBOIHOCTH, TEILJIOEMKOCTH, INIOTHOCTH U
TeMIepaTyphl HA OCHOBE KJIACTEPHOTO IIOAXO0AA. JTO IO3BOJIMAJIO MIOJIYYMTh MACIITAOHUPYIOILYI0 MATPHUILY CO-
OTBETCTBUS ITUX BEJIMYWH B CTAIIMOHAPHOM COCTOSTHHH, PACCIUTATE II€PEXOTHBIE IPOITECCH B IIPOU3BOJIIFHOM
KJacTepe, IOJIYIUTH 3aBUCHMOCTb 9TUX BEJIUYWH OT BPEMEHU B COOTBETCTBYIOIIEH KOOPAWHATE II0 HAIIPAB-
JIEHUIO PACIIPOCTPAHEHUS TEIlIA JIJIsI KPUCTAJLUIMIECKUX (C M3BECTHOM PEIIeTKOM) U aMOPQHBIX (C M3BECTHOM

IJIOTHOCTHI0) MUKPOCTPYKTYDP.

Kmiouessie ciosa: HJ’IaCTepHaH MOeJIb, TeHJIOHpOBO,HHOCTI), TeHJIOGMKOCTI), CprKTypHaH eaunHuILla,

Henmoponuas cpena.

Knacrepua momesis poO3nOBCIOIKEHHA TEIJIA B CTPYKTYPHIl OQUHULI 3 ypaXyBaHHIM
HEOJHOPigHOCTI cepenoBuImia

K. 1. €sdpumro, M.B. Vmrai, O.0. Mouasos

Hauionanvruii ynisepcumem xopabnebyoysarus imerni aomipana Makaposa,
npocnexm Iepoie Cmaninepaody 9, 54025 Mukonais, Yipaina

IIpencraBieHo MareMaTHYHy MOZENb MONIMPEHHS TEeIlyIa B CTPYKTYPHIN OJMHUII TBEPOro Tijla 3 ypa-
XyBAHHAM HEOTHOPIAHOCTI (hi3sMUHMX ITapaMeTpiB: TeIJIOMPOBIIHOCTI, TEILJIOEMHOCTI, T'YCTHHHU 1 TeMIIepaTypu
HA OCHOBI KJIACTEPHOTO X0y, IO JO3BOJISE OTPUMATHA MACINTAOYI0YY MATPHUINIO BiIIIOBIIHOCTI ITUX BeJIU-
YMH B CTAIIOHAPDHOMY CTaHIi, PO3paxyBaTH IIEPeXiTHI IIPOIECH B JOBLIBHOMY KJIACTEPl, OTPUMATH 3aJIeK-
HICTh X BEJIMYUH B 4acy y BIJIIOBIIHIN KOOPAWHATI y HAIPSMKY IIONIMPEHHS TEIIa JJIS KPUCTAIIHIX
(3 B1IOMOIO PEITKOI0) 1 aMOpdHUX (3 BIZIOMOIO T'YCTHHOI0) MIKPOCTPYKTYP.

Knrouoeri cnosa: Kinacrepua monens, Termonpoinaicts, Termoemuicts, CrpyrrypHa onuawuis, Heogropi-

JAHEe CepeIOBUIIEe.

04094-3



K.D. EvFIMKO, M.V. USHCATS, A.A. MOCHALOV

REFERENCES

A.A. Mouasios, K.JI. EBpumro, H.A. [llamosan, Mamema-
muune modesmoganns Ne2, 29 (2013) (A.A. Molchanov,
K.D. Efymenko, N.A. Shapoval, Matematychne modelyuvann-
ya No 2, 29 (2013)).

A.A. Mouasio, K.JI. Esdpumro, Bichux CymlY Nel 156
(2008) (A.A. Maslov, K.D. Efymko, Visnyk SumDU No 1
156 (2008)).

0.0. Mouasios, K.J. €sdumro, O.0. laitima, Mamema-
muune modentosarus No 2, 25 (2011) (O.0. Mochalov,
K.D. Evfimko, O.0. Gaysha, Matematychne modelyuvann-
ya No 2, 25 (2011)).

A.A. Mochalov, A.A. Gaisha, K.D. Evfimko, J. Nano- Elec-
tron. Phys. 1 No 1, 62 (2009).

A.A. Mochalov, A.A. Gaisha, K.D. Evfimko, J. Nano- Elec-
tron. Phys. 4 No 2, 02031 (2012).

A.A. Mochalov, A.A. Gaisha, K.D. Evfimko, J. Nano- Elec-
tron. Phys. 6 No 4 04040 (2014).

10.

11.

04094-4

J. NANO- ELECTRON. PHYS. 7, 04094 (2015)

JL.M. Aunmenro, C.10. Jlaspunuior, Mamemamuueckue
OCHOBbL NPOCKTNUPOBAHUSA B8blCOKOMEMNEPAMYPHLIX Mex-
nonoeuueckux npoueccos (M: MarmmuaocTpoenue: 1986)
(.M. Anishchenko, S.Yu. Lavrenyuk, Matematicheskiye
osnovy proyektirovaniya vysokotemperaturnykh tekhnolo-
gicheskikh protsessov (M: Mashinostroyeniye: 1986)).

B.C. Hemxos, B.C.IlonesomoB, Mamemamuueckoe mode-
nuposanue Ha OBM ycmpoiicme 8bicokouacmommo2o
Hazpesa (JIenuurpa: MammHocTpoeHue: 1980)
(V.S. Nemtsov, B.S. Polevodov, Matematicheskoye mod-
elirovaniye na EVM ustroystv vysokochastotnogo nagreva
(Leningrad: Mashinostroyeniye: 1980)).

B.IL. lpimGan, Mamemamuueckoe Mmodenuposanue Me-
maunrypeuweckux npoueccod ( M.: Meramnyprus: 1986)
(V.P. Tsymbal, Matematicheskoye modelirovaniye metal-
lurgicheskikh protsessov ( M.: Metallurgiya: 1986)).

A.M. Kpusnos, /legpopmuposarue u paspyuierue meepovix
men ¢ wmuxpocmpykmypoi ( M.: @Ouamarimr: 2007)
(A.M. Krivtsov, Deformirovaniye i razrusheniye tverdykh
tel s mikrostrukturoy ( M.: Fizmatlit: 2007)).

0.C. JIoboma, A.M. Kpusmos, Hsze. PAH. Mexanurxa meep-
doeo mena Ne 4, 27 (2005) (0O.S. Loboda, A.M. Krivtsov,
Izv. RAN. Mekhanika tverdogo tela No 4, 27 (2005)).


http://jnep.sumdu.edu.ua/en/component/content/full_article/41
http://jnep.sumdu.edu.ua/en/component/content/full_article/41
http://jnep.sumdu.edu.ua/en/component/content/full_article/413
http://jnep.sumdu.edu.ua/en/component/content/full_article/413
http://jnep.sumdu.edu.ua/en/component/content/full_article/1365
http://jnep.sumdu.edu.ua/en/component/content/full_article/1365

