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The main objective of this search work is to study a three dimensional space-phase modified Schrö-

dinger equation with energy dependent potential plus three terms: 
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 is car-

ried out. Together with the Boopp’s shift method and standard perturbation theory the new energy spectra 

shown to be dependent with new atomic quantum in the non-commutative three dimensional real spaces 

and phases symmetries (NC-3D: RSP) and we have also constructed the corresponding deformed noncom-

mutative Hamiltonian for studied potential. 
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1. INTRODUCTION 
 

The search for exact bound-state solutions of non-

relativistic Schrödinger equation for central and non-

central potentials have been a subject of interest in 

materiel sciences, quantum mechanics and different 

fields of sciences [1-25]. In recently years, the Schrö-

dinger equation were extended to noncommutative 

space and phase to gives profound physical and chemi-

cal interpretations of different fields at Nano and 

Plank’s scales [26-51]. In particularly, the energy spec-

trum of heavy quarkouniom (   and  )cc bb  is rich source 

of information on the nature of the interquark force at 

distance inferior 0.1 fm and superior to 1.0 fm [23], we 

want to extend this work to noncommutativity of space 

and phase to discover the new symmetries. The idea of 

noncommutativity was introduced by H. Snyder [51]. 

Recently the new structure of space and phase has 

been developed by formalism of star product, Boopp's 

shift method and the Seiberg-Witten map, the new 

product, known by star product between two arbitrary 

functions  f x  and  g x  (noted by    f x g x ) in first 

order of two parameters   and 


  [26-50]: 
 

 
           

   

2

2

x x

p p

i
f x g x f x g x f x g x

i
f x g x


 



 





     

  

 (1) 

 

The parameters   and 


 are an antisymmetric 

real matrix; the above star-product allow us to obtain 

the two new commutators: 
 

 ˆ ˆ ˆ ˆ, and , ijijx x i p p i   
 



       
 (2) 

 

In present work, we apply Boopp’s shift method in-

stead of solving the deformed Schrödinger equation in 

noncommutative three dimensional real space phase 

(NC-3D:RSP) with star product, the Schrödinger equa-

tion will be treated directly by using the two commuta-

tors, in addition to usual commutator on quantum 

mechanics [30-50]: 
 

 ˆ ˆ ˆ ˆ, and , iji j ij i jx x i p p i          (3.1) 

 

the new two operators ˆ
ix  and ˆ

ip  are depended with 

ordinary operator ix  and ip  from projections rela-

tions, respectively  1c   : 

 

 
ˆ

2

ij

i i jx x p


   And ˆ
2

ij

i i jp p x


   (3.2) 

 

The rest of present paper is organized as follows: in 

the next section, we present briefly review of energy spec-

trum of heavy quarkouniom in ordinary three dimension-

al spaces. Section 3 is devoted to present Boopp’s shift 

method formalism and determine the deformed energy 

dependent potential in (NC-3D: RSP). Section 4 is devoted 

to derive the noncommutative spin-orbital Hamiltonian 

operator for modified energy dependent potential in 

(NC_3D: RSP), the exact spin-orbital spectrum for spin-

orbital Hamiltonian and the exact magnetic spectrum for 

spin-orbital Hamiltonian. In section 5, we resume the 

global spectrum for energy dependent potential and the 

total noncommutative Hamiltonian operator. Some con-

cluding results are given in last section. 

 

2.  BRIEFLY REVIEW OF ENERGY SPECTRUM 

OF HEAVY QUARKOUNIOM IN ORDINARY 

THREE DIMENSIONAL SPACES 
 

In this section, we shall gives a briefly review of en-

ergy spectrum of heavy quarkouniom systems 

http://jnep.sumdu.edu.ua/index.php?lang=en
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(   and  )cc bb  in framework of non-relativistic Schrö-

dinger equation using interquark potential [23]: 
 

    2 2
, , 2

1
, 1

2
n l n l

g
V r E r E

r
     (4) 

 

where , g  and   are constants. The three dimen-

sional Schrödinger equation is [23]: 
 

   

 

2 2
, 2

,

1
1 , ,

2 2

, ,

n l

n l

g
m r E r

r

E r

   


 

 
      
 

 

. (5) 

 

The reduced mass   in terms quark mass qm  and 

antiquark mass
q

m : 

 

 

c c

c c

b b

b b

mm
for cc

m m

m m
for bb

m m







 

 

. (6) 

 

The method of separation of variable has been applied 

in two references [23, 24]: 
 

  
 

 ,
, , , ,

n l
n l m l m

u r
r Y

r
    (7) 

 

Then, eq. (7) reduces to [23, 24]: 
 

 
   

 
2

, ,
,2

1
0

4

n l n l
n l

d u t du t
t t u t

dt tdt



 

     
 

 (8) 

 

where  2't m r , 
2

'

E



 , ( 1) 2l l g     and 

 2 2' 1 E    . Eq. (8) accepts a solution for the form 

[23, 24]: 
 

  , exp ( )
2

n l l

t
u t t R t  

  
 

 (9) 

 

where  
21

1 2 1 8
4

l g 
 

    
 

 and  ( )lR t  satisfies 

the following equation [23, 24]: 
 

2

2

( ) ( )1 1
2 ( ) 0

2 4 4

l l
l

d R t dR t
t t R t

dtdt


 

   
         
   

(10) 

 

The non-singular solution of the above equation is the 

confluent hypergeometric series [23, 24]: 
 

 
1 1

( ) ,2 ;
4 4 2

l rR t F n t


 
 

     
 

 (11) 

 

The normalized eignenfunctions and the discrete ener-

gy eigenvalue of the energy dependent potential are as 

given by [23, 24]: 

 
 

 

1

2
1

2 22
2 1

, ,

2
,

2 '  ! '
exp

1 2
2

2

1
,2 ; ' ,

2

r
n l m

r

r l m

n r
r r

n

F n r Y



 



   





 
   
              

  

 
   

 

 (12) 

 

 2 2 2 2 2
,

1
16

8 8
n l

a
E a a


        (13) 

 

where  
2

4 2 2 1 8ra n l g     . The hypergeomet-

ric series 21
,2 ; '

2
rF n r 

 
  
 

 can be replacing by 

 
3

2
22

3
! 2 !

2
'

3
2 !

2

r

r

n

r

n

L r

n










 
 

 

 
  

 

 to rewetting eignenfunc-

tions as: 
 

 

 
 

   

1

2
1

2
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, ,

32 2
2 1 22
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3
! 2 !
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2 2
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





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 


  






  
   

     
    

        
    

 
   

 

 (14) 

 

3.  BOOPP’S SHIFT METHOD FORMALISM 
 

In order to obtain the modified Schrödinger equa-

tion in noncommutative space and phase, we apply the 

following principal steps for energy dependent poten-

tial  lndp ErV ,,ˆ  [30-50]: 

 We replace the ordinary Hamiltonian  ˆ ,i iH p x  

by noncommutative phase-space Hamiltonian  ˆ ˆ ˆ,i iH p x

; 

 We replace the ordinary complex wave function 

 r  by noncommutative complex wave function  r ; 

 We replace the ordinary energy ,n lE  by new values 

ncdpE  and the old product replace by star product (*). 

Then, we can form the new Schrödinger equation in 

noncommutative space and phase as follows:  
 

 

     

     
,

ˆ ,

ˆ ˆ ˆ,

i i n l

i i nc dp

H p x r E r

H p x r E r

   

  
  (15) 

 

In order to solve the above deformed equation, we 

apply the Boopp’s shift method, which leads to reduce 

the above equation to simplest physical form: 
 

      ˆ ˆ,nc dp i i ncdpH p x r E r    (16) 

 

The new modified Hamiltonian  ˆ ˆ,nc dp i iH p x  ob-
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tained from ordinary Hamiltonian  ˆ ,i iH p x  by apply-

ing the two translations ˆ
i ix x  and ˆ

i ip p  in eq. 

(3.2) as follows: 
 

    
2ˆ

ˆ ˆ ˆ,
2

i
nc dp i i ep

p
H p x V r


    (17) 

 

where the modified potential  ,
ˆ,dp n lV r E  is obtained 

from ordinary potential by: 
 

    2 2
, , 2

1
ˆ ˆ, 1

2 ˆ
dp n l n l

g
V r E r E

r
     (18) 

 

We have seen in our references [37-40], the two opera-

tors 2r̂  and 2p̂  in noncommutative three dimensional 

spaces and phases as follows: 
 

 2 2 2 2ˆ ˆ    and     r r p p    L L  (19) 
 

Where L and L  denotes to: 
 

 12 23 13x y zL L L      L  
(20.1) 

And 
 

 12 23 13x y zL L L    L  (20.2) 

 

with
2

 


, which allow us to obtaining the second 

radial part in modified potential as: 
 

 
2 2 4ˆ

g g g

r r r
  L  (21) 

 

Therefore equations (19) and (18) in equation (17), we 

have: 
 

 

   

 

2 2
, ,

2

1
ˆ, 1

2

, ,

dp n l n l

pert dp

V r E r E

g
V r

r

 



  

  

 (22) 

 

It’s clearly that, the first 2-terms in above equation 

represent the ordinary energy dependent potential, in 

commutative space, while the rest term is produced by 

the deformation of space and phase. The global pertur-

bative potential operators  , ,pert dpV r    for modified 

energy dependent potential in both (NC_3D: RSP) will 

be written as: 
 

    2
,4

1
, , 1

2 2
pert dp n l

g
V r E

r
  




 
     

 

L
L


(23) 

 

4. THE NONCOMMUTATIVE SPIN-ORBITAL 

HAMILTONIAN OPERATOR FOR MODIFIED 

ENERGY DEPENDENT POTENTIAL IN 

(NC_3D: RSP) 
 

Furthermore, to gives a physical interpretation to 

the eq. (23), we apply the same strategy, which we have 

applied in our previous work [30-44], we replace both 

L and L  by 2 SL and 2 SL , respectively, to obtain 

the new forms of  pert-dp , ,H r   for modified energy 

dependent potential  ˆepV r : 

 

 

 

 

pert-dp

2
,4

, ,

1
1

2 2
n l

H r

g
E S

r




 



 

   
      

   

L
 (24) 

 

Here S  denote the spin of quarkouniom systems

(   and  bb)cc , The quantity SL  is the scalar product of 

the orbital and intrinsic angular momentum operators, 

which can be replace by the equivalent operator  
2 2 2

2 1

2
G J L S    

 
allow us to obtain the new physi-

cal form of eq. (24) as: 
 

 

 

pert-mt

2 2 2
2

,4

, ,

1 1
1

2 2 2
n l

H r

g
E J L S

r




 



 

                  

 (25) 

 

Where J  is the sum of L  andS , it is well known, that 

the eigenvalues of the total operator can be obtains 

from the interval l s j l s    , which allow us to 

obtaining the eigenvalues of the operator 2G  as

 , , ( 1) ( 1) ( 1)k j l s j j l l s s      .  

 

4.1 The Exact Spin-orbital Spectrum for Spin-

orbital Hamiltonian in (NC_ 3D: RSP) 
 

The main goal of this section is to calculate the modifi-

cations to the energy levels epE  at first order of two 

parameters   and   of quarkouniom systems

(   and  bb)cc  described by the modified Schrödinger 

equation, by applying the standard perturbation theory 

to obtain: 
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1
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2
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2
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' ! 2 ! , ,
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3 1
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2 2
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1
1
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r

r
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n

n l
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E

n n

r r L r

g
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r





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 

 


 





 

 
 

  
   

       
   

 
   

  

   
      

   

  (26) 

 

A direct simplification gives: 
 

 

     
1

2 2
2
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2

3
1

3
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2
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2
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i
i
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E
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
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 









 
 

  
   
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 
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 



 (27) 
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Where, the three terms  1,3iT i   are given by: 

 

 

   

   
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2
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3
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3
0
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1
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2
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1
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r

r

r

n
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n
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T E r r
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


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
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
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 
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  

    

 
  
  

 
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  







 (28) 

 

Now, we set 2'r t   and then the above 3-terms are 

reducing to the following form: 
 

   

 

   

   

21 32 1 2
2 2

1
0

1
2 1

2 2
2 ,

0

2
3

2
2

21 32 1 2
2 2

3
0

exp ' ' ,
2

1
1

4

exp ' ' ,

1
exp ' '

4

r

r

r

n

n l

n

n

g
T t t L t dt

T E t

t L t dt

T t t L t dt

 





 

 

 

 

 


 
    

 

 
   

 



 
    

 
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





(29) 

 

Applying the following special integration [52, 53]: 
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Where  3 2 , , ; , 1;1F m n          denote to the 

hypergeometric function, it’s obtained from 
 

  1 1,..., , ,...., ,p q p qF z     For: 3p   and 2q  ,  

 

This is a generalized hypergeometric series. After 

straightforward calculations, we can obtain the explicit-

ly results:   
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Inserting equation (31) in the modified energy levels 

equation (27) gives: 
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Where nc sT   and nc pT   are given by: 
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And 
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4.2 The Exact Magnetic Spectrum for Spin-

orbital Hamiltonian in (NC_ 3D: RSP) 
 

    Furthermore,  we can found another automatically 

symmetry for modified the energy dependent potential 

related to the influence of an external uniform magnetic 

field, it’s deduced by the following two simultaneously 

replacements: 
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 (35) 

 

Here   and   are infinitesimal real proportional’s 

constants and to simplify our calculations, we choose 

the magnetic field  B Bk  and then we can make the 

following translation: 
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Which allow us to introduce the modified new magnetic 

Hamiltonian operator  ˆ
m edH   in (NC_3D: RSP) as: 
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 (37) 

 

It is clearly, that the above operator present the mag-

netic effect in (NC_3D: RSP), including ordinary mag-

netic effect  SB . To obtain the exact noncommutative 

magnetic modifications of energy mag-edE  for energy 

dependent potential, we replace:  
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Substitution of above replacement into equation (32) 

allow us to obtains the modification of the energy levels 

corresponding the magnetic effect  
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with l m l    . 

 

5. THE EXACT GLOBAL SPECTRUM FOR MOD-

IFIED MIE-TYPE POTENTIALS IN  

NC_3D: RSP 
 

We now summarize obtained global energy levels 

nc edE for the modified energy dependent potential of 

quarkouniom systems (   and  bb)cc  in (NC_3D: RSP) 

as provided in subsections (4.1) and (4.2), according to 

three equations (13), (32) and (39) the explicit form for 

nc edE  is then: 
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It is well known that the atomic quantum number m  

and j  can be takes ( 2 1l  ) values and 

N possible  values for j

, 1,...,...     and    j l s l s j l s j l s



         values, 

respectively, thus every old state in usually three di-

mensional space of energy dependent potential will be 

 2 1N l  sub-states for modified energy dependent 

potential  nc edV r  in (NC_3D: RSP). Moreover, from 

the previous obtained results, presented in eq. (25) and 

eq. (37), in addition to the usually Hamiltonian opera-

tor in eq. (5),  we can deduce the global noncommuta-

tive Hamiltonian matrix ˆ
nc edH   in both (NC_3D: RSP) 

for studied potential: 
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L  (41) 

 

It’s clearly, that the obtained eigenvalues of energies 

are reels and then the noncommutative diagonal Ham-

iltonian ˆ
nc edH   is Hermitian. 

 

6. CONCLUSIONS 
 

In this work, the Schrödinger equation in noncom-

mutative phase-space three dimension has been solved 

exactly for the bound states corresponding to energy 

dependent potential plus three new terms produced by 

the new geometry of space and phase. Moreover we 

have formed a corresponding noncommutative modified 

operator Hamiltonian for studied potential. 
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