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BCTYII

OnHUM 3 OCHOBHUX METOJIB AOCTIIHPKEHHS! EKOHOMIYHUX CHUCTEM Ta MPOLECIB €
MareMaTuyHe  MojeitoBaHHs. Ha ~ choromHi B €KOHOMIYHIA  Teopii
3arajJbHONPUUHATUMHU € JIOCUTh BEJIMKA KIJIBKICTh PI3HOMAaHITHUX MOJEJeil: MO/ieb
TOBapHOT'O PUHKY, MOJIEJIb TPOIIOBOIO PUHKY, MOJIETIb PUHKY pOOOUYOT CUITU, MOJIEINb
B3a€MO/IIi 3raJJaHuX PUHKIB, MOJIEJl OJTHOMPOIYKTOBOT Ta 0araTonpoayKkToBoi (ipM,
MOJIeJIb TIOBEAIHKU CIIOXKMBada TOIO, SIKi, 32 CBOEIO CYTHICTIO, € PIBHOBAXXHUMU
MozIeNIAMH. AJie OUIBLIICTh €KOHOMIYHMX MPOLECIB MPOTIKAE y Yaci, TOMY BHHHUKAE
norpeba y TakuxX HIAXOoAax OO0 MOJEIIOBAHHS, sKI O TO3BOJSUIM BpaxXxOBYBaTH Ta
aHaI3yBaTU MOXJIUBY IMHAMIKY PO3BUTKY CHUCTEM.

MaTeMaTHYHUM 1HCTPYMEHTOM [IJIsl OMUCY JWHAMIKHM €KOHOMIYHUX CHUCTEM €
nudepeHIiaibHl 1 pI3HULIEB]I PIBHAHHA Ta ix cuctemu. OjHak iX aHaNITUYHUAN
PO3B’SI30K MOKHA 3HAUTH JAJIEKO HE 3aBXKJH, 0COOJMBO y HEIIHIMHUX BUnagkax. Lle
aKTyaji3yBajio TMOTpedy Yy 3aCTOCYBaHHI SKICHUX METOAIB Ta YHUCEJIIbHUX
KOMIT'IOTEPHUX  €KCIIEPUMEHTIB ISl AOCHIIPKEHHS TMOBEIIHKM JAHUHAMIYHHUX
€KOHOMIYHHMX CHUCTEM.

Y HaByYaJdbHOMY TMOCIOHUKY pO3IVISHYTO TEOPETUYHI OCHOBHU SIKICHOTO
JNOCIIPKEHHSI CTIMKOCTI JIMHAMIYHMX CHCTEM, IO OIIMCAaHl OJHHUM HEIIHIMHUM
nudepeHIiaIbHIM PIBHAHHAM a00 CUCTEMOIO JIHIMHUX JudepeHIiadbHUX PIBHSAHD.
Hapenena nomigkoBa iHQopmarlis moao 3actocyBaHHs cuctemu MathCAD mis
MIPOBEJICHHS YMCENbHUX EKCIIEPUMEHTIB. 3alpolOHOBAHO MPaKTUYHI 3aBJAaHHS 3a

BapiaHTaMI/I JJIs1 3aCBOEHHA Ta SaKpiHHCHHH TCOPCTUYIHOT'O MaTepiaJIy.



PO3/ILJI 1. TEOPETUYHI OCHOBHU JOCJIKEHHSI
CTIMKOCTI JIIHIMHUX TUHAMIYHUX CUCTEM

1.1 OcHOBHI NOHATTH

VY 3aranpHOMY po3yMiHHI Ounamiuna cucmema (J1C) — ue cucrema Oyap-aKoi
npupoau (pi3udHOi, XiMI4HOI, O10JIOT1YHOI, COIlaJbHOI, €EKOHOMIYHOI TOINO), CTaH
SIKOT 3MIHIOEThCS B Yaci (AUCKpeTHO a0o HemepepBHa) [3, c. 6].

Mooensv exonomiunoi ounamiku — NECKpUNTHBHA JUHAMIYHA JI€TEPMIHOBaHA
€KOHOMIKO-MaTeMaTUYHa MOJIeJIb €KOHOMIYHOIO Mpolecy B TEepMiHAX amapara
mudepeHiabHUX 1 (a00) pI3HULEBUX PIBHSIHbB, SIKY BHUKOPUCTOBYIOTH IS
JOCIIIPKEHHsI IETEPMIHOBAHOI B Yacl MOBEAIHKA €KOHOMIYHUX CHCTEM I/l BIUIUBOM
BHYTPIIIHIX 1 30BHIIIHIX (PaKkTOpiB 3 METOIO aHali3y pIBHOBaru M ympaBiHHSA
CTIHKICTIO.

Exonomixo-mamemamuuna modenb — MaTeMaTUyHE  BioOpa)KeHHs
€KOHOMIYHOI'0 Tpolecy ad0 €KOHOMIYHOT CHUCTEMH, II0 BUKOPUCTOBYETHCS IiJ] 4ac
JTOCIIIKEHHS 3aMICTh 00'€KTY-OpUTIHAY — 3 METOIO aHaJlI3y, BUSHAYCHHS KITbKICHUX
a00 JIOTTYHMX 3B'3KIB MK HOTO PI3HUMH YaCTUHAMHU.

Jleckpunmuena moodeny — MOJeNb, 0 NPU3HAYECHA ISl OMUCY 1 MOSICHEHHS
¢dakTiB, 1m0 CIOCTEpIratoThecsi, abo Al MPOrHO3YBaHHS MOBEAIHKM OO €KTIB, Ha
BIIMIHY B1Jl HOPMaTUBHUX MOJEJEH, 10 MPU3HAYEH] IJIs 3HAXOJKEHHs OakaHoro,
HaIPUKIIaa, ONTUMAIBHOTO CTaHy 00’ €KTa.

/lemepminoeana moodenp — aHANITUYHE TOJAHHSA 3aKOHOMIPHOCTI, omepariii
TOILO, Y AKOMY JJI AaHOI CYKYIHOCT1 BXIJHUX 3HAa4€Hb Ha BUXOJ1 CUCTEMU MOXKE

OyTH OTpUMAHO €IMHUMN (AETEPMIHOBaHUI) pe3ysbTarT.

1.2 BiaacTuBocTi AMHAMIYHHUX CHCTEM
OCHOBHI BJaCTUBOCTI AMHAMIYHUX CHCTEM MOXHAa YMOBHO MOJUIMTH Ha JBi
IPYIU: BJIACTUBOCTI, IO XapaKTepHU3YIOTh iX SK CHUCTEMY (CHCTEMOYTBOPIOOYI

BIacTUBOCTI) 1 BnactuBocTi JIC, 110 XapakTepu3yIoTh iX 3 TOUKH 30py AMHAMIYHOCTI.



Cucmemoymeopiorwui e1acmueocmi CKi1a0HuUX OUHAMIYHUX CUCTEM

1. Linicnicmb ~ (eMEpPIKEHTHICTh). Y  CHUCTEMi  OKpeMi  4YacTHUHU
(GYHKUIOHYIOTH CHUIBHO, CKJIAJaloyd B CYKYIHOCTI mpouec (GyHKIIOHYBaHHS
cuctemMu gk uutoro. CykynHe (yHKUIOHYBaHHSA PI3HOPIIHUX B3a€MOIMOB'SI3aAHUX
€JIEMEHTIB TTOPOJIXKYE SKICHO HOBI (PYHKIIIOHAJIbHI BIIACTUBOCTI LIJIOTO, 110 HE MAIOTh
aHAJIOTIB y BJIACTHBOCTSX HOro ejaemeHTiB. Lle o3Hauae mpUHIIMIIOBY HEMOXKIUBICTh
3BEJICHHS BJIACTUBOCTEH CHCTEMH JI0 CYMHU BJIACTUBOCTEH 11 €IeMEHTIB.

2. Cmpykmypa. 1lpu HOCHAIKEHH] CUCTEMH CTPYKTypa IOCTa€ SIK CIOCiO
onucy ii opranizamii. 3ajeXxHO BiJ MOCTABJICHOI 3a/1ayul JOCHIKEHHS 3I1MCHIOETHCS
JEKOMITO3UIIl CUCTEMH Ha €JIEMEHTH 1 BCTAHOBIIOIOTHCS BITHOCUHU Ta 3B'S3KH MIX
HUMHU, 110 € CYTTEBUMHU ISl JOCIIIKYBaHOI npodsiemu. Pazom 3 TUM, JeKOMIIO3UIIISA
CUCTEMHU Ha €JIEMEHTH 1 3B'SI3KM BU3HAYAETHCS BHYTPIUIHIMU BJIACTHUBOCTSIMHU JAHOT
cCUCTeMH (HE TOAUIMIN OJHOTO CTyaeHTa HaBmul). CTpyKTypa IMHAMIYHA 3a CBOEIO
MIPUPOJIOI0, ii €BOJIIONISI B Yacl 1 MPOCTOpl BimoOpaxkae MpOIEC PO3BUTKY CUCTEM
(KO’KEH 13 3alPONOHOBAHUX PO3MOALUTIB 3MIHIOETHCS 3 HACOM).

3. Heckinuennicmo nisnauns cucmemu. I1ig 11i€10 BIACTUBICTIO PO3YMIIOTh
HEMOXXJIUBICTh TIOBHOT'O MI3HAHHS CHUCTEMHU 1 BCEOIYHOro ii MOJAHHSA KIHIIEBOIO
MHO>KMHOIO  ONHKCIB, TOOTO KIHIIEBOK KUIBKICTIO SKICHUX 1 KUIBKICHUX
XxapakTepucTuk. ToMy cucrtema Moke OYTH TOJJaHa HECKIHYEHOIO KIUIBKICTIO
CTPYKTYpHHX 1 (YHKIIOHaJIbHUX BapiaHTiB, M0 BiA0Opa)kaloTh pi3HI AaACHEKTH
CUCTEMHU.

4. lepapxiunicmo cucmemu. KoXeH eleMEHT y JACKOMIIO3MIlI CHCTEMU
MOXKE PO3IIISIIATHUCS SIK LIUTICHA CHCTeMa, €JIEMEHTH SIKOi, Y CBOIO 4Yepry, MOXYTb
OyTH TakoX TOJaH1 SK CUCTeMH. AJe, 3 IHIIOTO OOKY, Oy/ab-siKa CHCTEMa — JIMIIE
KOMITOHEHT IIHUPIIOi CUCTEMH.

5. Enemenm. 1lin eneMeHTOM pPO3YMiIOTh HAaMMEHIy JIAaHKY B CTPYKTYpil
CUCTEMHU, BHYTpIIIHS OyZ0Ba SIKOI HE PO3TJISAAETbCS HA BUOPAHOMY pIBHI aHamizy.
BianoBigHo 10 BIacTUBOCTI 4 OyAb-sSKUI €IEMEHT € CUCTEMOI0, ajie Ha BUOpaHOMY

PIBHI aHAJI3y Il CUCTEMA XapaKTEPU3Y€EThCS TUTBKH LIUTICHUMH XapaKTePUCTUKAMH.



Baacmueocmi OunamiyHux cucmem, w0 XapaxKmepusylwomep ix 3 no2nAaoy
ounamiunocmi

1. Bzaemoois i3 306niwnim  cepedosuwem. Cucrtema pearye Ha Jir0
HABKOJIMIITHBOTO CEPEIOBUILA, €BOJIIOIIOHYE TIiJT IIIE€I0 II€10, ajie OJHOYACHO 30epirae
SKICHY BU3HAYEHICTh 1 BIACTUBOCTI, 110 BIIPI3HAIOTH ii B/ IHIINX CUCTEM.

2. Cman cucmemu. CTaH CUCTEMH BU3HAYAETHCS CTAHAMM ii EJIEMEHTIB.
TeopeTHYHO KUIBKICTh MOJIMBUX CTaHIB CHUCTEMH JIOPIBHIOE KUIBKOCTI BCIX
CIOJIyY€Hb MOXKJIMBHX CTaHIB eneMeHTIB. IIpoTe B3aeMopis eneMeHTIB MPU3BOJUTH
10 OOMEXEHHsSI KUIBKOCTI peallbHO MOXJIMBHUX IO€AHAHb. 3MIHA CTaHy €JIEMEHTY
MOXe BiJI0yBaTUCS HESIBHO, HETIEPEPBHO 1 CTPUOKOIIO10HO.

3. Ilosedinka cucmemu. I1in MOBEJIHKOIO CUCTEMHU PO3YMIIOTh 3aKOHOMIPHHMA
nepexiji 3 OJHOTO CTaHy B IHIIWN, 10 OOYMOBJICHHH BIACTUBOCTSIMU €JIEMEHTIB 1
CTPYKTYPOIO.

4. Henepepsnicmo ¢yukyionysanus. CucrteMa iCHye, NMOKH (PYHKIIOHYIOTh
COLIAJIbHO-€KOHOMIYH1 Ta 1HIIl TPOIECH B CYCHUIBCTBI, SIKI HE MOXYTb OyTHU
nepepBaHi, 1Hakie cucteMa rnepectaHe ¢yHkuionyBatu. Bei mpouecu B EC, sk y
KUBOMY OpraHi3mi, B3a€MOTOB'si3aHl. DYHKIIOHYBAaHHS YaCTUH BU3HAYAE XapaKTep
(GyHKUIOHYBaHHS ULUIOro, 1 HaBnaku. OYHKIIOHYBaHHS CHCTEMH IIOB'SI3aHO 3
HEeMepepBHUMH 3MIHAMH, HAKOTIMYEHHS SIKUX MPUBOJIUTH IO PO3BUTKY.

5. Possumox cucmemu. JXUTTENSUIBHICTh CKIAIHOI CUCTEMHU € TOCTIHHOIO
3MiHOIO (a3 (GYHKUIOHYBAaHHS 1 PO3BUTKY, SIKA BUPAXKAETbCS B HENEpPEpBHIN
(GyHKUIOHANBHIN 1 CTPYKTYpHil niepe0ya0B1 CUCTEMH, i MIICUCTEM 1 €JIEMEHTIB.

6. EBouroniss eKOHOMIYHHUX CHUCTEM BHU3HAYACTHLCS OHICIO 3 HAWBAKIMBIIINX
BJIACTUBOCTEH CKIAAHUX CHCTEM — 30i0Hicmio 00 camopo3sumky. lleHTpanbHuM
JDKEpEJIOM CaMOPO3BUTKY € HENEepepBHUN IMpolleC BUHUKHEHHS 1 PO3B’s3aHHS
npotupidy. Po3BUTOK, SIK MpaBuiio, MOB'I3aHUI 3 YCKJIAJHEHHAM CHCTEMH, TOOTO 13
30UTBIICHHSM ii BHYTPIIIHHOIO PI3HOMAHITTS.

7. Hunamiunicms. EKOHOMIUHA cucTeMa (DYHKIIIOHYE 1 pO3BHBAETHCS B Yaci,

BOHA Ma€ MepeAiCTOpilo 1 MalOyTHE, XapaKTepU3y€eThCs MEBHUM >KUTTEBUM LIMKJIOM,



y SIKOMY MOXYTb OyTH BHJIUJICHI MEBH1 ()a3u: BUHUKHEHHS, 3POCTaHHS, PO3BUTOK,
cTaburi3arlis, Aerpaaais, JKBigamis a0o CTUMYII 10 3MiHH.

8. Cknaounicmos. EKOHOMIUHA CHUCTEMa XapaKTEPU3YEThCS BEITUKOIO KUIBKICTIO
HEOJHOPIAHUX €JIEMEHTIB 1 3B'A3KIB, MONI(QYHKIIOHAIBHICTIO, MOJICTPYKTYPHICTIO,
OaraTokpuTepiabHICTIO, 0araToOBapiaHTHICTIO PO3BUTKY 1 BIACTUBOCTAMH CKJIQJIHHUX
CUCTEM.

9. I'omeocmamuuynicms. ' OMEOCTaTUYHICTh B1IOOpaXkae BIACTUBICTh CUCTEMHU
10 cam030epexeHHs, TPOTUIII0 PYHHYIOUMM BIUIMBAM CEPEOBUIIIA.

10. linecnpamosanicms. BciM TUHAMIYHUM CUCTEMaM B €KOHOMIIll BIaCTHBA
L1JIECOPSIMOBAHICTh, TOOTO HASBHICTh MEBHOT METH 1 MpParHeHHd il JOCSTHEHHS.
Po3BHUTOK crcTeMH MOB'SI3aHUN caMe 13 3MIHOIO METH.

11. Keposanicms. CBijomMa opraHizallisi IUIECIPSIMOBAHOIO ()YHKIIIOHYBAaHHS
CUCTEMHU Ta 1l €JIEMEHTIB HA3MBAETHCS KEPOBAHICTIO. Y MpPOLEC KUTTEMISIIBHOCTI
cucTeMa 3a JIONOMOrOI0 UUIECHPSIMOBAHOTO YIPaBIIHHSA PO3B’SA3y€ TOCTIMHO
BUHUKAIOUl B HI CyNEpPEedyHOCTI Ta pearye Ha 3MiHYy BHYTPIIIHIX 1 30BHIIIHIX YMOB
CBOTO ICHYBaHHs. BiAMoBigHO 10 yMOB, IO 3MIHIOIOTHCS, BOHA 3MIHIOE CBOIO
CTPYKTYPY, KOperye Ul PpPO3BUTKY 1 3MICT [ISJIBHOCTI €JIEMEHTIB, TOOTO
B1I0OYBa€ETHCS LIUIECIIPIMOBAaHA CaMOOPTaHi3allisl CUCTEMH, sIKa Ha MPaKTHULI peaizye
3MIOHICTh 10 caMopo3BUTKY. OnHI€I0 3 OCHOBHUX (YHKIIH caMoopraHizaiii €
30€peKeHHsI B TIPOIIEC1 €BOIIOIIT CUCTEMH 11 IKICHOT BU3HAYEHOCTI.

BnacTuBOCTI KEpOBAHOCTI MPOSBISIOTHCS TAKOXK Y TAKUX OCOOJIMBOCTAX, K
BITHOCHA aBTOHOMHICTb 1 ()yHKI[IOHAJIbHA KEPOBAHICT.

Bionocna aemonommuicms HyHKIIOHYBAaHHS €KOHOMIYHUX CUCTEM O3HAyae, 1110
B PE3yJIbTATIi J1i 3BOPOTHOIO 3B'I3KY KOKHA 13 CKJIAJIOBUX BUXIIIHOTO CUTHAILY MOXKE
OyTH 3MiHEHa 3a PaxyHOK 3MIHH BXIJHOTO CHUTHaIy, 10 TOT'O  IHIII CKJIaJIOB1
3aJIMIIAI0THCA HE3MIHHUMU.

DyHKYIOHAIbHA KEPOBAHiCMb €KOHOMIYHOI CUCTEMHU 03HAYaE, 1110 BiJIMOBITHUM
BUOOPOM BXIJHUX CUTHAIIB MOXKHA IOOUTHCS OY/b-sIKOIO BUXITHOTO CUTHAIY.

12. Aoanmuernicms. ATaITUBHICTH EKOHOMIYHOI CHCTEMH BU3HAYAETLCS JBOMA

BUJIAaMH aJianTallii — MacCUBHOIO ¥ akTUBHOW. [lacueéna adanmayis € BHYTPIIIHBOIO
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XapaKTePUCTUKOI0 €KOHOMIYHOT CUCTEMH, SIKA MA€ y CBOEMY PO3IMOPSIKEHHI MEBHI
MO>KJIMBOCTI CaMOPETYJIOBaHHA. Akmuena adanmayisi € MeXaHi3MOM aJanTUBHOIO
yNPaBJliHHS €KOHOMIYHOIO CUCTEMOIO 1 OpraHi3ailito Horo e(peKTUBHOTO 3A1HCHEHHS.

13. [Inepyiunicmo. I[HEpIIAHICTD EKOHOMIYHOI CHUCTEMHU MPOSIBISIETHCS Yy
BUHUKHEHHI 3ali3HIOBaHHSA B CHUCTEMI, sIka CUMITOMAaTUYHO pearye Ha 30yproroul i
ynpasisitouil 1ii. Taki 3ami3HIOBaHHS BPaXxOBYIOTHCS, 30KpeMa, 3a JIOMOMOTO0 Jaris,
[0 BXOJSATH 10 MOJIENl OMHUCY cucTeM. PO3pI3HSIOTH 6Hympiwni nacu, ado naru
yXBaJICHHS PIIIEHb MIOA0 CTAOUTI3YIOUMX MId, 1 308HiWHI Jazu, 10 B1IOOpaKkaloTh
3aTpUMaHy B Yacl peakilito CUCTeMH Ha BIJIMOBIIHI Aii.

14. Cmitikicmb. CucTemMa BU3HAETHCA CTIMKOIO, SKIIO MPH JTIOCTATHBO MalUX
3MiHaxX yMOB (DYHKITIOHYBaHHS ii MOBEAIHKA CYTTEBO HE 3MIHIOETHCA. Y MeXKax Teopii
CUCTEM JOCHIKYIOThCS CTPYKTYpHA CTIMKICTh 1 CTIMKICTh TPAEKTOPIi MOBEAIHKU
cuctemu. Criiikicte EC 3a0e3neuyeTbcs TakuMU acleKTaMu caMoOoprasizaii, sk
nudepeHiialis 1 1a0UIbHICTh (UYTIUBICTE). Jughepenyiayis — 11€ MparHeHHs] CUCTEMHU
70 CTPYKTYPHOTO 1 (PYHKIIIOHAJIBHOTO PI3HOMAHITTS €JIEMEHTIB, sika 3a0e3neuye He
TUIbKM YMOBM BHHHKHEHHS 1 BUPIIICHHS NPOTUPIY, aje # BU3HAYa€ 3/aTHICTh
CUCTEMHU IIBHJIKO MPHUCTOCOBYBATUCA JO HAsABHUX YMOB ICHyBaHHs. buiblie
PI3HOMAaHITHOCTI — OlJIbIlIe CTIMKOCTI, 1 HaBNaKW. JlabinbHicmb O3HAYA€ PYXJIUBICTH
(GyHKLIHA eIeMEeHTIB MpHU 30€peKeHH1 CTIMKOCTI CTPYKTYPH CUCTEMH B LILIIOMY.

15. Cman pignosaeu. CTIMKICTh CUCTEMH TOB'sI3aHA 3 i MPAarHEHHSM J0 CTaHy
pIBHOBAry, sIKUi MpuUnyckae Take (PyHKI[IOHYBaHHS €JIEMEHTIB CUCTEMU, IIPU SIKOMY
3a0e3neuyeThCsl MiIBUIIEHA €(EeKTUBHICTh PYXy A0 LUIEH PO3BUTKY. Y peanbHHUX
yMOBaxX CHUCTEMa HE MOXXE IMOBHICTIO JIOCSATTH CTaHy pIBHOBAaru, xoya 1 IparHe A0
Hporo. EnemenTn cucremu (QYHKIIOHYIOTH MO-pI3HOMY B pI3HHUX yMOBax, IX
JMHAMIYHA B3a€MOJIs TOCTIMHO BIUIMBaEe Ha pyx cuctemu. Cuctema mparHe 10
pIBHOBAaru, Ha 1€ HampaBJeHl 3yCWLIsl YIPABIIHHS, aje, TO0CATalodd Moro, BOHA TYT
K€ BIIXOJUTH BiJ HbOT0. OTKE, CTIKA €eKOHOMIYHA CHCTEMA MOCTIHHO 3HAXOIUTHCS
B CTaHl JMHAMIYHOI PIBHOBAruW, BOHA HEMEPEPBHO KOJMBAETHCS IIOAO IMOJOXKEHHS
pIBHOBaru, M0 € HE TUIbKK 11 crneuu@iqyHO BIACTUBICTIO, aje W YMOBOIO

0e31epepBHOr0 BUHUKHEHHSI CYNIEPEUHOCTEN K PYIIIMHUX CHUJT €BOJIIOILI.
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1.3 IlousATTS piBHOBArM, CTIMKOCTI TAa 0COOJIMBOI TOUKH

Pignoeaca cucteMu — 1€ TakKui ii CTaH, SIKHA TPUBAE K 3aBrOJHO JOBIO 3a
B1JICYTHOCTI 30BHIIIIHIX BIUTMBIB. Hampukiaz, piBHOBara Ha pUHKY JESKOTO TOBapy,
pIBHOBara moJliTHYHUX CHUJI Y CYCHIIBCTBI TOIIO (PyX CUCTEMHU 3aJA€THCS HYJIbOBUM
BEKTOPOM, TOOTO PyX BIJCYTHIM).

[lin nmiero 30BHINIHIX BIUIMBIB pIBHOBAara Mo)ke OyTH TOpYILIEHa 1 CUCTEMa
nepeiiie B IHIIMK cTaH. Y LbOMY BUIAJKY y 10 BCTYMA€ 1HINA XapaKTEPUCTUKA
JTUHAMIYHOI CUCTEMH — TIOBEJIIHKA. 3aJIe’KHO BiJ OyIOBU CHUCTEMH, il BJIACTUBOCTEH
TOILIO, TOBEAIHKA CHUCTEMHU MOXE CYTTEBO 3MIHIOBAaTHUCh y uyaci. [IpuHUUIOBO
PI3HUMHM € J[Ba BaplaHTU PO3BUTKY MOJIINA MICIS TOTO, SIK HA CUCTEMY TMOIISIO0 JEsKe
30ypeHHs 330BHI: MOBEPHEHHS /0 MOYATKOBOI'O CTaHy 1 MOJAAJbUIE BIAJAJIEHHS BiJ
noyatkoBoro crany. Ilin cmaéinenicmro  po3yMilOTh  3[JATHICTh  CUCTEMHU
MOBEPTATHUCS B PIBHOBAXKHUI CTaH y BUIAJKY, SKIIO BOHA Oyja BUBEIEHA 3 HHOTO. Y
TaKOMy BHIAJKy CTaH pIBHOBaru Ha3WBaIOTh cTaOUTbHUM (stability). dpyromy
BapiaHTy BIJNOBiJae HecTabUIbHA MOBEAIHKA CHCTEMHU. BiIMOBIIHO pPO3PI3HSIOTH
CMITIKE 1 HeCmIKI CUCTEMU.

JluHamMi4H1 CUCTEMH, B SKHUX YaC BHUMIPIOETHCS HEMEPEPBHO, 3aJar0ThCS
nudepeHIiaIbHIMU PIBHSAHHSAMHU (OJTHUM ab0 CUCTEMOIO).

Oco6nueorww moukow HA3UBAETHCS TOYKA, Yy SAKIM TMpaBl YacTUHU
nudepeHIiaIbHUX PIBHAHb NPUUMaIOTh HY/IbOBE 3HaUeHHA. OCOOIMBUX TOUOK MOKE
OyTu oaHa, KiUIbKa 1 He OyTH 30BCiM. 3 TOYKHU 30py SIKICHOI Teopli nudepeHiiHnX
piBHAHb Hac Oyle WIKaBUTU TMOBEAIHKA CUCTEMU B OCOOJMBUX TOYKax (CTiiKa,

HeCTiliKa TOIIIO).

1.4 JlocrixzkeHHsI CTIMKOCTI pIBHOBArM y CHCTeMaXx, 10 ONMCAHI OAHUM
audepeHIiaJIbHUM PiBHAHHAM
Hexail MaeMO nMHAMIYHY CUCTEMY, IIO ONHUCaHA OJHUM AH(EpEeHIIATBHUM

PIBHSHHSM. 3a3Ha4UMO, 10 B OUIBIIOCTI BUMAAKIB OTPUMATH aHAITUYHUN PO3B’ 30K

12



Tu(dEepeHIIaIbHOTO PIBHSIHHS HE BIAETHCS, a AKIIO HABITh 1 BAAETHCS, TO BIAMOBIIb
MICTUTb HESABH1 (PYHKIIIi, BIACTUBOCTI IKUX Ba)KKO MTPOAHAII3yBaTH.

PosrasiHemMo OUIbII 1eTabHO SIKICHUM METOJ JOCTIKEHHS JUudepeHIiaTbHOTO

PIBHSIHHS BULY ? = f(x)
t .

Po3B’s130Kk 1aHOTrO PIBHSHHS MOKE HE MICTUTH JIMCHUX KOPEHIB, MOXKE MATH
OJIVH NIMCHUHN KOPiHb a00 KUIbKA.

[Ipunyctumo, 1o piBHsAHHA f{x)=0 He Mae A1MCHUX KOPEHIB.
. . dx . .
Otxe, KpuBa y = f(x) HE MEPETUHAE BICh X. Toml m BeCh yac 30epirae 3HaK i
t

BC1 po3B’si3kM  x(f) OyayTh MOHOTOHHUMHU (QYHKIISIMH, 3pOCTAIOUUMH a0o
CHaJIal0uUMH, 3aJIeXKHO BiJl 3HAKY f(X).

Hexait Ttenmep piBHsHHA f(x)=0 wMae pnilicHi KOpeHi x,,x,,...,x,. BOHH
HA3MBAIOThCA CTAlllOHAPHUMU PO3B’SI3KaMHU, OCOOJIMBUMHM TOYKaMU ab0 TOYKaMU
piBHOBArH.

Hexait x,— craunionapHa touka piBHsHHA f(x)=0, a (x_,x,) 1 (x,x,,) - ABa
IHTEpBaJIU, AKI IPUMHKAIOTH 10 HEl.

Ha xo’kHOMY 3 IIUX 1HTE€pBaJiB MOBEJIHKA CUCTEMH MOXe OyTH MpecTaBieHa
TPAEKTOPIEIO IEBHOTO BUJLY.

Sxuro o6uABI TOYKH, K1 OMHMCYIOTh PyX Ha IHTepBanax (x, ,x,) 1 (x,x,,), OpU
3pOCTaHH1 Yacy ¢ HaOIMKAIOThCS 10 CTAI[lOHAPHOI TOYKH x,, TO CTalllOHApHA TOYKa
Ha3uBaeThCs cmiitkoro (puc. 1.1).

SIxuro oOMABI TOYKH, SIKI ONMUCYIOTh PyX Ha 1HTepBanax(x, ,x,)1 (x,x,,), IpU
3pOCTaHH1 Yacy ¢ BIAJAJSAIOTHCS BiJ CTAlllOHAPHOI TOYKH x,, TO CTalllOHApHa TOYKa

Ha3UBA€ThCs Hecmiiikoto (puc. 1.1).
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f(x) f(x)
I X | X
I I
I I
I I
I I
Ao et
X . X
HecTinka Touka CTinKa TouKa
f(x) f(x)
' X X
I I
I I
I I
I I
> s
. . X
HaniBcTinka Touka % HaniBcTinka TouKa

Puc. 1.1 — Imoctpariist CTIHKOCT1, HECTIHKOCT1 Ta HAMIBCTIMKOCTI CTal[lOHAPHUX

TOYOK

SIK110 Ha OJHOMY 3 IHTEpBaiB(x, ,,x;) 1 (x,,x,,,) 3HAUEHHS 1KC1B HAOIMKAIOThCA
710 TOYKH x,, @ Ha IHIIOMY BIAJAJIAIOTHCS BiA x,, TO CTalllOHApHA TOYKAa HAa3MBAETHCA
Hanigcminkoro (puc. 1.1).

OTxe, y BHIAJIKy OINUCY AMHAMIYHOI CHCTEMH OJHUM Ju(epeHIiaIbHUM
PIBHSHHSAM MHTaHHS MPO CTIMKICTh TOYOK pIBHOBArd MOXKHA BHPIIIUTH 32
J0TIOMOT 010 aHami3y rpadiky camoi QyHKIIT f(x). MOXIHMBI TpU BUMAJIKU:

1. ITo6nu3y crtany piBHOBaru (yHKIIS f(x) 3MIHIOE 3HAK 3 «+» Ha «-» TpH

spoctanni x. Cran piBHOBaru crilikuii (puc. 1.2).
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f(x)

[N
l\t X

Puc. 1.2 — Criiika Touka piBHOBaru (aHaiui3 3a rpadikom QyHKIIii)

2. [lobmu3y crany piBHOBaru (PyHKIS f(x) 3MIHIOE 3HAK 3 «-» Ha «+t» IpH

3poctanHl x. CTaH piBHOBaru HecTidkuil (puc. 1.3).

f(x)

m
M X

Puc. 1.3 — Hecriiika Touka piBHOBaru (aHaimi3 3a rpadikom (yHKIIiT)

3. [lo6nm3y crany piBHOBaru ¢GyHKIS f(x) HE 3MiHIOE 3HaK. CTaH piBHOBaru

HamiBCTiMkui (puc. 1.4).

f(x)

N|A

Puc. 1.4— HaniBcrilika TouKa piBHOBaru (aHaii3 3a rpadikoM QpyHKIIT)

[Ipuknaa: BU3HAYUTHU CTIMKICTh TOYOK PIBHOBAru st QyHKIIi, rpadik sKoi

300pakeHo Ha puc. 1.5.
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Puc. 1.5— Ilpuxnan rpadiky aj1st BU3HAYEHHS CTIMKOCTI TOYOK PIBHOBAru

(1) 2 .4

3 -y .
()), HCCTIMKMM Yy TOYKax Xx °, X 1

Po3B’s130K € CTIHKMM y Toykax x' ’1 X

HATHBCTIHKEM y Toui x .
1.5 JlocmixkeHHs CTIKOCTI pIBHOBAIM y CHCTEMAaX, IO ONMHUCAHI 1BOMA
audepeHIiaJIbHUMHU PiBHAHHAMHA
Hexail Tenep mMaemMo quHaAMIYHy CUCTEMY, SIKa 3a/laHa CUCTEMOIO0 HOPMAaJbHUX

ABTOHOMHMX JIHIMHUX OJHOPINMHUX JAu(EpeHIllaIbHUX PIBHSIHb 3 MOCTIHHUMU

Koe(ilieHTaMu:

xl' = f,(x,, x,) = ax, +bx,

x'z = f5(x, x,) =cx, +dx2-

aHa cucteMa Oyle MaTH €QUHHUNA PO3B’SI30K, SKIIO BIAMOBIIHHA JETEPMIHAHT
9

HE JOPIBHIOE HYIIO:

a b
‘:ad—bcio
c d

Touku piBHOBaru CUCTEMU 3HANAEMO, SIKIIIO PO3B’SHKEMO CUCTEMY:

ax,+bx, =0

cx, +dx,=0

16



CTIMKICTh MOJOKEHHS PIBHOBArM BU3HAYA€THCS BIACHUMH YMCIaMU MaTpHII
cucteMu. BrnacHi yucia MOXKHA BU3HAYUTU 3 TaK 3BAHOTO XapaKTEPUCTHYHOIO
piBHSHHA A°—0A+A=0, 1e oc=a+d=tr(4) - CII MaTpuIl; A=ad—bc=det(4) -
JETepMIHAHT.

KopeHni xapakTepuCTUYHOTO PIBHAHHS MOXYTh OyTH sIK JIHCHI, Tak 1
KOMIIJIEKCHI, SIK OJTHAKOBI, TaK 1 pi3H1, HyJbOBI1 TOIIO. XapaKkTep CTIMKOCTI 0COOIUBUX
TOYOK Toj1aHo y Tadmwuin 1.1.

Tabmuus 1.1

CTilKICTh TOYKH PIBHOBArd 3aJIEKHO Bl KOPEHIB XapaKTEPUCTUUHOTO PIBHIHHS

XapakTepuCcTUKa KOPEHIB CTiiiKicTh TOUKH pIBHOBAru
XapaKTepUCTUYHOT O PIBHSHHS
A, A, - NIACHI, BiJl’€MHI, P13H1 CTifKa
A, A, - IIACHI, T1OJATHI, pi3H1 HECTIlKa
A, A, - IIACHI, Pi3H1, PI3HUX 3HAKIB HECTIlKa
A, A, - KOMILIEKCHI 3 BiI’€MHOIO CTifKa

IHACHOIO YaCTUHOIO
A =p+ig, A, =p—ig, p<0

A, A, - KOMILIEKCHI 3 IOJaTHOIO J1HCHOIO HECTIHKA
YaCTUHOIO
h=ptiqg, ), =p-ig, p>0
A, A, - YUCTO ysIBHI CTiiiKa, aje He ACUMITOTUYHO
A =ig, A, =—iq
A, A, - HyJIbOBI CTiiiKa, aje He ACUMITOTUYHO
ab0 HecTiKa
A, A, - IIACHI1, OJTHAKOBI, B1/I’€MHI CTiliKa
A, A, - MIICHI, OTHAKOBI, TOJATHI HECTINKA

3a3HayeHl BUIMAJIKHU MOUIUPIOIOTHCS 1 HA CUCTEMH OUIbII BUCOKHUX MOPSAJIKIB.
VY3aranpHIOIOUM, MOXXKHA HABECTHM TaKi TBEPIKCHHS CTOCOBHO  CTIMKOCTI
TPUBIAJIIBHOTO PO3B’sA3KY CUCTEMH (11 0COOIMBHUX TOYOK):

1. SIki10 BC1 XapaKTepUCTUYHI YHC]Ia CUCTEMH MalOTh BiJl’€MHI J1MCHI YaCTUHH
(To6T0 260 BOHHU IIMCHI BiJ’€MHI 4yucia, a00 KOMIUICKCHI 4Yuclia, MIMCHI YaCTUHH

AKUX B1JI’€MHI), TO TPUBIAJbHUN PO3B’ 30K CUCTEMH ACUMITOTUYHO CTIMKHUH.
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2. Skmo xo4a 0 oJHE XapaKTEPUCTHUUYHE YMCIO CUCTEMU Ma€ JOJIaTHY AINMCHY
yacTHHY (TOOTO a0 1e 4uciao JiidcHe JojarHe, ad0 KOMIUIEKCHE 3 J0JAaTHOIO
J1ICHOIO YaCTUHOIO), TO TPUBIAILHUNA PO3B’ 30K CUCTEMH HECTIMKHUH.

3. ko cepen XapaKTepUCTUYHUX YUCET CUCTEMH HEMA€ yuces 3 JTOJAaTHUMHU
JTIACHUMM YaCTUHAMH, aJie € MPOCTi yucia (ToOTo He KpaTH1) 3 HYJbOBOK AIHCHOIO
YaCTHHOIO, TO TPUBIAIbHUMI PO3B’A30K CUCTEMU € CTIMKKM, aje He aCUMITOTUYHO.

4. Sxmo cepea XapakKTEPUCTUYHUX YUCET CUCTEMH HEMAa€ Yucen 3 TOAaTHUMHU
JTICHUMHU YacTUHAMHM, aJleé € KpaTHI YKclia 3 HYyJbOBUMHU AIMCHUMHU YAaCTUHAMHU, TO
MO>KJIMBI SIK CTIMKI, TaK 1 HECTIMKI TPUBIATbHI PO3B’ I3KHU.

O3Haka CTIMKOCT1 — BiJI’€MHICTh AIMCHUX YaCTHH KOPEHIB XapaKTePUCTUYHOTO
piBHsAHHS (Teopema JIamyHoBa).

1.6 Kpurepii cTiiikocTi

CriliKicTh 200 HECTIMKICTh OCOOJMBUX TOUOK MOXHA BCTAaHOBUTH HAaBITh HE
pPO3B’s3yI0Ul BIAMOBIJHE XapaKTePUCTUUHE pIBHAHHA. [l 1boro IcHye psin
KpUTEPIIB.

Hexait MmaemMo xapakTepUCTUYHE PIBHSHHS N-TO MOPSJIKY:

a A" +a A"+ +a, A+a, =0,

Cnig 3a3HayuTH, IO Y BUMAAKY OYIb-SKOi PO3MIPHOCTI KOe(DIilieHT
a, =1 3aBxmu.

Sk BigoMo 3 JiHINHOI anredpu, HeobOXiOHOW, ale He 00CMAMHBLOIX YMOBOIO
TOTO, IO BCl AIMCHI YaCTMHU KOPEHIB 3a3HAYEHOr0 XapaKTEPUCTUYHOTO PIBHSHHS
B1JI’€MHI, € HEPIBHOCTI a; >0, j = l:in.

Ile o3nHauae, 1o, fAKIIO Xo4ya O OAUH 3 KOEPIIEHTIB XapaKTEPUCTUUHOTO
PIBHSIHHSL BiJ’€MHUN, TO 3HAMAEThCA Xo4ya O OJIUH KOPiHb, SKUH Oyae MaTu
HeB1J'eMHY NicHY YacTuHY. OTXe, 0co0MMBa Touka Oye HECTIMKOIO.

CdopmynboBaHa BHILlE YMOBA € TOCTATHHOIO JUIsl PIBHSHB NEPILIOTO Ta APYroro

CTYTIECHIB.
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JInst 3acTOCyBaHHS 1HIIMX KPHUTEPIiB CKIAJEeMO 3 KOe(]iIieHTIB 3a3HAYE€HOIO
BUIIE XapaKTEPUCTUUYHOIO PIBHSAHHS Tak 3BaHy Marpuito ['ypsiua (puc. 1.6Puc. ) 3a
MpaBUJIAMH:

1) mo TrojOBHIA JlaroHaydl 3amuIIeMoO KOe(IIiEHTH XapaKTePUCTHUUHOTO
PIBHSIHHS, IOYMHAIOYH 3 APYTOroa,, a,, ..., d, ;

2) Haa TOJOBHOIO [I1arOHAJUTIO 3alUIIeMO KOe(IIIEHTH 3  OUIBIIUMHU
IHJIEKCAMU;

3) mig TOJOBHOK JIIarOHAJUTIO  3amuIeMo Koe(illleHTH 3 MEHIIUMU
IHJIEKCAMU;

4) mpu Hectaui KOe(IIEHTIB BIAMOBIAHI €JIEMEHTH MaTpHUIll 3alOBHUMO

HYJISIMH.
a, a; as 0 0

a, a, ay 0 0

0 a a 0 0

A,=1 0 ay, a, 0 0

0 0 O a,, 0

0 0 O a, , a,

Puc. 1.6 — Martpuus ['ypsiua

BBeIICMO TaK1 MMO3HAYECHHS :

a, as; das
a a . . . . .
A=a, A= S Ay =la, a, a, 1 T.O. — TOJOBH1 JlaroHaJbH1 MIHOpPH
a, a,
0 a a

matpuii ['ypBina, abo «BuzHauHuku [ ypBinay.
Kpumepiin Payca-I'ypsiua (HeoOxigHa 1 JTOCTaTHA ymoBa CTikkocTi). Jli#icH1
YaCTHHM BCIX KOPEHIB XapaKTEPUCTUYHOIO PIBHSAHHS OyAyThb MIACHUMHU BiJl’€MHUMU

a00 MaTUMYTh BiJ €MHI JIMCHI YaCTUHH, OTXKE, CUCHIeMa 0yde CMILIKON), SIKIO TIPU

yCciX JoJaTHUX KoedilieHTax (q, >0,k =1:n) OyayTh JOJATHUMH TOJIOBHHI

BU3HA4YHMK ['ypBila 1 BC1 HOTO TOJIOBHI AlarOHaJbH1 MIHOPH.
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Cucrema Oynie 3HAXOJUTUCh HAa MEXI CTIMKOCTI, SIKIIO A, =0 1 BCl MONEPEIHI
MmiHopu ['ypBina nogatai. YMoBa A, =a,-A, , =0 po3NagaeTbcs HA JIBI:

1)a, =0;

2) A, =0.

VY nmepiiomMy BUNAAKY CUCTEMa 3HAXOAMTHCS Ha MEXKI anepioJuyHOi CTIMKOCTI
(HeiTpanbHa CTIMKICTB). SIKIIO B JaHOMY BHMAAKYy PO3B’SI3aTH XapaKTEPUCTHUUYHE
PIBHSIHHS, TO OTPUMAEMO OJIMH KOPIHb HYJbOBUM, & APYTHid B1I’ €EMHU.

VY npyromy BHIAJKy CUCTEMa 3HAXOJUTHCA HA KOJMBAJIBbHIM MEXI CTIMKOCTI.
[Ipy po3B’si3aHHI BIANOBIAHOTO XapaKTEPUCTHUYHOIO PIBHSIHHS OTPUMAEMO JIBa
CHPSKEHUX KOMIUIEKCHUX KOPEHS.

Kpumepin JI’enapa-Illunapa (HeoOxigHa 1 JOCTaTHS yMOBa CTIHKOCTI).
JIIiiCHI YacTMHU BCIX KOPEHIB XapaKTEepUCTUYHOTO PIBHAHHS OYyIyTh IIACHUMHU

BiI’€EMHUMH a00 MaTUMyTh BUI’€MHI1 JIHMCHI YacTUHH, OTXKE, cucmema oyoe

CMIIIKOI0, SIKIIIO TIpU yCIX JOJAaTHUX KoediieHTax (a, >0,k =1:n) OyayTh
JOTOJaTHUMMU MiHOpI/I A s A3 Ay e
Ilpuknao. JlocniguT Ha CTIMKICTh TOUKY PIBHOBAaru CUUCTEMU:

X, =-2x, — X,

sz =X +X2
3HailIeMO KOOpJIMHATH TOYKH pIBHOBArv, MNPUPIBHABIIM IpaBl YacTUHU
PIBHSIHB J10 HYJIS:

-2x, —x, =0

x +x,=0

Otpumaemo Touky 3 koopauHaTamu (0;0).
C -2 -1 - . .
Bunumemo wmatpuiro koedimieHTiB o) Po3paxyemo 1 cmig i

JNEeTEepMIHAHT: o =1, A=-1.
CxutaieMo XapakTepucTUYHE PIBHSIHHSA:

A +1*1-1=0.
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Sk OGauuMo, y XapaKTEpUCTUYHOMY pIBHSHHI MAa€eEMO OJHUH BiJl’€MHUHN
Koe(DillieHT, 1le O03HAya€, M0 HEOOXIAHI YMOBHM CTIMKOCTI TOYKM HE BUKOHAIKCH.

BucHOBOK: TOUKa piBHOBaru HecTiiika.

1.7 3aBraHHs 1)1l KOHTPOJIIO

1. JlaTu BU3HAUCHHSI TIOHATTIO «IWHAMIYHA CUCTEMAY.

2. PO3KpUTH CYTHICTBH IOHATTS «MOJEITh EKOHOMIYHOT TUHAMIKH.

3. OxapakTepu3yBaTH CUCTEMOYTBOPIOKOY1 BIACTUBOCTI CKJIAJIHUX TUHAMIYHUX
CUCTEM.

4. JlaTu BU3HAUCHHsS TMOHATTSIM pIBHOBaru, CTIMKOCTI, CTaI[lOHAPHOCTI
JTUHAMIYHOI CUCTEMU.

5. TlpoimtocTtpyBatd TpadidyHO CTIMKICTh, ACUMIOTOTHYHY CTIMKICTh Ta
HECTIMKICTH (3a JISATyHOBHUM) OCOOJIMBUX TOUOK TMHAMIYHOT CUCTEMH.

6. ChopmymroBaty nmpaBuia CKJIaJaHHs TOJOBHOTO BU3HauHuKa ['ypBina.

7. llopiBusTH KpuTepii cTifikocTi Payca—T ypgina 1 JI’enapa—Illunapa.

8. IlpoimocTtpyBat TpadiuyHO CTIMKICTh, HECTIHKICTh Ta HAaMIBCTIAKICTh
CTaIllOHAPHUX TOYOK JWHAMIYHOI CHCTEMH, IO ONUCAHA OJHUM Ju(epeHIlIaTbHUM
PIBHSIHHSIM.

9. BcTaHOBHUTH BIAMOBIIHICTh MK MOHATTAMM Ta 1X TIIyMaUEHHSIM

1 | PiBHOBara A | 1Ie TaKU# CTaH, SIKKUI TPUBAE SIK 3aBTOJTHO JOBIO
MIPH BIJICYTHOCT] 30BHIIIHIX BIUIMBIB
2 | CTaOuIbHICTD B | 3maTHICTh cucTeMHU MOBEPTATUCS B PIBHOBAKHUMN
(CTIMKICTB) CTaH y BUIAJKY, SKIIO BOHA OyJia BUBEJICHA 3
HBOTO
3 | Crauionapuicts | C | o3Hauae, 0 Xapakrep (3aK0H) PYHKI[IOHYBAHHS
CUCTEMH He 3MIHIOEThCA B Yaci

10. ¥V Bumaaky omnMmcy JIWHAMIYHOI CHCTEMHM OJHUM JU(EpeHLIHHUM
PIBHSIHHSM MOOJIM3Y CTaHy piBHOBAard (DyHKIIsl 3MIHIOE 3HAK 3 «+» Ha «-». B ipomy
BUIIAJIKy CTaH PIBHOBAru:

a) CTINKHIA;
0) HECTINKHIA;

B) HaITIBCTIAKUH.
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1.8 3aBaaHHs A1 CAMOCTIHHOIO PO3B’SI3AHHSH
1.8.1 JocaigxeHHs TOUKU PIBHOBAru Ha CTilKicTh 3a kpurepissmu Payca-

I'ypsina i JI’enapa-Illunapa
3a nanumu Barmoro Bapianty (Tabu. 1.2):
1) 3HaiiTu koopaArHATH TOUYKHM piBHOBaru y MathCad:

a) METOJIOM O0EpHEHOT MaTPHILL;

0) 3a qonomoroto pyHkIii Isolve;

B) 3a JioroMoror oduuncioBaabHoro 01oky Given/Find;
2) DOCHIIUTH CUCTEMY Ha CTIHMKICTh JBoMa kputepismu: Payca-I'ypgina 1 JI’enapa-
Munapa. Pesynbratu mnopiBHsATH. Ilpu 3actocyBaHHI 3a3HAYeHHX KPUTEPIiB
BUKOPUCTATU (PYHKI1I0 BUJLIEHHS NiAMaTpullb (Submatrix(A,ir,jr,ic,jc) — moBepTae
MIIMACHB, 0 CKIAJAETHCA 31 BCIX €JIEMEHTIB, IO MICTATHCS B PSAAKaX 3 ir MO jr 1

CTOBIILISX 3 ic TI0 jc MacuBy A).

Tabmuus 1.2
Ne 3aBIaHHS Ne 3aBIaHHS
BaplaHTa BaplaHTa
1 X =—x+y+2z 8 X =—x+2y+3z
y =—x—y+z y ==2x-y+2z
z =-2x-y-z z =3x-2y-z
2 X =—x+2y+z 9 x =—x+3y+2z
y =-2x-y+2z y =-3x-y+3z
z =—x-2y-z z =2x-3y-z
3 X =—x-y+2z 10 X =—x+3y+z
y=x-y-z y =-3x—y+3z
z =2x+y-z z =—x-3y-z
y=—x-y+z y =—x—y+z
z =2x-y—z z =3x-y-z
5 x =—x-2y+3z 12 x =—x-2y-3z

y =2x-y-2z
z =3x+2y-z

y =2x-y-2z
z =-3x+2y-z
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[Tponosxenns Tadbmuiri 1.2

No Ne
, 3aBmaHHs , 3aBmaHHs
BaplaHTa BaplaHTa

6 x':—x+y—3z 13 x':—x—3y—2z
y =—x-y+z y =3x—y-3z
z =3x—y-z z =2x+3y-z

7 X =—x-y+3z 14 X =—x-y-3z
y=x-y-z y =x—-y-z
z =3x+y-z z =3x+y-z

15 x':—x+3y—2z 18 x':—x—3y+2z
y'=—3x—y+3z y':3x—y_3z
z =2x-3y-z z =2x+3y-z

16 x':—x+y+z 19 x':—x+2y+2Z
y =—x-y+z y =2x—y+2z
z =—x—y-z z =2x-2y-z

17 x':—x—2y+z 20 x':—x+2y—z
y =2x-y-2z y =2x—y+2z

z =—x+2y-z

z =x-2y-z

1.8.2. I'padivynHe nocaigKeHHsI CTIMKOCTI TOYOK PIBHOBArd IMHAMIYHOI

CHCTEMH, 10 ONTUCAHA OJAHUM JAU(epeHIiaTbHUM PiBHAHHAM

3a nmanumu Bamoro BapianTy (Tabi. 1.3) 3HAWTH TOYKM pIBHOBArw Jjist

CUCTCMH, IO OIIMCaHa OJHHUM I[I/I(i)epeHHiaJIBHI/IM piBHHHHHM Ta JIOCJIiI[I/ITI/I iX Ha

CTIMKICTb.
Ta6mumg 1.3
No 3aBaaHHs Ne 3aBaaHHs
BaplaHTa BaplaHTa
1 x =x7 +2x—x’ +sin(x/2) 4 x =x?+12x—x> +3x
2 X =x>+2x—x>+x/2 5 x =x*+2x—cos(x’)
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[IponoBxenus Tabauui 1.3

Ne 3aBIaHHA Ne 3aBaaHHA
BaplaHTa BaplaHTa

3 x =x +x—x"+1 6 x =x>+2cosx—x"

7 x':x/;—x2+2x—x3 14 x =sin’x+2x—-x°

8 x =tg(x*)+2x—x’ 15 x =lgx® +2x-x’

9 . zx%+2x—x3 16 x =x*+2x° —x* +ctg(x/2)

10 x =x>+2x—x +cos(x/2) 17 x =x+2x" —x’ +e"

11 x =x*+2x—x +arctg(x/2) 18 x =x2+2x+1-x%°

12 x =x* +2xsin(x) - x’ 19 x =-x"—2x+x" —sin(x/2)

13 x =—x"+2x+4x> +In(x/2) 20 x =-7x" +x—x’ +sin(x*/2)
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PO31J1 2. TEOPETUYHI OCHOBU JOCJLXKEHHS CTIMKOCTI
HEJIHIHHUX TUHAMIYHUX CUCTEM

2.1 CyTHicTh Ta cnoco0u JiHeapu3anii HeJTIHIHHMX JMHAMIYHMX CHCTEM

Jlineapuzayiss — OJWH 3 HAWUOUIBII PO3MOBCIOMKECHUX METOJIB aHaJI3y
HENIHIMHUX cucTeM. lnes miHeapu3alli — BUKOPUCTaHHS JIHIHHOT CUCTEMH Jis
anpokcuMallii MOBEAIHKM pIlIeHb HENIHIKHOI CUCTEMHU B OKOJII TOYKH PIBHOBATH.
Jlineapu3zaliiss A03BOJISIE BHUSIBUTH OLIBIIICTh SIKICHUX 1, OCOOJMBO, KUIBKICHUX
BJIACTUBOCTEH HENHIMHOI CUCTEMH.

Metonu niHeapu3allii MaloTh OOMEXEHHI XapakTep, TOOTO E€KBIBaJICHTHICTh
BUXIJTHOI HEJIIHIWHOT CUCTEMU Ta ii JIIHIMHOTO HAOJMKEHHS 30€pIrae€ThCs JIMIIE IS
0OMEXEHUX MPOCTOPOBHX abO0 YacOBUX MaciiTabiB cucTemMu, abo Mg TEeBHUX
MPOLIECIB, 10 TOTO XK, SIKIIO CUCTEMA NEPEXOAUTDH 3 OJTHOTO PEXKUMY pOOOTH B HIIHM,
TO CJIiJ1 3MIHMTH | ii JTiHEapu30BaHy MOJIEIb.

Icaye xinbka crnoco6iB JiHeapu3allii. Po3riasHeMo J1Ba 3 HUX: METOJ 3aMiHHU
3MIHHHX Ta 3a JomoMoror SkobiaHa.

Jineapuzayisi HeniHIUHUX OUHAMIYHUX CUCMEM MemoOoOM 3AMIHU 3MIHHUX.
Jlineapuzaniss cuCTeMH HENIHIMHMX PIBHAHB B OKOJII TOYKM PIBHOBAard Moxke OyTH
JOCSTHYTa IUJISXOM 3aMIHM 3MIHHHUX Tak, 100 TOYKa PIBHOBArd mepeTrBopuiacs B
MOYaTOK KOOPJIMHAT.

PiBHsIHHSI, OTpuUMaH1 B pe3ynbTaTi 3a3HadyeHoi i, OyAyTh JIHIMHUMH 1
HA3UBATUMYThCS JliHeapu3ayieto N04YaTKOBOI CUCTEMHU.

Toukn MOYATKOBOI CUCTEMH, IO 3HAXOASATHCS B OKOJII TOYKHM pPIBHOBAarw,
OyIyTh BIAMOBIIATH TOYKAM B OKOJI1 MOYATKY KOOPAUHAT HOBOI CUCTEMH.

Hac Oyne mikaBuTu:

a) 3HaYCHHSI HOBUX 3MIHHUX, 1110 OJIM3bK1 0 HYJIS;

0) 3a SIKUX YMOB HEJIIHIMHUMU BHpa3aMU MOKHA 3HEXTYBATH.

PosrasinemMo HENiHIHY CUCTEMY:
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{x'=f(x,y) (21)
v =g(xy)

sIKa Ma€ TOYKY piBHOBaru ( p,q ).

IIepeTBOpEHHS

{“:x‘p. (2.2)
v=y-q

MNepeBOAUTDL TOYKY piBHOBaFI/I (p,q) B ITOYA4TOK KOOpAWHAT.

HudepeniiitoBanHs nepeTBopeHHs (2.2) Mae BUTIIAL:

{”j = (2.3)

[Tlicnst 3amiHM 3MIHHHMX, ITJICTAaBUBIIM I1X HOBI 3HaueHHS (2.4) B KOXHE

piBHsIHHSA (2.1), BUAUTUMO JiHIHHY YacTuHY (2.5):

X=u+p
2.4
poee 2.4)
u =au+bv+F(u,v) 2.5)
V +cu+dv+Gu,v) - -

ne F(u,v) 1 G(u,v) CKJIaIalOThCA JIUIIE 3 HEMHINHUX BUPa3iB.

JliHniiHa cucTeMa

u =au+bv
v =cu+dv (2.6)
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€ JIiHeapu3aIli€l0 HeNiHiiHOo1 cucteMu (2.1) 3a ymoB, 1m0 BUpasu F(u,v) 1 G(u,v) €

MOJIIHOMIAJILHUMH, a TaKOXK

F(M,V) G(M,V) 2 2
m—)O, m—)O, Nu? +v: = 0. (2.7)

I{i ocTanHi1 yMOBH 3a0€3MeUyIOTh T€, 10 HEMIHINWHI BUpa3u F(u,v) 1 G(u,v) Ha
CTUIBKM Majil TMOPIBHSIHO 3 # Ta v IpHU HAOIMKEHH1 A0 TOYKH PIBHOBArd, 110 HUMU
MO>KHA 3HEXTYBATH.

x =f(x,y)=-2x+y

o gtey) , MeTozoM 3aMIHU
y =gxy)=-y+x

Hpuknax 2.1. Jlineapu3yBaTH CUCTEMY

3MIHHUX.
Po3p’s3anHs. 3HaliileMO TOYKM PIBHOBAarM JMHAMIYHOI cucteMu. i 11boro

-2x+y=0

pO3B’5DKeMO CUCTCMY { . OTpI/IMa€MO TOYKH piBHOBaI‘I/I 3 KOOpAWHATaMH

—y+x*=0
(0;0) 1 (2:4).

Jlineapu3zariiisi IPOBOJUTHCA JIJISl KOKHOI TOUKH OKPEMO.

Jlineapuszyemo BxigHy cuctemy B Touli (0;0). Jlyust 1iei Touku 3aMmiHa (JuB.
dbopmyny (2.2)) He 3HaTOOUTHCA, OTXKE PIBHSIHHS 3aJaHOT JMHAMIYHOI CHUCTEMH
. X =-2x+y
3anuuaThes 0e3 3MiH: | | L

Yy =—y+x
Heniuifinuii  BUpa3 MNOpUCYTHIA TUIBKM y JPyroMy pIiBHSHHS, BIH €
MOJIIHOMIaJIbHUM, TOMY, 3a JIOBEJICHUM BHUIIE, HUM MOKHA 3HEXTYBaTH.
. X =-2x+y
OTpumMyeMoO JIIHEAPU30BaHy CUCTEMY: { :
y ==y
Jlineapuzyemo BxigHy cucteMy B Touli (2;4). 3a dopmyrnowo (2.2)

. X=u+2 .
BHKOPHUCTAEMO 3aMIHY: { 4 IJIA ICPCBCACHHA TOYKHW PIBHOBATU Y ITOYATOK
y=v+

KoOpAuHAT. PIBHSHHS BX1IHOI TMHAMIYHOT CHCTEMH HAOyBaIOTh BUTIISITY:
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u =2W+2)+v+4=-"2u+v
V=—(v+ D) +w+2) =du—v+u’

Heniuifinuii  BUpa3 MNOpUCYTHIA TUIBKM y JIPyroMy pIiBHSHHSA, BIH €
MOJIIHOMIAJIbHUM, TOMY HHMM MOXHa 3HeXTyBaTH. OTpUMyeMO JIHEapU30BaHy

u ==2u+v
CUCTCMY: . .
v =4u—v

Jlineapuzayiss na ocuogi axobiauna. ICHYIOTH 1 1HIII CIIOCOOMW JiHEapU3aIlii.

OpauH 3 HUX - JIIHEapu3allis Ha OcHOBI MaTpulll Sko0i. Enementamu nanoi Matpuili €

: .. . . d d
YaCTUHHI TOXiAHI QYHKIIH f 1 g: a= /A , b= /A , c= E, d="25. Martputs
dx dy dx
a b .
J = ( ] HA3UBAETHCS SIKOOIAHOM.
C
Jlineapu3arriero HeNMHIAHOT quHaMI4HOT cucteMu (2.1) € cucrtema:
u:::au-+bv‘ 2.8)
v =cu+dv

[puknan 2.2. JlineapuzyBaTH JUHAMIYHY CHUCTEMY MOIMEPEIHBOTO MPUKIATY

{x‘ = f(x,y)=2x+y
y =g(x,y)=-y+x’

3a JOIIOMOT'0X0 siKo0laHa.

Po3B’s13aHHs. 3HAWAEMO €JIeMEHTH sSKkoOiaHa: g_ -2, g _ 1, % _ 2x, % _ -1.
ox oy Ox oy
-2

1 .
) ] . KOOpI[I/IHaTI/I OCOOJIMBUX TOYOK 3a1aHO1
x f—

BinnoBigHO, Maemo: J:(

JUHAMIYHOI CUCTeMH 3HaiiieHo y nonepeanbomy npukiaai: (0;0) ta (2;4).
[IpoBenemo miHeapu3zamito BXxigHoi cucteMu B Touli (0;0). IlizcraBumo

-2 1

0 J. 3a dopmynoro (2.8),

KOOpJIMHATH y BUpa3 sikoOiana. OTpuMyeMO J ., :{

. . . . . . . u =-2u+v
J11Heap1/13au1€}0 BX1AHO1 AUHAMIYHO1 CUCTCMU y TOYII1 (0,0) € CUCTcMa , .
y =—y
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Jlineapuzanisi 3aJaHOi CHUCTEMH, LIO0 TMPOBEJEHA METOJOM 3aMIiHM 3MIHHHX, A€
aHAJOTTYHUM pe3yabTaT (IuB. npukiag 2.1).

[IpoBenemo miHeapu3aiiro BXigHOT cucteMu B Touli (2;4). IlizcraBumo

. -2 1
KOOpJIMHATH y BMpa3 sikoOiana. OTpumyeMo J ., :{ A 1]. 3a dopmynoro (2.8),
. . . . . . . u' =-2u+v
JiHeapu3alliero BXiTHOI TMHAMIYHOI cucTemMu y Toumi (2;4) € cucrema { | A :
Vv =4U—V

Jlineapu3zarliis 3a7aHOi CHUCTEMH, IO MPOBEJACHA METOJOM 3aMiHM 3MIHHHX, A€

aHAJOTTYHUM pe3yabTaT (IuB. npukiag 2.1).

2.2 Teopema XapTmana-I'poomana

Teopema Xaptmana-I'poOMaHa BU3HA4Ya€ BUMAAKH, KOJIM BUCHOBKH, OTPUMAaHI
MpU JOCJIJKEHH1 JIITHEapu30BaHOT CHUCTEMH, MOXKHA TEPEHECTH Ha 11 HeTiHIMHUI
aHaJIor.

Teopema Xapmmana-I poomana: axkuio aKoOiaH HE Ma€e HYJIbOBHX a00 YHCTO
ySIBHUX 3HAau€Hb, TO (Ha30BUN MOPTPET HENIHINHOI CHUCTEeMH B OKOJ1 TOYKH ii
piBHOBaru noi0Hui 10 pazoBoro nopTpeTa ii JiHEapu3aIlii.

BucnoBku 3 Teopemu XaptMmana-I'poomana:

- SKIIO JIIHEapU30BaHAa CUCTEMa Ma€ HYJbOBE BJIACHE 3HAaY€HHs ab0 YUCTO
ysIBH1 BJIaCH1 3HAYE€HHSI, HIYOTO HE MOYKHA CKa3aTH MPO HEJIHINHY CUCTEMY;

- AKIOo Uit ciiay (o) Ta JeTepMIHAHTY (A) XapaKTEPUCTHYHOTO PIBHAHHS
. . c<0
AIHEAPU30BAHO! CHCTEMM BHKOHYIOTRCS OJHOYACHO YMOBH  _ ., TO TOHKa
>
PIBHOBAru BIJAMOBIIHOT HEJIIHIHOT CUCTEMH € aTPaKTOPOM 1 CTIMKa;
. . c=0 . . . .
- y BCIX IHIIMX BUMAAKaX (OKpiM A 0) TOYKa pPIBHOBAard BiJMOBIIHOT

HEJIHINHOT CUCTEMH € HEIIHIMHUM C1IJIOM 1 HECTIHKA.

IIpuknazg 2.3. BI/ISHa‘{I/ITI/I, SAKIIO I€ MOXKIMBO, THIIM TOYOK piBHOBaTI/I JIIA

x =f(x,y)=-2x+y

HEJIIHINHOT IMHAMIYHOI CUCTEMHU, 110 3a/laHa y NpukKiIami 2.2: <~ L
y =gby)=-y+x
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Po3p’s3aHHs. 3HAxXO/KEHHS TOYOK pIBHOBark 3aJaHoi CcUCTeMU Ta il

JiHeapu3allis y KOKHIN 3 HUX HaBeJeHo y npukianax 2.1 ta 2.2.
Hocminumo JiHeapu3oBaHy cuctemy, 1o BignoBigae Toumli (0;0). 3a

=2u+v

. I/l'
pe3yiabTaTaMu IIPUKITATY 2.2 Maemo Al JOCIHIIPKCHHA CHCTCMY {
Vv =—V

.. . . -2 1 o .
CKJIaIIeMO MaTpHIo KOC(i)lLIlEHTlB JaHO1 CHCTCMHU. (0 1]. 3HaI/IIICMO cJIlg Ta

JIEeTepMIHAHT JaHOi MaTpulli: o =-3, A=(-2)(-1)=2. Sk 06auuMo, BUKOHYIOTbHCS

c<0 .
yMOBa {A o Otxe, 3a Teopemoro XaprtmaHa-I'poOmana, Touka piBHoBaru (0;0) €
>

aTpaKTOpPOM 1 CTiiiKa.
Jocmiaumo JIiHeapu30BaHy CHUCTeMy, M0 BigmoBizae Ttoumli (2;4). 3a

u ==2u+v

pe3yibTaTaMu MpUKIaxy 2.2 MaeMo JJsi JOCHIIKEHHS CHUCTEMY { A .
VvV =4Uu—Vv

.. . . -2 1 o .
CKJIaIIeMO MaTpHIo KOC(i)lLIlEHTlB JaHO1 CHUCTCMHU. (4 1]. 3HaI/IIICMO cJIlg Ta

. . . c<0
JNETEPMIHAHT JaHOI MaTpulll: o =-3, A=(-2)(-1)-4=-2. YMoOBa {A 0 HE BUKOHAaHAa.
>

Otrxe, 3a Teopemoro XaprtmaHa-I'poOmana, Touka piBHOBaru (2;4) €
HEJIIHIMHUM CIJIJIOM 1 HEeCTiHKa.

Teopema XapTmana-I' poOMana mae aBa cepio3HUX OOMEKEHHS:

1) BoHa He Hagae iHdopMaIllii PO BUIAJKH, KOJU JIIHEApU3allisl HE MpOCTa
(Mpu HYJILOBOMY JIETEPMIHAHT1) 200 € LEHTPOM (IIPU HYJILOBOMY CHi1);

2) Teopema Hazae 1HGOPMAIIIIO IPO MOBEAIHKY PIIIEHb TUIBKH MOOJINU3Y TOUKH
piBHOBaru. [ljs Toro, o6 3poOuTH riaodalbHUM MPOTHO3, HAM HEOOX1IHI T10JJaTKOBI
OUThII  CKJAmHI  JOCHKEeHHSA. [[ns  1mbhoro  BUKOPUCTOBYIOTH — KOHIIEMIIIi

KOHCCPBATUBHUX CUCTCM, O60p0THI/IX CHUCTCM Ta q)YHKHIIO .HSIHYHOBa.
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2.3 3aBaaHHsA 1J11 CAMOKOHTPOJII0

1. ChopmyntoiiTe OCHOBHY 17I€10 JIiHEapHU3alLlii.

2. SIki OCHOBH1 METO/IH JIiHEapu3aIlii?

3. Chopmymroiite Teopemy Xaptmana-I' poOmana.

4. Jlo AKuX BUTIAJKIB HE MOXKHA 3aCTOCOBYBaTH Teopemy XapTmaHa-I poOmana?

5. Skumu maroTh OyTH CJHiA Ta JAETEPMIHAHT JIIHEAPU30BAHOI CHUCTEMH, LI00
BIJIMOB1/IHA HENIHIAHA crcTeMa OyJia CTIMKO0?

6. Sxumu wmatoTh OyTH cHiJf Ta JAETEPMIHAHT JIIHEAPU30BaHOI CUCTEMH, 100
BIJIMOB1/IHA HENIHIAHA crcTeMa OyJia HeCTIHKO0?

7. o Take «ikoOian»? Sk BIH po3paxoByeThCs?
. c<0
8. SIki BHCHOBKHM MO>KHA 3p0OHTH 3 TeopeMu XapTMmaHa-I'poOmaHa, SIKII0 As 0 ?
>

. c=>0
9. SIx1 BUCHOBKH MOYKHA 3pO6I/ITI/I 3 TEOpEMHU XapTMaHa-Fp06MaHa, SAKIIO A0 ?
>

. c=0
10. SIxi BUCHOBKH MOHa 3poOUTH 3 TeopeMu XapTMmaHa-I poOMaHa, K10 {A 0 ?

2.4 3aBaaHHA ISl CAMOCTIHOTO PO3B’SI3aHHSA
3a nanumu Barmoro Bapianty (Tabu. 2.1):
1. 3HaliTH 0COOIMBI TOYKU CUCTEMH.
2. IlpoBecTu JiHEapU3aIlilo CUCTEMU PI3HUMH METOJAMU, PE3YJIbTATH MOPIBHSATH.

3. JocniguTH CTIMKICTh HENIHIMHOI CUCTEMU 3a TeopemoroXapTMmaHa-I'poOMaHa.

Ta6mums 2.1

No 3aBaaHHs No 3aBaaHHs
Bap Bap

1 x =y =3x+2 2 X =x—y-—ée

{ y =x"—y’ { y =x-y

3 x =y-3x 12 X =x—y—xy

{y':x+x3 {y'zx—y+y2

4 x =y 13 X =x—y—ey

{y'=—x—(4+x2+y2)y { y =x+y
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[TponosxxenHs Tabmuir 2.1

Ne 3aBIaHHA Ne 3aBaaHHA
Bap Bap
5 {x':—3y+xy—4 14 {x':x—y+xy
y =-x"+y y=x'-y+y’
6 { X =y 15 { X =y
y =—x—(1+x"+y%)y yo=—y—(4+x’+y")x
7 x =1-e"" 16 x =—4y—xy-2
{yyzx—y { y =—x"+y’
8 {x':yz—l 17 { x':y
y =x—y° y =—x—(-x"-y")y
9 {x' =x?—x 18 {x' =1-e"7
y ==y y=x—y
10 x =y’ —x+4 19 x =2y° -1
{y'=x2—2y2 {y'=x—4y2
11 x =3y-3x 20 x =x?-2x+y
{y'=X+x3 { y ==y
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PO3/ILI 3. TOBIJIKOBUIA MATEPIAJ 3 IUTAHD
BUKOPUCTAHHSI HAKETY MATHCAD JJISI 3AJAHUX
OBYUCJIEHD

3.1 Pobora 3 rpadikoro
Hlaononu cpaghixie ¢ cucmemi MathCAD. ['padiunuii npoiecop cucteMu
MathCAD no3Bojsie CTBOpIOBATHM PI3HOMAaHITHI BHJM TpadikiB: y JeKapTOBIH 1
MOJIAPHINA cUCTEMax KOOpAMHAT, rpadiku MOBEPXOHb, TPUBUMIPHI (Hirypu TOMIO.
Jlns  moOymoBu rpadikiB BHKOPMCTOBYIOThCA IIAOGIOHM. IX mepemik

Mpe/CTaBlIeHU B MiAMEHIO I paguk nyHKTy Becmaegka ronoBHOTO MeHio (puc. 3.1).

" Mathcad - [be3bIMAHHLIA:Z ]

rm Makn Mpaeka BH.ﬂlBETaBKa DoOpMaT  CepBMC  CHMEONEHEIE ONEpaUMK  OKHD  CRp3Eks

D -5 &R I b = o bz
J IM-:H o [] MaTpHLa. . i @ NonApHeH Fpadieg Ckrl+7
% dynicuma. . Ckrl+E .@ Ipadi NOBepxXHOCTH  Chrl+2
JIN':'rmal j EP EauHMLAE MEMepeHKA...  Chrl+U MNMHHHK ¥pOEHA Ckrl+5 = | x*
PHCYHOE Chrl+T fj;: 30-rpadmk pasbpoca
DANaACcTE .] CTontdaTaq 30-gnarpamia
FPazpelE CTRpaHKLE krl+] |T*_ BerTopHoE None
FervoH qapryn ChelShifEH MacTep rpadHkoE, ..
PervoH TekcTa .
@' FOMIOHEHT. ..
JaHHBIE k
JANEMEHT YMPAENEHHSA k
OALEKT. ..
CCEINEA, ..
(2 THAERECEIEE, . iZhr| ke

Puc. 3.1- Buknuk ma6siony rpadika

binbuiicte mapamerpiB rpadgiyHOro mpoiecopa, HeOOXITHMX s MOOYyAOBHU
rpadikiB, 32 3aMOBYAHHSM 33/1a€TbCSI aBTOMATUYHO, TOMY ISl TOYATKOBOI MOOYI0BU
rpadika Oy/1b-IKOTO BUTJISAY TOCUTH 33J1aTH HOTO THII.

Cuctema MathCAD niarpumye pizHi munu wabnownis epagikie (1admn. 3.1).
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Tabonuus 3.1

Tunu rpagikis y MathCAD
[lo3nauenHs mabsoHy rpadiky y XapakrepucTuka Tuny rpadiky
cucremi MathCAD
tE Cpadie $-¥ mabsoH  JIBOBUMIpHOrOo  rpadiky B

JE€KapTOBI1M CUCTEM1 KOOpAMHAT

@ NonApHEIA rpadue

ma6JIoH rpadiky B MOJSIPHUX KOOPAMHATAX

A5 Tpadkk NOBEpXHOCTH

1m1abJIOH TPUBUMIPHOTO rpadiky

IHHHK YpOEHA

mabsoH Il KOHTYpHOro  rpadiky
TPUBUMIPHOT MOBEPXHI

fu;: 3D-rpadmr pasbpoca

mabsoH s rpadika y BUIIIAII TOYOK Yy
TPUBUMIPHOMY MPOCTOPI

.] CTonB4aTtan 30-aHarparta

mabJoH Il 300pakeHHS y  BUIUISIAL
CTOBITYMKOBOI JliarpamMu

L
|2 BexTopHoE none

mabJIoH i rpadiky BEKTOPHOTO MOJIsA Ha
TUTOIIHUHI

MacTep rpadMeoE. ..

3aIycK MaicTpa s noOya0BH
TPUBUMIPHUX TpadikiB 13  3aJaHUMHU
BJIACTUBOCTSIMU

Iloboyoosa 0eosumipnozo cpagixy. HeszanoBHenuii 1mabnon rpadiky

(puc. 3.2) € BENHMKUM MOPOXKHIM MNPSIMOKYTHUKOM 3 IIa0JIOHAMHM BBEJICHHS JaHHUX

(a0 wMicusMU BBEACHHS) y BHUIVISAI TEMHUX MAaJE€HbKUX MPSIMOKYTHHKIB,

po3TalloBaHuX OUIg ocel abCIuC 1 OpAUHAT MailOyTHROTO Tpadika.

" Mathcad - [BE3LIMAHHBIA:Z]

m tdarin lMpaeka Buwa Bcraska ®dopmat Cepeuc

|ID-BEREGAY|H BB

‘ IMDH gef-yzen

M

‘ IN:::rmaI

jl.ﬁ.rial j

Puc. 3.2 — I11abnoH A ABOBUMIPHOTO rpadiky
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VY BUILIEH] YOPHUMH MPSIMOKYTHUKAMH MICLS HEOOX1THO BBECTU BUPA3U IS
KOOpJMHAT TOYOK Mo ocsix X (ropu3oHTalbHa BiCh) 1 Y (BepTUKaidbHA BiCh). Y

3arajJbHOMY BHUIAJIKY 1I€ MOKYTh OyTH (PYHKIIT A€SKOi 3MIHHOT X.

[puxman 3.1. [TodynyBatu rpadik GyHKIil x =x* +2sinx—x*.
HeoOxigHi  HanmamTyBaHHS  JJis  NOOYJOBH  3a3HAYEHOTO  rpadiky

MPOLTIOCTPOBaH1 Ha puc. 3.3.

2>C1|:|3 T T T

x2-2sin(x)-x* —4<10

—6=10

_8x10°

—-1=10
-10

Puc. 3.3 — HanamryBanus a1 no0yaoBu rpadiky GyHKIi x = x* + 2sin x — x*

3ayBaxkeHHs. [l BBENEHHS CHMBOJIB BEPXHIX PEricTpiB 3aCTOCOBYIOTh KHOIIKU

z
<=
3 MaHel IHCTPYMEHTIB.

3mina nanawmyeanv 0608umipnozo zpaghika. I'padiunuii Tporecop
cuctemu MathCAD no3Bosisie 31iiCHIOBaTH HACTYITHI ITepEHANAIITYBaHHS IpadiKiB:

1) 3miHa po3Mipy BiTOOpaxKEHHS;

2) mepeminieHHs rpadika;

3) 300pakeHHs KUIbKOX rpadikiB B OAHOMY 11a0JIOH];
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4) popmaryBaHHS;

5) 3mina macitaly rpagiky.

3MiHa po3MIpy BiloOpaxkeHHs. J[ns 3MIHM poO3Mipy BiloOpaykeHHs rpadiky
HEOOXIAHO WOro BHAUIMTU (KJAHYTH Ha HHOMY JIIBOIO KIABIICI0 MUIIl) 1 3a
JOTIOMOT'OI0 MapKepiB 3MIHUTH PO3MIp Ha HEOOX1THUIA.

[lepemimenns rpadika. [ns nepemimeHHs rpadika HOTPIOHO MiABECTH

Kypcop 10 Kpaio rpadika (3MIHMTBhCS Kypcop) 1 MpU HATHCHYTIMA JiBIM KiaBimii
NepeMICTUTH Tpadik Mo JUCTY.

300pakeHHs KUIbKOX IpadikiB B OJHOMY 11a0J0Hi. [[1s1 300paskeHHs KIJIbKOX

rpadikiB B 0JHOMY I1a0JIOHI, HEOOXITHO 3iBa BiJ rpadiky 4epe3 KOMY BBECTH III€

oJlHe piBHsIHHA (pucC. 3.4).

11077

xz—-z sin {xj}—x4 -
3x3—1

Puc. 3.4 — Ilpuknan 300pa>keHHs 1BOX rpadikiB B OJTHOMY I11a0JI0HI

dopmartyBanHs rpadikiB. JliagoroBe BIKHO QopMaTyBaHHsA TIpadikiB

BUKJIMKAETHCS TOJBIMHUM KIJIAIIAHHSIM JIIBOi KJIaBilllli MUIIl Ha Trpadiky 1 MICTUTH
Brinagku «Ocu  X,Y», «TpaccupoBkayn, «®opmar uucna», «lloanmucn», «Ilo

yMmoJiyanuio) (puc. 3.5).
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PopmaTipoEarMe BaibpadHoro rpadwka X-Y Iﬂ

O X, ¥ | Tpacouposka | ®opmaT wwona | Noanwod | Mo ymondaHuo

|| BrnhoqMTE AONORHMTERBHYKD Ock Y

OcHoBHARA 0Cb Y | JononHUTenbHaA oo Y |
O X
[C] nerapudmmuecaii macuTah (] nerapudmmueciaii maauTah
THHKK CETKM = TAHKK CETRM =
Hymepawma Hymepawa
ABTOMaCWTAGMPOEaHME ABTOMECLWITAGMPOEEHME
[ NokassisaTe MeTKK . [l NokassisaTe MaTKNM .
ABTOCETKE ABTOCETKSE
KonuM4ecTeo CeTOK:! 2 KonM4ecTeo ceToK: 2

CTobpaeHue ocel

(71 Mo kpasm |:| B oaMHaKkoEoM macTabe
(@ Mo ueHTPY

(71 He oTobpakaTe

[ Ok J [ OTmeHa ] [ MpHMEHMTE ] [ Cnpaska

e, =~

Puc. 3.5 — Bxknagku BikHa ¢popmaryBaHHs rpadikiB

J171s1 BUKOHAHHS 3aBJIaHHsI 1ab0paTOpHOT pOOOTH CITii BUOpaATH OMIlii BKJIAIKU

«Ocwu X,Y», BUaiIeH1 Ha puc. 3.6.

PopmatiposanuMe enlbpadHore rpaduka X-Y ﬁ

paccmposr{a I DOPMET YHMCNS | Moanuou | Mo wnnHaHmml

|:| BrniouMTe AONONHWTENEHYHD otk

O X OcHoBHaA ook Y | fononHUTensHaA ocb Y |
b

[ nerapudmiueci maowTas [ Nnorapudmueckii macwTad
MHMI CETKM == MHMM CETHM |

BTOMaCWTabupoBaHE A ETOMECLUTA0MPOBaHME
| I MoKaseBaTe METHK - | MokaseIBaTe METHM [ |
@BTDEETKE |V |ABTOCETHS
KonM4ecTBo CeToK: 2 KonM4ecTBD CETOK: 2

OTobpakeHe ocel
() Mo kpasam |:| B oaMHakoBOM MacwTabe

[ e

) He oToBpaxaTh

[ Ok J [ OTMeHa ] [ MNpUMMEHUT ] [ Cnpaeka ]

- -

Puc. 3.6 — OcHosni onii Bkinaaku «Ocu X,Y» aian. BikHa popmaTyBaHHS rpadikiB

[TosicHMMO TX BUKOPUCTAHHS.
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Onuist Jlunuu cemku 103BOJISE BUHECTH Ha Tpadik TOPU3OHTANIBHI 1(a00)

BEepTUKaIbHI JiHIi ciTku (puc. 3.7).

—
[}

[44)

=]
L4

0
=

x%-2 sin (x)—x" L

Puc. 3.7 — BigoOpaxkeHHs JiHii ciTKU Ha Tpadiky

Onuist Hymepayus BUBOIUTH HAAMKUCHU Ha OcsxX (puc. 3.8).

x2—2 sin(x]—:-c4

E— \
ax°-1 -10 )

Puc. 3.8 — Pesynbrar Bubopy ontii Hymepayus na Bxkiaaaui «Ocu X,Y» A1anoroBoro

BiKHa (popMaTyBaHHA rpadikiB
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Onuist Aémomacwmabuposanue aBTOMAaTUYHO PO30MBAa€ BIKHO rpadiky Ha
PIBH1 IHTEpBaJIM MO TOPU3OHTAII 1 MO BEPTHKAJI, IO JO03BOJSE YITKO BU3HAYUTH
IpaHUIll IUX IHTEpBaiB. 30BHIIIHIA BuIAn rpadikiB 0e3 3aBmaHHS IIi€i oMl

MIPEACTABIECHO Ha puc. 3.9.

500 500 3
l!'
x” + 2sin(x) — x* o
3 o"
3x” -1 L.t
—500 ~500
4 x 6

Puc. 3.9 — 3oBHiHIN BUTIIAL Ipadiky 3 BIIKIIOUEHOIO OMIIIEI0

Aemomacumabuposanue

Binkitouenns onuii 4émocemka J03BOJIIE B PYYHOMY PEXUMI BCTAaHOBUTHU
BIJICTAaHh MK TOPU3OHTAJIBHUMHU Ta BEPTUKAIBHUMU JIIHISIMU CITKA Yepe3 3aBIaHHS
nonatkoBol omili Koauuwecmeo cemox. SIKIO BIAKIIIOYUTH OMNII0 Aemocemxa 1
3anatu Konuuecmeo cemox 5 (puc. 3.9), To orpumaeMo rpadiku y ¢opmari,
300paxeHomy Ha puc. 3.11Puc..

Omnuist Omobpadsicenue oceti NTO3BOJIIE BCTAHOBUTH BIJOOpa)KEHHS OCEU IO
HeHTpy abo mo Kpasx ajig OUIbIl 3pYyYHOTO CHpuMHATTA Tpadiky. BimoOpaxeHHs
oceil B3arami MoxHa BiakarouuTd. Ha puc. 3.13 - 300pakeHHs MONEPEIHBOTO
rpadiky, TUIBKA 300pa)K€HHSI OCel MEepeHeceHO Ha Kpas (HeoOXiHI mapameTp

dhopmyBaHHS 300pakeHO Ha puc. 3.12).
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Dopmatvpoeadve salbpaHHore rpagumeka X-Y et S|

Do X, Y | Tpaccuposka | DOpMAT YMCna I Moanmom I Mo yMOAYEHKMKD |
|:| BKAK4MTE AONOAHWTENBHYKD OCb Y
OcHoBHEA ok 'f | JononHUTensHaa ocs Y |
Ocb X
[] norapudmivecasi macwTab ] Norapudmivecai macwTal
MAHMM CETKM || MAHAM CETHM |
HymepaLms HymMepaLms
ABToMaCLWITabMpoBaHIME ABToMacluTabupoBaHe
[ NoxasbiBaTs METHM [ | [ NoxaseiBaTs MeTHM [ |
ABTOCETKA ABTOCETKA

KonM4ecTeo ceTok: 2 KonM4ecTBo ceTok: E
CTofpatenye ocei
(7 Mo kpasm |:| B oouHakoeoM MacwTabe
(@ Mo ueHTpY
) He oTobpaaTs

[ K ] ’ OTMeHa ] ’ [PHMMEHMTE ] ’ Cnpaska ]

L s = ]

Puc. 3.10 — 3aBnaHHs KUTbKOCTI JIIHIN CITKH BPYUHY

L. Hﬂ‘i‘
[ R T ‘
F
F
F
- e ‘
’
F
"4
’,
fatulnl ‘
[=LoLu] w
x2-2sin(x)-x" P
— -
3

Puc. 3.11 — ®opmat BuBeaeHHs rpadiky i3 3aBJaHHIM KUTbKOCTI JIIHINA CITKH BpYYHY
(KUTBKICTD JIHIN J)
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F

Gopmatupoeadue snibpanHore rpaduka X-Y

Oon X, Y | TpactMpoBKa I @OPMET YMCna | MoanKod | Mo YMOAHEHHID |

[C] BrnrouiTE AonoNHUTENEHYID OCk Y

O X

[] norapudmm-eckmii macwTad

TIMHMM CETHM
HymepaLuma

ABTOMaCWTaGMpoBaHHE

[ nexazeiEaTe MeTIM
[ agTOCETRE

Konw4ecTso ceTok:

OTobpameHe ocel
(@) Mo kpasm

T 110 LERTDY
(") He oTofpaaTs

OrHoBHEA 0cb | JononHuTensHas oo |

[] Norapudmmqeci macwTal
|| TTHHMM CETHM |
HyMepaLma
AEToMaOWTaGMpOBaHKE

|| [ MokazsiEaTs MeTM ||

[ AeToCeTKE

2 KONM4ecTBO CETOK: 2

[|B oanHakosom MacwTake

] [ OTMeHa ] [ MpUMEHTE ] [ Cnpaeka ]

b

oS

-

Puc. 3.12 — BcTanoBieHHs pexxuMy BioOpaXeHHs Oceil 1Mo Kpasix rpadiky

2000

x2—2- sin {x}—x4

—3000

7

)
’

2 !

2410 .
F 4
"
4
0 -i
/'_
-
F
FJ
F
Fa
F i
_2:10°—#
’
P
’
_10 _5 0 5 10
_10 x 10

Puc. 3.13 — 3o00paxxeHHst rpadiky 3 OCSIMH 1O Kpasix
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3BUYAIHO, 110 ICHYIOTH 1 1HIIT MOXJIHMBOCTI (hopmaTyBaHHS rpadikis, ajne B

MCXKaX BUKOHAHHA ITOCTABJIICHUX 3aBJaHb BOHHU HC Bi}liI‘paIOTB CYTTEBOT'O 3HAYCHHAI.

3mina macmTaly rpadiky. Ao BUAUIMTH NMOOYyI0BaHUN rpadik (KJIALHYTH
Ha HHOMY JIIBOIO KJIABIIICIO MHUIII), TO MOXKHAa MOOAYWTH MOro Macuitad, 3aaaHuit
aBTOMAaTUYHO. 3a 3aMOBUYYBaHHSIM MEX1 apryMeHTy 3aJaroThecs BiapizkoM [-10, 10]
(puc. 3.14). Macmrab no oci Y MathCAD BcTaHOB/IIO€ aBTOMATHYHO.

2.99910°

5<10°

x%+2.sin(x)-x"

_510°

_9.901x10° ’

-1x10

-10 -5 0 5
10 x

Puc. 3.14 — ABromatuyHuit MmacmTad rpadiky

°—h

Jlist 3mMiHM MacTaly 300pakeHHs rpadiky HEe0OXiTHO 3MIHUTH HOTO BpYUHY
y BikHI Tpadiky. Hexaii, Hampuknaa, HEOOXITHO 3’ACYBaTH, CKUIbKH pa3iB
noOyaoBaHi rpadikd NEpeTHMHAIOTh BICh apryMeHTy (IHIIMMH CIIOBaMH, 3HAWTH,
CKUIBKM KOPEHIB Ma€ BIANOBIIHE PIBHSAHHS). 3aJaMo TrpaHulll aprymenry [-1; 2].

PesynbTat BimoOpakeHo Ha puc. 3.15.
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5 £ |
r4 ’ 1
4
’
’
‘l

107 - X 4
Jl(z—Z-sin(:nc)—)c4 n'
mm—— ’

-~
3.x°-1 P
L e —— -l -
N — — £ ‘Io- - o 1

Puc. 3.15 — 3o0paxkenHs rpadiky rnpu 3MiHi TpaHUIb APTYMEHTY

Sk BumHO 3 puc. 3.15, piBHsSHHS x”+2sinx-x*=0 Mae JaBa KOpeHi, a
piBHSHHS 3x° —1=0— TUIbKH OJIHH.
3.2 Po3B’s13aHHS PiBHAHD
Po3é’azanna pieHAHb 3a O00NOMO2010 KI110408020 caoea solve. ][l
3HAXO/PKEHHS KOpeHiB piBHAHb Yy cuctemMi MathCAD BukiIMKaloTh NaHelb
1HCTpyMeHTIB «CHUMBOJIbHBIE TTpeoOpa30BaHus C KIIOYEBBIMU clloBaMmu» (puc. 3.16)

Ta Ha Hill BUOUPAIOTH KIIOUOBE CIOBO solve.
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CWMBONBHLIE |

— " Modifiers
float rectangular  assume
simplify substitute
factor expand coeffs
collect series parfrac
fourier laplace Zrans

imvfourier invlaplace invEtrans

MT — M — M| —
explicit combine confrac
renirite

Puc. 3.16 — Buxnuk naneni iHCTpyMeHTiB « CUMBOJIbHBIE TTPeoOpa3oBaHus ¢

KIIFOYCBBIMH CJIOBAMMN»

Ha po6ouomMy nucTi 3’ ABISIETHCS BUALICHA MO3UIlISA JJIsI BBEACHHS PIBHSHHS

Ta BUBEJIEHHS HOTro po3B’ 53Ky (puc. 3.17).

““Mathcad - [Be3bIMAHHLIA:Z ]

m tarin [Mpaeka Bwa BcTaeka
D-sH ERY| %

J I'-.-'arial:ules leimes e

" sw:-lvﬂ| —

Puc. 3.17 — BunaiieHa mo3uliis 11l BBEACHHS PIBHIHHSA Ta BUBEICHHS HOTO PO3B’SI3K
b | pil i p i p y
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3miBa Bia KJIIOYOBOTO CJlIoBa Solve HEOOXIHO BBECTU PIBHSHHS, ITICIS
KJIFOYOBOT'O CJIOBA Y€pe3 KOMY BBECTH 3MIHHY-apI'yMEHT, KJIAIHYTH JIIBOIO KHOTIKOIO
MHUIII 32 MEXaMU BUAUICHOT Mo3ullii. Pe3ynbpTaTt 3’sIBUTHCS CIipaBa Bil CHMBOJIY 7 .

Po3B’s13ku piBHSAHHA 3x° —1=0 HaBeaeHO Ha puc. 3.18.

[ Mathcad - [grafffff]

m mavin Mpaeka Bua  Brraeka ©opMat  MHCTPWMEHTRI  CHMEONEHEIE ONERaUMH
D-2l|@RY | BB|lvox T (WD =|B
JINDrmaI jl.ﬁ.rial jll[l j| B I O ||§

{ 1 ™
95
3
11
30 — 1 solve,x —| © 30 ;
6 2
11
o7 30
L6 2

Puc. 3.18 — Po3B’s130K piBHsIHHS 3x° —1=0, OTpPUMAaHHH i3 3aCTOCYBAHHAM

KJIFOUOBOT'O CJIOBA solve

SIk BuaHO 3 puc. 3.18, piBHSIHHSA 3x° —1=0 Mae TpU KOPEHi — OJUH JTIHCHUH 1
JIBa KOMIUTEKCH1. JIJis BUKOHAaHHS MOCTaBJIEHUX Y JJabopaTOpHii poOOTI 3aBIaHb HAC
IKaBUTUMYTh TUIBKH JiiicHI KopeHi. ['padik ¢pyHKii 3x° —1=0Mae ouH NEPETUH 3

BicCIO apryMenry (puc. 3.15), oTke y nmoJaiablioMy JTOCHIIKYETbCS CTIMKICTD OJTHI€T
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. 1/3 . .o e .
TOYKH PIBHOBAI'U x:9 A HOBCJIIHKa CUCTCMH Yy JdaHIN 0COOJIMBIHT TOUll €

3

HECTIMKOIO0, TaK SK rpadik 3pocTae MpHu Nepexoii uepe3 TOUKY x =

Po3B’s130k  piBHAHHS x° +2sinx—x*' =0 Ja€ HE3aJ0BUIBHI pe3yJbTaTh

(puc. 3.19) mon0 BU3HAUYEHHS KUTBKOCTI TOUOK PIBHOBAr Ta iX KOOpUHAT.

" Mathcad - [grafffff]

fd] afin Opaska Bua BLTaska DOpMAT  MHCTRYMEHTH CHUBOMSHBIE O
JINDrmaI jl.ﬂ.rial jlm j| B 7

x4 2 sin{x) — i solve,x — 0

Puc. 3.19 — Po3B’s130K piBHSHHS x” +2sin x —x* =0, OTpUMaHUH 13 3aCTOCYBaHHIM

KJIFOUOBOT'O CJIOBA solve

Pe3ynpTaToM po3B’si3aHHS PIBHSHHS 13 3aCTOCYBAHHSIM KIIFOUYOBOTO CJIOBa solve
€ OJlHa TOYKa x =0, aje Ha rpadiky BiANOBIAHOI QyHKUII (puc. 3.15) ssBHO BUIHO,
10 IMX KOPEHIB JiBa (MpUHANMHI, AIMCHUX) 1 BOHHU pi3Hi. s Toro, mob ix 3HaiTH,
MO>KHA CKOpUcTaTucs (PyHKIIE€0 root a00 BUKOHATH TpacyBaHHS Tpadiky.

Po3é’azanna pienanv 3a O0onomozorw @yukuii root. OyHKUIS root Mae
cunTakcuc Root(f(x),x). llepmum aprymentom (yHKIIT root € O6e3nocepeIHbO caMe
PIBHSIHHSI, PO3B’SI3KM SKOTO HEOOXiTHO 3HAWTH. [Ipyrum aprymMeHToM QyHKIII €
He3aJIe’KHa 3MIHHA PIBHAHHSL.

Cnig 3a3HauuTH, 1O AaHa (QYHKIIS IyKa€e KOPiHb PIBHSHHA B OKOJII MEBHOI
Hamepesa 3a1aHoi Touku. ToOTo, pe3ynbratoM poboTu (YHKLII 700! € TUIbKA OJIUH

KOpiHB, SIKUU 3HaxXOIUTHC B OKOJI1 Halepea 3a1aHOT'0 HAOIVKCHHS.
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[Ilo6 3amaTy moyaTkoBe HAOJMKEHHS, HEOOXIIHO Mepea BUKIUKOM (YHKIIII
700t HaJlaTh apryMEHTY X MIEBHOI'O 3HAYEHHS.

Tak, 3 puc. 3.15 BuAHO, IO MEPUIUH KOPiHb PIBHSAHHS x° +2sinx—x* =0
3HAXOJIUTHCS B OKOJ1 TOUKH x =0, a APYruil OJIM3bKUM, HAPUKIIAJ, 1O TOYKH x =1.5.
3HaXO/KECHHSI KOPEHIB PIBHSAHHS x° +2sinx—x'=0 3a jJonomMorow (QyHKIIl root

MpouTIOCTpOoBaHO Ha puc. 3.20.

m dafin MNpaeka BEwa BcTaeka ®opMaT  MHCTPWMEHTEl  CHMBONLHEIE ONEpal
[D-ZEHISRAY | BB« [T MD =
JINDrmaI jl.ﬂrial jlltl j| B F O |

x:=0

xl = I‘ODt(X2 + 28in(x) — X4,X)

X2 = m-:::l;(){2 + 2s8in(x) — X4,X)

x2 = 1411

Puc. 3.20 — Po3B’s130K piBHSHHS x” +2sin x —x* =0, OTpUMaHUH 13 3aCTOCYBaHHIM

byHKuii root

Po3é’azanna pienaAHb 3a 00NOMO2010 mpacyeanus 2pagixKy @yukuyir.
TpacyBaHHs 103BOJIsi€ OUIBII TOYHO BUBUUTU 0cOOMUBOCTI rpadiky. {06 yBiIMKHYTH
PEXHUM TpacyBaHHSA, Y KOHTEKCTHOMY MEHIO BIIMOBITHOTO Tpadiky (BUKIUKAETHCS
KJAl@HHAM  [paBoi  KJaBilmi MUl  Ha  00’ekTl)  BUOpaTH  MYHKT
Tpaccuposka... (puc. 3.21).

VY pesynbrati y podouomy noni MathCAD 3’sBUThCS BIKHO TpacyBaHHs, a y

noJii rpadiky MyHKTUPHI JIiHI1, 110 IepeTUHaoThCs (puc. 3.22).
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o ™ - MMPMMEYEHWE AN BEIBPaHHORD PErMEHTE:

.;% Beipesath
_ g Konuposate
i E BeTasnTe
CBOICTEA. ..
—10.181,

—20 Sl

TPaccvpoBKa. ..

Macwrab. ..

OTKMOYNTE BEIYMCNEHME

Puc. 3.21 — Bukiuk pexumy TpacyBaHHS

TpacoapoBka rpadmka X-Y 5[

4 X-Koopgk | KonupoeaTe X |
Y-KoopaM | KonwpoBaTtk Y | F)
Y2-Koopg I KonwpoBaTe Y2 | ,'
_I
[V OTCnessveats TOYKKM JaHHLX 33KPLITE | ’ £
F
2 - 4 ™ F
x"+2sin(x)—x ’,
-,
-
3x’ -1 z
e - _-H..
T T
L] _ -, -u 1
i e -
=14
—10.181,
=20
-1 X 2

Puc. 3.22 — Pe3ynbrar Bukiuky BikHa « TpaccupoBka rpaduka X-Y»
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[Ipu mepecyBaHHI BKa3iBHMKa MHIII 1O Tpadiky MepecyBaeTbcs 1 TOUYKa
NepeTHHy JiHIA TpacyBaHHs. [Ipy 1bOMy KOOpPAMHATH TOYKM BiIOOpa)KaroThCs Y
BIKHI TpacyBaHHS y MOJSAX «X-KOOpJHUHATa», «Y-KoopauHaTay. JIiHIT TpacyBaHHs
MOXHA TEpEeMIllyBaTH TaKOX 3a JOMOMOTOI0 KJaBill KEpyBaHHS KypCOpOM, IO
703BOJIsi€ OUIBII TOYHO BU3HAYUTU KOOPJIMHATH HEOOX1aHOT To4yku. HaTuckaHHs
kHonok «Komuposath X» a6o «KonupoBarh Y» MNPU3BOAUTH A0 KOIMIIOBAHHS
BIJIMOBITHOTO uKcia y 0ydep oOMiHy, IO 103BOJISE MOTIM BCTABUTH HOTO y OyAb-sKe
Miclie poOoYOoro JHCTA.

Pe3ynpTaT BH3HAYE€HHS KOOpPJAMHAT JPYroro HEHYJIbOBOTO KOpEHS IS

piBHSHHS x° +2sin x—x* =0 momaHo Ha puc. 3.23.

Tpaccosposka rpadmka X-Y x|
X-xoopay |1.256 Konupoeats X | |
Y-koopa | 0.99064 Konwposats Y | E !
: F 4
KonupogaTs Y2 | E ’f
’
[V OIcnexueaTs TOUKW JaHHbIX 33KPbITh | : ’ ’
i ’
LA E ¥
x*+2sin(x) — x* 4
”
3x* -1 E
—1 :
~10.181, :

-1 X 2
Puc. 3.23 — 3naxomkeHHs] KOOpAUHAT HEHYJIbOBOTO KOPEHs PIBHSHHS

x* +2sin x—x* =0 3a JOMOMOTOI TpacyBaHHS

3a3HaunMMo, 110 MepecyBaTH BEPTUKAIbHY JIHIIO TpacyBaHHS CIiJ A0 TUX IIp,
MOKHU He Oy/ie OTpUMaHO HaMEHIIE BIIXUJIEHHS BiJl HYJIbOBOTO 3HAUYECHHS OpAUHATH.
Januii crocid BuU3HAYa€ TOYKY x=1.412 SK HEHYJIbOBUU KOpIHb, 11O TUIBKA Ha

x =0.001 BIAPI3HIETHCA BiJl KOPEHS, OTPUMAHOTO 3a JIONIOMOT0I0 (QYHKIIIT 700t.
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3.3 Po0oTa 3 MaTpuUsAMHU
Onuc mampuuv y cucmemi MathCAD. KoxeH eleMEeHT MaTpHuili
XapaKTEePU3YEThCS 1HJIEKCOBAHOI 3MIHHOIO, a MOro TMIOJOXKEHHS B MAaTPHIIl
BHU3HAYAETHCA JIBOMA 1HJEKCAMU: HOMEPOM psiiKa Ta HOMEPOM CTOBIILISL.

JI71s1 BKa31BKM MIAPSIAKOBUX 1HACKCIB MICTs IMEH1 3MIHHOT (Ha3BU MaTpHIll a00
BEKTOpa) BBOAMUTHCS 3HAK BIJKPUBAIOYOi KBaJApaTHOI TYKKU «[». g eneMeHTiB
MaTpulll TEpIIUM 1HJAEKCOM BKa3y€TbCs HOMEp psJKa. 3a 3aMOBUYBAaHHSIM Yy TaKeTI
MathCAD i#aexcu mnounHaroThest 3 HyJss. llouarkoBuii HOMep (HMKHS Mexa
1HEKC1B) 3a/1a€ThCs 3HAaUCHHSAM cucTeMHO1 3MiHHOT ORIGIN.

Jlst Toro, o0 HyMeparlis 1HAEKCIB MOYMHANIACS 3 1HIIOT0 HOMEpa, MOTPIOHO
BUOpaTH MYHKTH ToJIOBHOTO MeHI0 «MHcTpymMenThi—I[lapamerpsl pabouero aucrtay,
nepeiT Ha BKIAAKy «Bcrpoenubie nepemenHbiey, mis omniii ORIGIN BcraHnoBuTH

HEOOX1IHY HIKHIO MEXKY 3HaueHHs 1Haekcalli (puc. 3.24).

I!m Cumsonmka OxkHo Cnpaska

V peambmbn.. (S8 = 4 x| [@AE=ECD s o
AHUMALMA 4 Lo :1(}03'; E] :Moﬁ cant |£[ & Go
S— X Hacrpoﬁku paboyero ucra 1
ONTUMM3MPOBaTL » Cucrema eanHL sMepeHns Pasmepel | CosMecTuMOCTB
Ornaaka » BcTpoerHbie nepeMerHHble | Boluvcnenma SKpaH

Hauqano macausa (ORIGIN) 2 = (0
OonycTuman cxoammMocTb (TOL) 0.001 (0.001)
fwuersun g OonycTtumoe orpaHuyenme (CTOL) . 0.001 (0.001)

NapameTpbl paboyero NMcTa... 3Ha4eHne ANA CRy{aiHelX YMcen 1 (1

CsoiicTsa... MapameTpbl daitna PRN

TourocTs (PRNPRECISION) 18 @
ORIGIN:= 1 WnpuHa Konorkm (PRNCOLWIDTH) 8 1~_:,—‘- (6))]
Iﬂoccranosmb ynon-uama]

I OK IIOTHEHa ]ICnpaBKa]

Puc. 3.24 — BcTaHoBeHHs MOYaTKOBUX 3HAYE€Hb HOMEPIB 1HIEKCIB MaCUBY
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3aeoannsn eéekmopie i mampuyp.

1 cmoci6 (3a momoMororo MmabMoHy BBeAEHHS MaTpuili). [l BBeaeHHS
ma0JIOHy MOXKHA!

- CKOpHUCTaTHUCA TYHKTaMH TOJOBHOTO MeHI0 «BcraBurhb—Marpuiy...»
TOJIOBHOT'O MEHIO;

- 00paTu BIANOBIIHY MIKTOrpaMy Ha MaHeNl IHCTPYMEHTIB « MaTpuisi»;

- HaTUCHYTH KiaBim <CtrI>+<M> (puc. 3.25).

Omnucani aii Tpu3BeaAyTh A0 MOSBU J1aJJOTOBOTO BiKHA, B IKOMY Tpeba BKa3aTu
PO3MIpPHICTh MaTpHIll, TOOTO KUIBKICTh PSAKIB 1 cToBmIiB. Ilicis HaTUCHEHHS
knapimi <OK> abo kHomku <Jl00aBUTH> B [1aJIOTOBOMY BiKHI OyJie BUBEICHO
mabsioH Matpuill abo BeKTopa (BEKTOp MAaTUME OJMH 3 HapameTpiB PO3MIPHOCTI,

piBHuii 1) (puc. 3.25-3.26).
m ®ain [lpaska Bwg Topmar  MHcTpymentel  CumEecneHble onepaumn OkHo  Cnpaeka

D-SE| &SR I ‘P =B |[100% ~| @

Variables b MHH| MaTpuua... Ctrl+M | |

& Qyrikups... Ctrl+E
E? Eamnnua nsmepenna..  Ctri+U : .
PucyHok Ctrl+T CTAEKE MATDHLbI
OBnacTe
A= 0] 5 .
Paspels cTpaHmuel Ctrl+) CTpogu:

CronBup: 3 Bcraeka

Pervon opryn  Chrl+Shift+A

PervoH TekcTa

e N
AR
3

P

KomnoHeHT... OTHMeHa

JdaHHele L4

JNEMEHT yNPaBAEHNA r
BBEKT...
Ceoblnka...

2= MMnepccelnka... Ctrl+K

Matpurua @

] %, 7' I

=
Zl
3.1\.
-
=
:
3
L

=
=}
=
*
)
|
=

Puc. 3.25 — 3aBnanHs MaTpuIll 3a I0MIOMOTOI0 1I1a0JIOHY

Takwuii madnon CKJIaAa€ThCA 13 3araJbHUX AYKOK 1 MiCI_ISI BBCIACHHS 3HA4YCHDb

(uncnoBux a00 CUMBOJIBHUX) eJleMEHTIB MaTpulll. OfgHe 3 MICIb BBEICHHS 3HAYEHb
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aKTUBI3Y€ThCS KypcopoM Muiii. Jlami BBOJSATBCS BC1 €IEMEHTH MaTPHIll HUISTXOM
MEepeMIllIeHHs] 3a Ia0JIOHOM 3a JOMOMOIOK MuIllll abo KJaBill TEpPEeMIlEeHHS
Kypcopy.

Skio BBeJACHHS 3aKiHUYEHO, ajieé HE 3allOBHEHI1 BCI €JEMEHTH I1alJIoHYy,
CHUCTEMOI0 OyJie BUBEJIEHO MOBIIOMJIEHHS MPO MOMUJKY. Lle moBigoMIIeHHS aeThCs
YepBOHUM KOJIbOPOM B paMili 3 JIIHI€IO0, 1 BKa3y€e Ha HE3amoOBHEHUH 1m1abioH abo Ha

KUIbKa He3allOBHEHUX 11a0J0HIB (puc. 3.27).

""Mathcad - [bezbiMAHHBIA:1 ]

m darn [Mpaeka Bwa BcTaeka DopMar
ID-sld S8Ry BR

J IN:::rmaI - I.ﬁ.rial

Puc. 3.26 — [1la6mon 1151 BBeICHHSI MaTpHUII

2035
&A= 0 4 3
7 4§

n‘:.fETI:Iﬁ MeCTOZaMNaNHHWTENE.,

Puc. 3.27 — [Ipuksaa moMUIKY MpU BBEJICH] €JIEMEHTIB MaTPHII
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3aysaoicenns 1. Chif 3a3HAYUTH PI3HUINIO MK 3aCTOCYBAHHSIM CHMBOJIIB «=» 1
«:=» y MathCad.

CHMBOJ «:=» 3aCTOCOBY€ETHCS Y TOMY BUTAJKY, SIKIIO CIpaBa BijJ I[bOTO 3HAKY
3HAXOJIUTHCS JESKUNA MaTeMaTHYHUI BUPa3, 3HAUCHHS SIKOTO HA/IA€ThCS 3MIHHIH, 110
3HAXOJUTHCA 3711Ba BiJ] 3HAKY «:=».

CHMBOJ «=» BUKOPUCTOBYIOTHCS JUISI TIEPETISAY 3HAUCHHS ITEBHOT 3MiHHO1.

3ayeaxcenns 2. Jlnig 3uunieHHs 0ynb-akoro o0’ ekry, ctBopenoro y MathCAD,
HE0OX1THO 00BecTH oro KypcopoM. OO0’ eKT Oy/ie MOMIYEHO «ITYHKTUPHOIO» PaAMKOIO
(puc. 3.28). Hdani MOXHa BUKOHATH OyAb-Ky CTaHAAPTHY A0 JUIsl 3HUIIEHHS

CUMBOJIIB (HaTUCHYTH KhaBimy Del, BackSpase Tomo).

""" Mathcad - [LR1]

{4l ®aiin Mpaeka Bua Beraska ®opmat  Cept
[D-SH|SRY| &8~
|rarmal M

| A ] x= [ < 30 «f ™
|Moii Befi-yzen ~| @co

Puc. 3.28 — 3naumenns o6’exriB y MathCAD

3ayeascenns 3. Ilpn BUKOHAHHI OOYMCIIEHb CJ1l BpPaXOBYBAaTH, IO 3MiHHI, SK1
Bu BukopucrtoByere y Gpopmynax, MatoTh OyTH 3aJaHi paHiuie (a Ha pod0YOMYy JIUCTI
MathCAD po3ramioBaHi JiiBillI€ 1 BUILE), HI)K BOHH 3ralylOThCS.

2 cnoci6 (3a momomMoror BOymoBaHOi (yHKINIT matrix). DyHKIS matrix mMae
TaKul CUHTaKcuc: matrix (m,n,f). [lapameTp m 3a7a€e KUIbKICTb PSAJIKIB CTBOPIOBAHO1
MaTpHIli, MapaMeTp 7 - KUIbKICTh CTOBIIIB, NapameTp f — QYHKIIA, 3a SKOIO

OOYUCIIOIOTHCS €IEMEHTH CTBOPIOBAHOI MATPHIII.
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[Ipukiaa BUKOPUCTAHHS OMKUCAHOI0 CIOCOOY MoIaHo Ha puc. 3.29.

ORIGIN :=1

AAAANAAAPSASL RIS

1,0 =] n:=4

i=1-0 =10

A := matrix(n,n+1,f) Bj ji=i+]
(0 1 2 3 4) (2 3 4 5)
2 345 4 5
A - B -
3456 A 5 8
4 5 6 5 6 7

Puc. 3.29 — BusnayeHHs eleMEeHTIB MaTPHIlb 32 JOTIOMOT00 (PYHKITIH

Dyukuii ona pooomu 3 mampuuysamu. ¥ MathCAD 3 marpuussMu MoxHa
BUKOHYBATH ONEpallii 10aBaHHs, BIIHIMAHHS, MHOKEHHS Ha KOHCTAHTY TOMIO.
Opnak 1ist TOro, mo0O CKOPUCTATUCS OIEpaTopamMu, HEOOXIAHO CIOYATKY

MaTpHulll aTU BIATOBIAHE MTo3HauYeHHs (puc. 3.30).

Puc. 3.30 — [To3HaueHHss MaTpuLb

Hns po6otu 3 BekTopamu 1 MarpuusMu cuctema MathCAD MicTuTh psin
byHKITIH:

1) identity(n) - CTBOPIOE OJMHUYHY KBAJPATHY MATPUIIIO PO3ZMIPOM nX7;

54



2) augment(M1, M2) - ol'ennye B omHy matpuili M1 1 M2, 3 0HaKOBOIO
KUIBKICTIO PSAAKIB (00'€THAHHS e CTOpOHA 0 CTOPOHU);

3) stack(M1, M2) - oG'ennye nBi matpuii MI 1 M2, mo MawTh OJHAKOBY
KUIbKICTh CTOBMIIB, po3Mintytoun M1 Han M2;

4) submatrix(A, ir, jr, ic, jc) - OBEpPTa€ MATPHUINO, IO CKIATAETHCS 31 BCIX
€JIEMEHTIB, 110 3HAXOJATHCS y MaTpHIll A B psiAKax 3 ir MO jr 1 CTOBNLSX 3 iC MO jc
(ir <jr, ic > jc);

4) cols(M) - nmoBepTa€e KUIbKICTh CTOBIIIIB MaTpuili M;

5) rows(M) - noBepTae KUTBKICTh PSAAKIB MaTpulli M;

6) rank(M) - noBepTae panr Marpuili M;

7) diag(M) - cTBOpIOE BEKTOp, €JIEMEHTaMHU SKOTO € TOJIOBHA JiaroHallb
Matpuiii M,

8) tr(M) - nmoBeprae ciin (CymMy €JEMEHTIB TOJOBHOI JiaroHaii) KBaJpaTHOI
Matpuiii M,

9) mean(M) - moBepTae cepeHE 3HAUCHHSI €JIEMEHTIB MacuBy M,

10) median(M) - noBepTae MeiaHy eJIeMEHTIB MacuBy M.

Jlesiki oOYMCIIeHHST 3HAYCHb MATPHUI[b MOXKHA BHKOHYBAaTH 3a JOIIOMOTOIO

mikTorpam Ha maseni «Marpuma» (puc. 3.31, 3.32).

kL

23] =, = 1=
'ﬁ'ﬁ H{} r__I'r = =

.-l. - =k m
¥Ry B

=

Puc. 3.31- [Tanens «Matpuia»

30erMa, Ha TIaHel 3HaXOOsAThCA HiKTOFpaMI/I, 3a JOIIOMOTI'OIO SJKHMX MOXHAa
OOYHCIIUTH BU3HAYHHUK ManI/II_Ii, 06epHeHy MaTpuro, TPAHCIIOHOBAHY MAaTpHIIO

tomio (puc. 3.32).
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EDﬁepHEHa MaTpPHIIA

JeTepMiHAHT
MATPHII

f(ﬁ H() Hr_{-—_n_:-____./“'

i TpaHcmmoHOBaHAa
=% ix¥ Zv M
[l"- MATPHIIA

Puc. 3.32 — Jlii 3 MaTpuiisiMu 3a IOMOMOT0F0 TIKTOrpaMu «Matpuriia

CrBOpeHHA
MAaTPHII

[Tpukianu podoTu 3 MaTpUIICIO IPUBEEHO HA PUCYHKY 3.33.

o
-_L—z -1 1J

_ = tr(B) = -1
diag(B) = | -1

1 mean(B) = -0.111
median(B) = -1
Bl =-3

Puc. 3.33 — BusnaueHHs A€sIKUX XapaKTEPUCTUK MATPUIL

3aysadicenns 4. ko HeoOX1IHO 3HANTH PIILIEHHS AESIKOTrO BUpPa3y Y CUMBOJBHOMY

BUIJISIAL, TO JUJIi BUBEIEHHS HOro BHpa3y Ha €KpaH 3aMICTh 3HAKIB PIBHOCTI

BUKOPHCTOBYETHCSI CHMBOJI - MaHEJi IHCTPYMEHTIB « BBIYHCIICHHSY.

Ilpuknao: ckilacTu XapakTEPUCTUYHE PIBHAHHS CUCTEMHU:
X =—x+2y+z
y =—4x—y+2z
z =—x—-2y-8z

Po3B’si3anns nanoro 3aBnands y MathCAD mpouttocTpoBaHo Ha puc. 3.34.
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-1-1 2 1

A= -4 -1-12 2
-1 -2 -8-1

|4 — -2 102> =304 -73

Puc. 3.34 — BuBeneHHs po3B’sI3Ky y CUMBOJIbBHOMY BUTJISIII

Bnacni éekmopu i énacui 3nauenna mampuyp. OIHIEIO 3 HAUMOMTUPEHIITUX
3a/lay OOYMCIIOBAJIBHOI JIIHIMHOI anreOpu € 3a7ada MOIIYKY BJIACHUX BEKTOPIB 1

BIACHMX 3HA4Y€Hb MATPUIL A, IO 3HAXOMATHCA 3 PO3B 3Ky piBHsHHA Ax=Ax

-

BiIIHOCHO KOMIIOHCHT HeBiI[OMOFO BCKTOpa X 1 CKaHHpHOi BCIIMYMHU l HKH_IO

-

3HAWJEHO JESKUH PO3B’SI30K 3a3HAYCHOTO PIBHSHHSI, TO BEKTOp X HAa3HBAETHCA
BIIACHUM BEKTOPOM MaTpulli A4, a A - BiANOBiAHMM HOMY BIACHMM 3HAYEHHSIM.

Jliist po3B’si3aHHS 3379 HA 3HAXOKCHHS BIIACHUX BEKTOPIB 1 BIACHUX 3HAYEHb
Matpuilb B MathCAD BOynoBaHO Kinbka (PYHKI[IH, IO peai3yloTh JOCUTH CKIIaJHI
O00YHUCITIOBAIBHI AITOPUTMHU:

1) eigenvals(A) - moBepTae BEKTOP, 110 MICTUTH BJIACH1 3HAYEHHS MaTPHIIl A;

2) eigenvec(A, L;) - BuU3HAYa€ BJIACHUH BEKTOP OJUHUYHOI JOBXKHUHHU, IO
BiJINIOBi/la€ BITACHOMY 3HaueHHIO L; KBaapaTHOT MaTpHIli A;

3) eigenvecs(A) - moBepTae MaTPUIIO 3 HOPMaJI30BaHUX BJIACHUX BEKTOPIB, fKI
BiJINIOBIIalOTh BJIACHUM 3HAYCHHSM KBaapaTHOI MaTpuili A; i-THH CTOBITYUK
MOBEpHEHOI MAaTpHIli € BIACHUM BEKTOPOM, MO BIANOBiTa€ M-My BIACHOMY
3HA4YCHHIO, pO3paxoBaHOMY (QyHKIIEIO eigenvals (pe3yiapTaToM € MaTpHIlsl BCIX
BJIACHUX BEKTOPiB Opa3y).

[Tpukiian BUKOpUCTaHHS ONUcaHuX QyHKIIT ogaHo Ha puc. 3.35.

Cnig 3a3HauMTH, IO IPU BUKOPUCTaHH1 QYHKIIIT eigenvec APYrUM MapaMeTpoM

€ CJICMCHT BCKTOPA BJIACHUX 3HAYCHbD. Enementu BCKTOpiB MaroTb iHI[CKCI/I. I[J'IS[ TOrOo,
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o0 3BEpPHYTUCh JO €JIEMEHTY BEKTOpa, HeoOXimHO BuOpaTu ¢opMy i Horo

BBeJIcHHs 3 maHeni «Matpuna» (puc. 3.36).

DRIGIH =1
JAB4AHHA MaTpMU
1 23
C=|01 2
il
341

BnacHi zHaveHHA maTtpuy C

-271
pigenvals(D) = | 0.271
5.439

BnacHi BekTopu, WO BIGNOBILAKTE SHARLEHWUM
ENACHWM ZHAYEHHAM MaTpuyl C

0415 -07Fs -04d5
eigerrvecs(C) = [ 0432 0411 -0321
-0.:201 0222 -0.711

BnacHWA BekTOp, WO BIANOBIAAE BENACHOMY HAYEHHH Ao MaTpuUl C

-0.76
eigenve::[[c ,L.Z] =| 0.4ll
-0.222

Puc. 3.35 — [Ipukinan po3paxyHKy BJIaCHUX 3HAYE€Hb Ta BEKTOPIB MaTPHIII

Buxiuk dbopyu 1id
3BepPTaHHA 10
eIeMEHTIB BEKTOpa

Puc. 3.36 — Buxnuk ¢hopmu ai1st 3B€pTaHHs 10 €JIE€MEHTIB BEKTOpa
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OkpiM 3agadi TIONIYKY BIJIACHUX BEKTOPIB 1 BJIACHUX 3HA4YeHb 1HOJI1
pO3IJIAaloTh OUIBIN 3arajibHy 3ajJadyy - TakK 3BaHy 3a7ady 3HaXOKCHHS
y3arajJbHEHHUX BJIACHUX 3HAYCHb.

Hexaii MaeMo 1Bi1 KBajpaTHI MaTpulll po3MIpy n. Y3arajabHEHI BiIacHi

-

3HAUEHHS 3HAXOMASTHCS 3 PO3B’SI3KY PIBHSIHHS Ax=JBx. HenynboBuii BekTOp X,

0 € pO3B’SI3KOM 3a3HAYEHOTO PIBHAHHS, HA3MBAETHCS BIACHUM BEKTOPOM

y3aranbHEHOI napu AB, a uncio A - BlIacHMM 3HAaUYEHHAM y3aralbHEHOI napu AB.
JUist po3B’si3aHHS OMMCAHOI 3a/ayul B MaKeTl peaji3oBaHO Bl BOyAOBaH1

GbyHKILIT, 15 SKMX aHAJOT1YHA PO3TISHYTUM BUIIE JJI BUMAAKY OJHIET MaTpPUIIL:

1) genvals (A, B) - moBepTae BEKTOp vV BJIACHUX 3HAYCHbB, KOXKEH 3 SIKMX 3aJI0BOJIBHSIE

3aBJaHHIO Ha y3araJibHEH1 BJIACH1 3HAUYCHHS;

2) genvecs (A, B) - moBeprae MaTpULI0 HOPMATI30BaHUX BIACHUX BEKTOPIB, IIO

BIJIMOBIZAIOTh BJIACHUM 3HAYEHHSM, MOBEpHYTUM OQyHKUIEW genvals. A, B -

KBaIIpaTHi ManI/II_Ii OJHAKOBOTO IOPAIKY.

3.4 Po3B’s13aHHS CHCTEM JiHIHHUX aJre0paidyHuX PiBHAHb

Cucrema miHiiHuX anredpaiunux piBHAHb (CJIAP) B Marpuuniii ¢popmi mae
Burisig AX=B, ne A, X 1 B — matpuiii. Bigomo, 110 Taka cucteMa cymicHa (Teopema
Kponekepa-Kamnemni), Ko paHr po3MIMpPEeHOi MaTpHIll JOPIBHIOE PaHTy MaTpHIll
cucrteMu, T00T0 rank(A)=rank(A|B). CymicHa cucteMa Ma€ € IMHUN PO3B’SI30K, SIKIIO
rank(A)=rank(A|B)=n, ne n - po3MipHIiCTh MaTpuili A.

V¥ nmaketi MathCAD s po3s’sizanns CJIAP icHye Tpu criocoOu: sik MaTpu4He
pIBHSIHHS, 13 3acTocyBaHHsIM (yHKIII [solve(4,B) Ta NUISXOM BUKOPUCTAHHS
obuuncmoBaiabHOTO 0N0KY Given-Find.

1 cnoci® po3B’si3yBaHHS CHUCTEM aireOpaidyHuX pIBHSIHb (SIK MaTpuUyHe
PIBHSIHHSA).

Skmo Matpuune piBHSHHA AX=B mnomHOXHTH 37miBa Ha A, OoTpHMaemo
A'AX=A"B a6o X=A"B.
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x—y—-3z=3
3x+4y—-5z=-8
2y+7z=17

[Ipuknan po3B’s3aHHS CUCTEMHU alreOpaidyHUX PIBHSHD

HaBeJeHO Ha puc. 3.37.

1 -1 -3 3
A=|3 4 -5 B=|-8
0o 2 7 17
9.634
X=4"B X =|-4.561
3.732

Puc. 3.37 — Po3B’s13aHHS cUCTeMH PIBHAHb MAaTPUYHUM CIIOCOOOM

2 cnocid po3B’Si3yBaHHS CHCTEM alreOpaiyHuUX piBHSAHB (32 JOMOMOTOIO
byukuii Isolve).

®opmar ¢yHkuii: Isolve(A, B). ®ynkuis mae nBa napamerpu: A - KBajpaTHa,
HECUHTYJISIpHA MAaTPUI, 110 CKJIAIA€ThCS 3 KOS(IIEHTIB IPU 3MIHHUX Y PIBHSHHAX;
B - BexTOp, 110 Ma€ CTUIBKU X PAIB, CKUIbKU PAMIB y MaTpulll A 1 CKIAJa€eThCs 3
BUIbHUX YJICHIB PIBHSHb. SIK pe3ynbTaT BUKOPUCTAHHS JAaHOI (YHKIIT MOBEPTAETHCS
BEKTOp po3B’ 3Ky X Takui, mo AX=B.

Ha puc. 3.38 momaHo 3pa3ok pO3B’S3aHHS CUCTEMH pIBHSHb, HABEJCHOI Yy

nonepeIHLOMY MPUKIIAIIL.

1 -1 -3 3
A=3 4 =5 B=|-8
0o 2 7 17
9.634
X =lsolve(A,B) X1=|-4.561
3.732

Puc. 3.38 — Po3B’s13aHHs cucTeMU PIBHSHB 32 IOMOMOTO0 QYHKIIIT [solve
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SAx OGauumo 3 puc. 3.37 Ta puc. 3.38, BekTtopu X 1 XI cmiBmaaaroTh, IO
TOBOPUThH MPO PIBHO3HAYHICTh 3aCTOCYBaHHS OIMCAaHMX CIOCOOIB PO3B’SA3yBaHHS
CUCTEM areOpaiuHuX piBHIHb.

3 cnoci®é po3B’si3yBaHHSA CHCTEM aireOpaiuHux piBHSAHB (32 JOMOMOIOIO
obuuncmoBaiasHOTO 0N0KY Given-Find).

ANTrOpUTM 3aCTOCYBaHHS OOYUCIIIOBAIBHOTO OJIOKY:

1) 3apaT MOYaTKOBI 3HAYEHHS /IS IIIYKaHUX BEJIMYMH;

2) 3ammcaTH KIo4oBe ciioBo Given,

3) 3amaT BUXIAHY CUCTEMY PIBHSIHB (3HAK «=» y CUCTEMI1 PIBHSIHb BBOJUTHCS

3a JOTIOMOTor0 KoMmOiHamii kiasim [Ctrl]+/[=];

4) zagatn ¢yHkuito Find (mepenik IIyKaHUX 3MIHHUX, B1IOKpEMJIEHUX

KOMOIO).

[Ipuknax 3actocyBaHHA  OOuYMCHIOBaJIbHOTO  ONOKY  Given-Find — nns

PO3B’sI3aHHs 3aJIaHOi paHillle CUCTEMHU JIHIMHUX anreOpaiyHuX pIBHIHB MOJaHO

Ha puc. 3.39.

Il
()

x:=0 y=0 z:
Given
x—y-3z=3
3x+4y—-5z=-8
2y+7z=17
9.634
Find(x,y,z)=| —4.561
3.732

Puc. 3.39 —Bukopucrtanns o6uncioBaibHoro 650Ky Given-Find nns po3B’si3aHHs

CUCTEMHU JIHIMHUX anreOpaiyHuX PIBHIHb

Amnanoriudo 10 QyHkiii Find 3acTocoBy€eThCs 1 npaitoe GyHKIlsT Minerr, ane,
Ha BiIMIHY Bif Find, BOoHa J03BOJIsI€ IIYKAaTH HE TOYHE, a HAOJIMKEHE 3HAYCHHS 3
MIHIMaJIBHOIO CePEAHBOKBAIPATUYHOIO MOXUOKOIO.

SIkuro B pe3yibTaTi MOIIYKY KOPEHIB CUCTEMHM PiBHSHb QyHKII€0 Minerr He

MOKC 6YTI/I OJCPIKAHC MTOAAJIBIIC YTOUYHCHHS ITOTOYHOTO HAOIVKCHHS a0 pOSB,SISKy,
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byukuis Minerr noBeprae ne HabmmxeHHsa. Dyukuis Find B 1pbOMYy BHUIAIKY
MOBEPTAE MOBITOMIICHHS PO TTOMUJIKY.

ko s po3B’S3KYy CHUCTEMHU PIBHSHb 3aCTOCOBYIOTHCS OOYMCIIIOBAIbHI
onoku Given-Find a6o Given-Minerr, To TICsT OTPUMaHHS PE3yIbTaTIB HEOOXITHO
3IIACHIOBATH NEPEBIPKY X JOCTOBIPHOCTI.
[Ipuknaa npakTUUHOI peaizallii 00YuCIIOBAIbHOTO 050Ky Given-Minerr Ta OquH 13

croco01B mepeBipkH MogaHo Ha puc. 3.40.

Puc. 3.40 —
x=0 y=0 z:=0
Given
x—y—=3z=3
3x+4y—-5z=-8
2y+T7z=17
9.634
Minner(x,y,z)=| —4.561
3.732
Ilepesipka

x:=9.634  y=-4561 z:=3.732
X—y—3z=2.9999
3x+4y—5z=-8.002
2y +7z=17.002

Puc. 3.40 — Buxopucranusa o6uncintoBanbHoro 010Ky Given-Minerr i po3B’ si3aHHS

CUCTEMHU JIHIMHUX anreOpaiyHuX PIBHIHb
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INTRODUCTION

One of the main methods of analyzing the economic systems and processes is
the mathematical modeling. Today in economic theory there are a large number of
different conventional models: a model of commodity market, money market model,
the model of the labor market, the model of the interaction of these markets, the
models of one food manufacturer and multifood manufacturer, the model of
consumer behavior , etc., which, in essence, are the equilibrium models. But most
economic processes occurring at the time, so there is a need for such approaches to
modeling that would allow to consider and to analyze the possible dynamics of the
system's developing

The mathematical tool for describing the dynamics of economic systems is the
differential and difference equations and their systems. However, their analytical
solution can’t always be found, especially in nonlinear cases. It’s actualized the need
for a qualitative methods and numerical computer experiments for studying the
behavior of the dynamic economic systems.

In this training manual there are the theoretical foundations of the qualitative
study of the stability of dynamical systems described by one nonlinear differential
equation or a system of linear differential equations. There is the background
information about the usage of MathCAD for conduction the numerical experiments.
Variants of the practical tasks for learning and consolidation of theoretical material

are proposed.
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PART 1. THEORETICAL BASIS OF INVESTIGATION OFTHE STABILITY
OF LINEAR DYNAMIC SYSTEMS

1.1 Main definitions

In a general sense the dynamic system (DS) is a system of any nature (physical,
chemical, biological, social, economic, etc.), the condition of which varies in time
(discrete or continuous) [3, p. 6].

The model of economic dynamics is a descriptive deterministic dynamic
economic-mathematical model of the economic process in terms of tools of the
differential and (or) difference equations, which is used to study the deterministic
time behavior of economic systems under the influence of internal and external
factors to analyze the balance and stability control.

Economic-mathematical model is a mathematical reflection of the economic
process or economic system used in the study instead of the original object — for the
analysis, investigation the quantitative and logical connections between its various
parts.

Descriptive model is a model that is designed to describe and explain the
observed facts, or to predict the behavior of objects, unlike standard models, designed
for finding desired, for example, the optimum state of the object.

Deterministic model is an analytical representation of patterns, operations, etc.,
which for a given set of input values at the output of the system can be obtained only

one (deterministic) result.

1.2 The properties of dynamic systems

The main properties of dynamic systems can be divided into two groups: the

features that characterize them as a system (system-properties) and properties of the

DS, describing them in terms of dynamism.
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System-properties of complex dynamic systems

1. The integrity (emergence). Some parts of the system are functioning
together, putting together the functioning process of the system as a whole. A
cumulative operation of heterogeneous interrelated element creates qualitatively new
functional properties of the whole, which have no analogues in the properties of its
elements. This means the impossibility of the properties reduction of the system to
the sum of the properties of its elements.

2. The structure. In the investigation of the structure of the system it’s
presented as a way of describing its organization. Depending on the task the
decomposition of the system is made and relations between its elements are
established, which are essential for the study of the problem. However,
decomposition of the system into elements and relations defined by intrinsic
properties of the system (one student can’t divide in half). The structure dynamic in
nature, its evolution in time and space reflects the development of the system (each of
the proposed distribution changes over time).

3. The infinity of studying the system. This property shows the inability of the
full studying of the system and its comprehensive presentation as the final set of
descriptions (the ultimate number of qualitative and quantitative characteristics).
Therefore, the system can be described by the infinite number of structural and
functional options that reflect different aspects of the system.

4. The hierarchy of the system. Each element in the decomposition of the
system can be considered as a complete system, the elements of which, in turn, can
also be presented as a system. On the other hand, any system is just the component of
a larger system.

5. An element. As the element the smallest link in the structure of system is
understood. The internal structure of the link is not considered on the selected level of
analysis. According to the property 4, any element becomes a system, but at the

selected level of analysis this system is characterized only by integral characteristics.
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The properties of dynamic systems that characterize them in terms of
dynamism

1. The interaction with the environment. The system responds to the effects of
environmental, evolving during this action, but also saves qualitative determination
and characteristics that distinguish it from other systems.

2. The system status. The system status is determined by the state of its
elements. Theoretically, the number of possible states of the system equals the
number of combinations of possible states of the elements. However, the interaction
of elements results to limiting the number of possible combinations. Changing the
status of the element can be invisible, uninterrupted and discontinuous.

3. The behavior of the system. The behavior of the system is the natural
transition from one state to another, which is explained by the properties and
structure.

4. The continuity of operation. The system exists until there are socio-
economic and other processes in society that cannot be interrupted or the system will
cease to function. All processes in the ES, as in vivo, are interrelated. Functioning of
the parts determine the functioning of the system, and vice versa. The functioning of
the system is related to continuous changes, the accumulation of which leads to
development.

5. Development of the system. The vital activity of complex system is the
constant change of the development phases, which is reflected in the continuous
functional and structural changes to the system, its subsystems and elements.

6. The evolution of economic systems is determined by one of the most
important properties of complex systems — the ability to self-development. The
central source of self-development is a continuous process of solving conflicts.
Development is usually associated with the complexity of the system, i.e. an increase
of its internal diversity.

7. Dynamism. The economic system operates and develops over time, it has a

background and a future, and it is characterized by a certain life cycle, which can be
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identified by certain phases: the emergence, growth, development, stabilization,
degradation, liquidation or incentive to change.

8. Complexity. A large number of heterogeneous elements and connections,
multifunctional, multiplicity and properties of complex systems characterizes the
economic system.

9. Gomeostatic reflects a property of the system to self-preservation,
combating of damage effects of the environment.

10. Purposefulness. All dynamic economic systems are purposeful, i.e. the
presence of a particular purpose and desire to achieve it. Development of the system
is linked to the change goals.

11. Controllability. Conscious organization focused operation of the system
and its elements is called controllability. In the life of the system, using a focused
management, it solves recurring controversies and it reacts to changing internal and
external conditions of existence. According to changing conditions, it changes its
structure, adjusts objectives of the development and content of elements that is
purposeful self-organizing system that implements practical capacity for self-
development. One of the main functions of self-organizing is the preservation of the
system qualitative certainty in the process of its evolution.

The controllability properties are shown in such features as relative autonomy
and functional control.

The relative autonomy of functioning economic systems means that as a result
of feedback each of the components of the output signal can be changed by changing
the input signal, besides other components remain unchanged.

Functional control of the economic system means that any output signal can be
achieved by the appropriate choice of input signals.

12. Adaptability. Adaptability of economic system is determined by two types
of adaptation — passive and active. Passive adaptation is an internal characteristic of
economic system that has certain features of self-regulation. Active adaptation is a
mechanism of adaptive control and organization of the system effective

implementation.

67



13. The inertia. The inertia of the economic system is manifested in delay in a
system that symptomatically responds to disturbing and control actions. Such delay is
counted by means of lags included in the description of the model. There are internal
lags, or lags of making decisions in stabilizing actions and external lags, reflecting
the delayed in time response of the system to appropriate action.

14. Stability. The system is stable if its behavior does not change for
sufficiently small changes in the conditions of its operation. The stability of ES
provided by such issues of self-organizing as differentiation and sensitivity.
Differentiation — 1s an aspiration of the system for the structural and functional
diversity of elements which provides not only the conditions of emergence and
resolution of conflicts, but also the system's ability to quickly adaptation to the
existing conditions. More diversity - more stability and vice versa. Sensitivity means
the mobility of the features of elements while system maintains the stability of its
structure.

15. The equilibrium. The stability of the system is related to its desire to
equilibrium, which implies a functioning the elements of the system at which the
increased efficiency of movement to the development goals takes place. In reality, the
system can’t fully achieve equilibrium, although it tends to it. Elements of the
systems operate differently in different circumstances, their dynamic interaction
always affects the motion of the system. The system seeks to equilibrium, the effort
of the management directed on it, but reaching it, the system immediately goes away.
Thus, stable economic system is constantly in a state of dynamic equilibrium, it
continuously varies on the equilibrium that is not only its specific property, but also
the condition of the continuous emergence of contradictions as the driving force of

evolution.

1.3The definition of equilibrium, stability and fixed points

The equilibrium of the system is the condition which lasts indefinitely in the

absence of external influences. For example, the equilibrium on the market of a
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product, the balance of political forces in society, etc. (the movement of the system is
given by the zero vector, so there is no movement).

Under the external factor’s influence the balance may be disturbed and the
system will move to another state. In this case, another characteristic of dynamic
systems is considered. It’s called behavior. Depending on the structure of the system,
its features, etc., the behavior of the system can significantly changes in time.
Fundamentally, there are two different versions of events after the system had an
effect from some external disturbance: a return to the initial state and the subsequent
removal from the initial state. The stability is the ability of the system to return to the
equilibrium state if it has been taken out of it. In this case, the equilibrium is called
stable (stability). The second option corresponds to the unstable behavior of the
system. Accordingly stable and unstable systems are distinguished.

Dynamical systems in which time is measured continuously, set by the
differential equation (or a system).

A fixed point is the point at which the right parts of the differential equations
return the zero value. Fixed points can be one, a few and not be at all. In terms of the
qualitative theory of differential equations we are interested in the behavior of fixed

points (stable, unstable, etc.).

1.4 An investigation of the stability of equilibrium in systems described by
one differential equation

Suppose we have a dynamic system described by one differential equation.
Note that in most cases we can’t obtain analytical solution of the differential
equation, and even if we can, then the answer contains an implicit function which
properties are difficult to analyze.

Let’s in details consider the qualitative research method of the differential

equation of the form % = f(x)
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Suppose that the equation f{x)=0 has no real roots. So the curve does not

intersect the axis x. So Z—x all the time saves it’s sign and all the solutions x(¢) will be
t

the monotone functions, increasing or decreasing depending on the sign of f{x).

Now let the equation f{x)=0 has real roots x,x,,....,x,. They are called
stationary solutions, fixed points or balance points.

Let x, is a stationary point of the equation f{x)=0 and (x, ,,x,) and (x,,x,,) —two
intervals that are adjacent to it (Figure 1).

At each of these intervals the behavior of the system can be represented by the
trajectory of a certain type.

If both points that describe the movement at intervals (x, ,,x;) and (x,x,,) with
increasing of the time ¢ approaching the stationary point x,, stationary point is called
stable (Figure 1.1).

If both points that describe the movement at intervals (x,,,x;) and (x,,x,,) with

increasing of the time ¢ go away from the stationary point x,, stationary point is called

N
~

> pda
5

unstable (Figure 1.1).
f(x) f(x)

L\

-

<

Crifika Touka HecrTilika Touka

f(x) f(x)

\/

Y < L
. X . X
HaniecTilika Touka HaniBcTika TOuka

Figure 1 — The illustration of stable, unstable and semistable stationary points
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If at one of the intervals (x,,,x;) and (x,x,,) the values of x are close to the

point x, and at the other go away from x,, the fixed point is called semistable
(Figure 1.1).

Thus, in the case of describing the dynamical system by one differential
equation, the question about the stability of the equilibrium points can be solved by
analyzing the graph of the function f{x). There are three cases:

1. Near the equilibrium condition function f{x) changes the sign from "+" to "-

" in growth of x. The equilibrium condition is stable (Figure 1.2).

f(x)

x

Figure 1.2 — The stable equilibrium point (graphical analyzing)

2. Near the equilibrium condition function f{x) changes the sign from "-" to

"+" in growth of x. The equilibrium condition is unstable (Figure 1.3).

f(x)

x

Figure 1.3 — The unstable equilibrium point (graphical analyzing)

3. Near the equilibrium condition function f{x) doesn’t change the sign. The

equilibrium condition is semistable (Figure 1.4).
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f(x)

N1/

| X

Figure 1.4 — The semistable equilibrium point (graphical analyzing)

Example: to determine the stability of equilibrium points for functions whose

graph is shown in Figure 1.5.

f(x)

\ /\ V.
X(I)\J /(((2) x(‘fr—/xm x® X

Figure 1.5 — The example of the graph for the stability of equilibrium points

determination

The solution is stable for points x”and x™ , unstable for points x@ , x® and
p p

semistable for point x”'.

1.5 An investigation of the stability of equilibrium in systems described by

two differential equations

Suppose that now we have a dynamic system described by a system of the
normal autonomous linear homogeneous differential equations with constant
coefficients:

{x{ = f(x,, x,)=ax, +bx,
Xy = fo(x,, X)) =cx, +dx,
This system will have a unique solution if the corresponding determinant is not

ZC10:
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‘zad—bcio

The equilibrium points of the system would be found, if we solve the system:
ax, +bx, =0
cx, +dx,=0

The stability of the equilibrium is determined by the eigenvalues of the
system’s matrix. Eigenvalues can be determined by the characteristic equation
A —oA+A=0, where o =a+d=tr(4) — is the matrix trace; A =ad —bc=det(4) — is the
determinant.

The roots of the characteristic equation can be real, complex, repeating or

different, zero, etc. The nature of the stability of fixed points is given in Table 1.1.

Table 1.1
The stability of the fixed points depending from the roots of the characteristic

equation
The type of roots of the characteristic The stability of the fixed point
equation
A A, - real, negative, different stable
A A, - real, positive, different unstable
A A, - real, different, with different signs unstable
A, A, - complex with negative real part stable
A =p+ig, A, =p—iq, p<0
A, A, - complex with positive real part unstable
A =p+ig, A, =p-iq, p>0
A» A, - purely imaginary stable, but not asymptotically
}“1 = lqa }'2 = _lq
A, A, - Z€TO stable, but not asymptotically or
unstable
A, A, - real, repeating, negative stable
A, A, - real, repeating, positive unstable
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These cases apply to systems of higher orders. Summarizing, we can give the
following statement regarding the stability of the trivial solution of the system (its
fixed points):

1. If all the characteristic numbers of the system have negative real parts (i.e.
they are real, negative numbers or complex numbers, with the real negative parts),
then the trivial solution of the system is asymptotically stable.

2. If at least one of a characteristic number of the system has positive real part
(i.e. this number positive or complex with positive real part), then the trivial solution
of the system is unstable.

3. If the characteristic numbers of the system are not numbers with positive real
part, but they are simple (i.e. not multiple) with zero real part, then the trivial solution
of the system is stable, but not asymptotically.

4. If the characteristic numbers of the system are not numbers with positive real
part, but they are multiple with zero real part, then the trivial solutions can be stable
and unstable.

The feature of the stability — is the negativity of real parts of roots of the

characteristic equation (Liapunov theorem).

1.6 The criteria of stability

The stability or instability of the fixed points can be set even without solving
the corresponding characteristic equation. For doing this, there are a number of
criteria.

Suppose we have the n-th order characteristic equation:
a, A" +a "+ . +a, A+a,=0.
It should be noted that in case of any dimension the coefficient 4, =1 every

time.
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From the linear algebra, a necessary but not sufficient condition that all the real
parts of the roots of this characteristic equation are negative, are the
inequalitiesa; >0, j = lin.

This means that if at least one of the coefficients of the characteristic equation
is negative, then there is at least one root, which will have negative real part. Thus,
the fixed point is unstable.

The condition that formulated above is a sufficient for the equations of first and
second orders.

For the application of other criteria let’s compose the Hurwitz matrix using the
coefficients of the characteristic equation (Figure 1.6) by the rules:

1) in the main diagonal write the coefficients of the characteristic equation
from the second q,, a,, ..., a,;

2) above the main diagonal write the coefficients with larger indexes;
3) under the main diagonal write the coefficients with smaller indexes;

4) with a shortage of coefficients in the matrix elements write zeros.

a, a; as 0 0
ay, a, ay 0 0
0 a a 0 0
A,=1 0 ay a 0 0
0 0 O a,, 0
0 0 O a, , a,

Figure 1.6 — The Hurwitz matrix

Let’s enter the following notation:
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a a . . .
YN, Ay=la, a, a,| etc. — the main diagonal minors of

a, a
0 2
0 a a

Hurwitz matrix, or “Hurwitz determinants”.
Rause-Hurwitz criterion (necessary and sufficient condition of the stability).
The real parts of all the roots of the characteristic equation will be real negative or

will have negative real parts, so the system will be stable, if with all positive

coefficients (a, >0,k =1:n) the main Hurwitz determinant and its all main diagonal

minors will be positive.

If we remember that A =4, -A , and according to the requirements of the

p-
theorem, A, _, >0, then to fulfill the last condition is necessary to a, >0.

The system will be on the edge of stability if A, =0 and all previous minors of
Hurwitz matrix are positive. The condition A, =a, -A =0 divided into two:

1)a, =0;

2) A, ,=0.

In the first case the system is on the edge of aperiodic stability (neutral
stability). If in this case to solve the characteristic equation, we’ll get one zero root
and the negative second root.

In the second case, the system is on the oscillatory edge of stability. After
solving the corresponding characteristic equation we’ll get two complex conjugate
roots.

Lenara-Shypara criterion (necessary and sufficient condition of the stability).
The real parts of all the roots of the characteristic equation will be real negative or

will have negative real parts, so the system will be stable, if with all positive

coefficients (a, >0,k =1:n) the minors A, A ,, A ., ... will be positive.

Example. Investigate the stability of the equilibrium point of the system:
X, =—2X, — X,
X; =X + X,
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Let’s find the coordinates of the fixed point, equating the right sides of

-2x, —x, =0
x +x,=0

We’ll get the point with coordinates (0, 0).

equations to zero:

. . . -2 -1 .
Let’s write the matrix of coefficients [1 lj' Calculate its trace and

determinant: ¢ = -1, A=-1.

We’ll receive the characteristic equation:

A +1*%4-1=0

As you can see, the characteristic equation have a negative coefficient, which
means that the necessary conditions are not fulfilled in terms of stability. Conclusion:
the point of equilibrium is unstable.

1.7 Control questions

1. Give the definition of the term “dynamic system”.

2. Discover the essence of the term “the model of economic dynamics”.

3. Describe the system-properties of complex dynamic systems.

4. Define the concept of equilibrium, stability, stationarity of the dynamic
system.

5. Illustrate graphically the stability, asymptotic stability and instability (by
Liapunov) of fixed points of the dynamic system.

6. Formulate the rules for drafting the main determinant of Hurwitz matrix.

7. Compare the Rause-Hurwitz and Lenara-Shypara criterions.

8. Illustrate graphically the stability, instability and semistability of fixed
points of a dynamic system described by one differential equation.

9. Set the correspondence between concepts and their interpretation:

1 Equilibrium A | is the condition which lasts indefinitely in the absence
of external influences

2 | Stability B | is the ability of the system to return to the equilibrium
state if it has been taken out of it

3 Stationarity C | means that the nature of functioning of the system
does not change over time
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10. In the case of describing the dynamic system by one differential equation
the function changes the sign from “+” to “-” near the equilibrium. So the equilibrium
1s:

a) stable;

b) unstable;

c) semistable.Tasks

1.8 Tasks

1.8.1 An investigation the stability of the equilibrium point by using
Rause-Hurwitz and Lenara-Shypara criterions
Based on the data specified for your variant (Table 1.2):
1) find the coordinates of the equilibrium point in MathCad using:

a) the inverse matrix method;

b) the Isolve function;

c) the computing unit Given/Find.
2) investigate the stability of the system using two criteria: Rause-Hurwitz criterion
and Lenara-Shypara. Compare the results. In applying these criteria use the function
for submatrices selection (submatrix(A,ir,jr,ic,jc¢) — returns the subarray which
consists of all elements contained in the rows from ir to jr and columns from ic to jc

oh the array A).

Table 1.2
Ne var Task Ne var Task
1 X =—x+y+2z 4 X =—x+2y+3z
y =—x-y+z Y =-2x—y+2z
z =-2x-y-z z =3x-2y-z
2 X =—x+2y+z 5 x =—x+3y+2z
y =-2x-y+2z y =-3x—y+3z
z =—x-2y-z z =2x-3y-z
3 X =—x-y+2z 6 X =—x+3y+z
y =x-y-z y =-3x—y+3z

z =2x+y-z

z =—x-3y-z
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Continuous of Table 1.2

Ne var Task Ne var Task
7 X =—x+y-2z 14 X =—x+y+3z
y =—Xx—-y+z y =—x—y+z
z =2x-y-z z =3x-y-z
8 X =—x—-2y+3z 15 x =—x-2y-3z
y'=2x—y—2z yvzzx—y—zz
z =3x+2y-z z =-3x+2y-z
9 X =—x+y-3z 16 x =—x-3y-2z
y =—Xx—-y+z y =3x-y-3z
z =3x—-y-z z =2x+3y-z
10 X =—x-y+3z 17 X =—x-y-3z
y=x-y-z y =x—-y-z
z =3x+y-z z =3x+y-z
11 x =—x+3y-2z 18 x =—x-3y+2z
y'=—3x—y+3z y':3x—y—3z
z =2x-3y-z z =2x+3y-z
12 x':—x+y+z 19 x':—x+2y+2Z
y =—x-y+z Y =-2x-y+2z
z =—x-y-2z z =2x-2y-z
13 x':—x—2y+z 20 x':—x+2y—z
y =2x-y-2z Y =-2x—y+2z

z =x-2y-z

1.8.2 Graphical investigation of the stability of equilibrium points of the

dynamic system described by one differential equation

Based on the data specified for

equilibrium points for the system described by one differential equation and

investigate their stability.
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Table 1.3

No var Task No var Task

1 x =x"+2x—x° +sin(x/2) 4 x =x2+12x - x> +3ix

2 X =x"4+2x—x"+x/2 5 x =x" +2x—cos(x’)

3 x =x +x—x"+1 6 x =x" +2cosx—x"

7 x':\/;—xz-f-zx—x‘?’ 14 x':sin2x+2x—x3

8 x =tg(x*)+2x—x’ 15 x =lgx’ +2x-x’

9 x':%+2x—x3 16 x =x"+2x° —x* +ctg(x/2)

x

10 x =x" +2x—x +cos(x/2) 17 x =xt+2x  —xt +e

11 x =x*+2x—x" +arctg(x/2) 18 X =x" +2Ux+1-x

12 x =x7 +2xsin(x) —x’ 19 x =—x" —2x+x’ —sin(x/2)
13 x =—x" +2x+4x +1n(x/2) 20 x =-7x> +x—x +sin(x* /2)
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PART 2. THEORETICAL BASIS OF INVESTIGATION OFTHE
STABILITY OF NONLINEAR DYNAMIC SYSTEMS

2.1 The essence and methods of linearization of nonlinear dynamic systems

Linearization is one of the most common methods of analysis of nonlinear
systems. The main idea of linearization is the usage of a linear system to approximate
the behavior of solutions of nonlinear systems in the vicinity of the equilibrium point.
Linearization reveals most qualitative and, especially, quantitative properties of
nonlinear systems.

Linearization methods are limited, i.e. equivalence of the original nonlinear
system and its linear approximation is saved only for the limited spatial and temporal
scales of the system or for specific processes, moreover, if the system goes from one
mode to another, you should change and its linearized model.

There are several ways of linearization. We’ll discuss two of them: the method
of replacing variables and using the Jacobian.

The linearization of nonlinear dynamic systems by replacing variables.
Linearization of systems of nonlinear equations in the vicinity of equilibrium can be
achieved by replacing the variables so that the point of equilibrium turned in origin.

The equations derived from specified action will be linear and called the
linearization of the primary system.

The points of primary system located in the vicinity of the equilibrium point
will respond to points in the vicinity of the origin of the new system.

We are interested in:

a) the value of new variables that are close to zero;

b) the conditions under which nonlinear expressions can be neglected.

Let’s consider the nonlinear system:
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{x‘ = f(x,) o0
v =g(xy) '

which has the equilibrium point ( p,q).

The conversion

U=x-p
{V:y_q. (2.2)

transfers the equilibrium point ( p,q ) in the origin.

Differentiation of the conversion (2.2) has the form:

{72x‘ (2.3)

After replacing variables by substituting their new values (2.4) in each equation

(2.1), select the linear part (2.5):

X=u+p

{y:v+q’ (2.4)
u =au+bv+F(u,v) )5
Vv +cu+dv+Gu,v) 2:5)

where F(u,v) and G(u,v) consisting only of nonlinear expressions.
The linear system

u =au+bv
% (2.6)

Vv =cu+dv

is a linearization of the nonlinear system (2.1) if the expressions F(u,v) and

G(u,v) are the polynomial, and
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F(u,v) G(u,v) 2 2
N -0, Tos —0, Ju’+v? > 0. (2.7)

The latter condition ensures that nonlinear expressions F(u,v) and G(u,v)are so

small compared to u and v approaches the equilibrium point, that they can be

neglected.

x‘ =f(x,y)=-2x +)2} linear by replacing the
y =gxy)=-y+x

Example 2.1. Make the system {

variables.
Solving. Let’s find the equilibrium points of the dynamic system. We need to

-2x+y=0

2

0 We obtain the equilibrium point with coordinates (0;0)
—y+x’=

solve this system {

and (2;4).

Linearization is performed separately for each point.

Let’s linearize the input system at the point (0;0). For this point the
replacement (see formula (2.2)) is not necessary, so the equation of given dynamical
x =-2x+y

system remains unchanged: :
y =-y+x’
Nonlinear expression is present only in the second equation, it is a polynomial,
so as proved above, it can be neglected.
, . . x =-2x+y
We’ll get the linearized system: <~ :
y ==y

Let’s linearize the input system at the point (2;4). According the formula (2.2)

o =u+2 . e .
we’ll use the substitution: {x A for transformation the equilibrium point at the
y=v+

origin. Input dynamic system equation becomes:

u ==2w+2)+v+4d="2u+v
V(v +u+2)? =du—v+u®
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Nonlinear expression is present only in the second equation, it is a polynomial,

. L =2
so it can be neglected. We’ll get the linearized system: {u 4 “rv.
V =4U—V

The linearization using Jacobian. There are other methods of linearization.

One of them is the linearization based on Jacobi matrix. The elements of this matrix

are the partial derivatives of functions f and g: a _ , b :ﬁ, c zg, d :d—g. The
dx dy dx dy

. a
matrix J :(
C

Z] 1s called the Jacobian.

The linearization of nonlinear dynamic system (2.1) is a system:

{u' =au+bv (2.8)

Vv =cu+dv

x' = f(x,») = _2x+)2/ linear by using the
y =gy)=-y+x

Example 2.2. Make the system {

Jacobian.

¥, Wy
ox oy

b

Solving. Let’s find the Jacobian elements: . .
X Y

-2 1

2x -1

Accordingly, we have: J :{ ] The coordinates of fixed points of the given

dynamic system were founded in the previous example: (0;0) and (2;4).

Let’s make the linearization of the input system in the point (0;0). We’ll

. . . . -2 1
substitute the coordinates to the Jacobian expression. We’ll get J g, :{ 0 1].

According the formula (2.8), the linearization of the input dynamic system in the

: : =2 o :
oint (0;0) is the system . , “TV The linearization of a given s stem, conducted
p y S =y g y

by replacing the variables, gives a similar result (see example 2.1).
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Let’s make the linearization of the input system in the point (2;4). We’ll

. . . . -2 1
substitute the coordinates to the Jacobian expression. We’ll getJ ., :{ A 1].

According the formula (2.8), the linearization of the input dynamic system in the

: . =2 Y .
point (2;4) is the system {u 4 “TV The linearization of a given system, conducted
V =4U—V

by replacing the variables, gives a similar result (see example 2.1).
2.2 The Hartman-Hrobman theorem

The Hartman-Hrobman theorem identifies cases when the findings obtained in
the investigation of linearized system can be moved to its linear counterpart.

The Hartman-Hrobman theorem: if the Jacobian hasn’t zero or purely
imaginary values, the phase portrait of the nonlinear system in the vicinity of its
equilibrium point is similar to the phase portrait of its linearization.

The conclusions of the Hartman-Hrobman theorem:

- if the linearized system has zero eigenvalue or purely imaginary
eigenvalues, nothing can be said about the nonlinear system,;

- if for the trace (o) and determinant (A) of the characteristic equation of

) . .. <0 .
linearized system the conditions {Z 0 are performed simultaneously, the
>

equilibrium point of the relevant nonlinear system is attractor and stable;

- 1in all other cases (excluding {Zig) the equilibrium point of the relevant

nonlinear system is nonlinear saddle and unstable.

Example 2.3. Determine, if it is possible, the types of equilibrium points for

X =f(xy)=-2x+y

nonlinear dynamic system given in example 2.2: { , .
y =gy)=-y+x
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Solving. Finding the equilibrium points of given system and its linearization in
each of these are given in examples 2.1 and 2.2.
Let’s explore the linearized system corresponding to the point (0;0). As a result

of example 2.2 we have to study the system {u :,_2u+v. We form the matrix of

vV =—V

coefficients of the system: (_02 : ] . Then we’ll find the trace and determinant of the

. .. <0
matrix: o =-3, A=(-2)(-1)=2. As you can see, the conditions {Z 0 are true. So, by
>

Hartman-Hrobman theorem the equilibrium point (0;0) is the attractor and stable.

Let’s explore the linearized system corresponding to the point (2;4). As a result

of example 2.2 we have to study the system{u ,:_2u+v. We form the matrix of

v =4u—v

coefficients of the system: (_42 11] . Then we’ll find the trace and determinant of the

. .. o<0
matrix: o=-3, A=(-2)(-1)-4=-2. As you can see, the conditions {A 0 are not
>

true. So, by Hartman-Hrobman theorem the equilibrium point (2;4) is the nonlinear
saddle and unstable.

The Hartman-Hrobman theorem has two major limitations:

1) it does not provide information when linearization is not easy (at zero
determinant) or when it’s the center (with zero trace);

2) theorem provides information about the behavior of solutions near
equilibrium point only. To make a global outlook, we need more research more
difficult. For this purpose, the concept of conservative systems, circulating systems

and Lyapunov function are used.
2.3 Control questions
1. Formulate the main idea of linearization.

2. What are the main methods of linearization?
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3. Formulate the Hartman-Hrobman theorem.

4. In which cases the Hartman-Hrobman theorem can not be used?

5. What should be the trace and determinant of linearized system for

corresponding nonlinear system was stable?

6. What should be the trace and determinant of linearized system for

corresponding nonlinear system was unstable?

7. What is the “Jacobian”? How is it calculated?

. <0
8. What can you conclude from the Hartman-Hrobman theorem, if {Z 0 ?
>
. >0
9. What can you conclude from the Hartman-Hrobman theorem, if {Z 0 ?
>

10. What can you conclude from the Hartman-Hrobman theorem, if { ?

2.4 Tasks

According to your variant (Table 2.1):

1. Find the fixed points.

c=0

2. Perform the linearization of the system by various methods, compare the

results.

3. Investigate the stability of the nonlinear system using the Hartman-

Hrobman theorem.

Table 2.1
No Task No Task
var var

1 x =y>-3x+2 2 X =x—y—e'
y=x'=y y=x-y

3 x =y-3x 12 X =x—y—xy

y =x+x’ y =x—y+y°

4 x =y 13 X =x-y-—ey
y =—x—(4+x>+y%)y y =x+y
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Continuous of Table 2.1

5 :—3y+xy 4 14 X =X—y+xy
{ y =-x +y {y =x’=y+y’
6 15 X =y
{ =—-x- (l+x +y3)y {y':—y—(4+x2+y2)x
7 { = 16 {x =—4y— xy—2
y =x-y y =—x’+y’
8 x = 17 X =y
{y - y2 {y'=—x—(l—x2—y2)y
9 X = 18 X =1—e"
{ y = {y'=x—y
10 x =y’ —x+4 19 x =2y° -1
{ =x* -2y’ {y =x—4y’
11 x =3y—-3x 20 X =x"-2x+y
{ =x+x { y':—y
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PART 3. REFERENCES ON USING MATHCAD PACKAGE
FOR A GIVEN COMPUTATION

3.1 Graphics

The templates of plots in the MathCAD. The graphics processor of MathCAD
allows you to create various types of plots: in Cartesian and polar coordinate systems,
graphics of surfaces, three-dimensional shapes etc.

For plotting templates are using. Their list is presented in the submenu Graph

of the item Insert of the main menu (Figure 3.1).

M Mathcad - [Untit

1l File Edit View Format Tools Symbolics Window Help

D - & o | & | < v it i =T e

&5 Polar Plot Ctrl+7

| Normal [ Matrix... Ctrl+ M ===
¥ Function... Ctrl+E .ﬁ Surface Plot  Ctrl+2 I
- ,a|nz [:::] = I% . E? Unit... Ctrl+L Contour Plot  Ctrl+5
+ Bicture Ctrl+T ;1,.. 30 Scatter Plot
Area gy 3D Bar Plot
Page Break Ctrl+) |35 Vector Field Plot
Math Region  Ctrl+5Shift+4 Plot Wizard...
Text Regicn "
L Component...
Data L
Control L
Object...
Reference...
Hyperlink... Ctrl+K

Figure 3.1— Calling graphics templates
Most GPU settings needed for plotting is set automatically, so to make the

graph it’s enough to set its type.
MATHCAD supports the following types of graphs templates (Table 3.1).
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Table 3.1

Types of graphs templates

Chart template

Characteristic of chart's type

E Cpadme K-y

the template of two-dimensional chart in
Cartesian coordinates

@ MonApHEIA rpadie

the template of chart in polar coordinates

& Tpadm NoBEpXHOCTH

the template of three-dimensional chart

ITHHHK YpOEHA

the template for three-dimensional surface
contour chart

:Jr- 30-rpadue pasbpoca

the template of chart as the points in three-
dimensional space

.j i_TontyaTtan 30-anarpamma

the template for the image as a column
chart

L8
|55 BerTopHoe none

the template for vector field on the plane

MacTep rpadmKos. .

launching the wizard to build a three-
dimensional chart with desired properties

Construction of a two-dimensional graph. Blank template of the graph (Figure

3.2) is a large empty box with data entry templates (or injection site) as a dark small

rectangle located at the axis of abscissas and ordinates of the future graph.

|.I.|

I I-I-I

Figure 3.2— The template for a two-dimensional graph
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In the black highlighted box space user must enter expressions for the
coordinates of points on the axes X (horizontal axis) and Y (vertical axis). In general,
it can be a variable function of x.

Example 3.1. Construct a graph of the function x' = x? + 2sin x — x*.

Required settings for the construction of this graph are illustrated in Figure 3.3.

2><1l]3 T T T

3
x2-2sin(x)—x* —4x10

—6x10°

—10 0

Figure 3.3 — Settings for the construction a graph of the function

' 2 . 4
X =x"+2smx—x

Remark. To enter uppercase user can apply button u from the toolbar.

Changing the settings of two-dimensional graphics. The graphics processor of
MathCAD allows for graph reconfiguration by the following:

1) changing the display size;

2) moving of graphics;

3) imaging of several graphs in the same template;

4) formatting the graph;

5) scaling graphs.
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Changing the display size. To resize the graph display user must select it (click

on it with the left mouse button) and use the markers to change the size to needed.

Moving of graphics. To move the graph users need to bring the cursor to the

edge of the graph (the cursor will change) and while holding down the left button to
move the graph.

Imaging of several graphs in the same template. To image multiple graphs in

one template, you need in the left of the graph comma introduce another equation

(Figure 3.4).

1107 ’

x2+2sin r;x}—x4 -

Figure 3.4 — The example of imaging of several graphs in the same template

Formatting the graph. Dialog for formatting graphs called by double clicking

the left mouse button on the plot and it contains the tabs “X-Y Axes”, “Traces”,

“Number Format”, “Labels”, “Defaults” (Figure 3.5).
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Formatting Currently Selected X-Y Plat ‘ X

X-Y Axes |Traces I Mumber Format | Labels | Defaults |I
| |
T
[ |Enable secondary ' axis:
Primary ¥ Axis | Secondary ¥ Axis
X-Axis
[ Log scale [ Log scale
[ Grid lines = [ Grid lines [ |
Mumbered Mumbered
Auto scale Auto scale
[T Show markers | | [7] show markers ||
Auto grid Auto grid
Mumber of grids: 2 Mumber of grids: 2
Axis Style
@ Boyed [F] Egual scales
() Crossed
(Z) None
[ 0K ] [ OTMena ] MpHMEHTE

Figure 3.5 — The tabs of “Formatting Plot” dialog

For making the laboratory work you should select tab “X-Y Axes”, marked in

Figure 3.6.

Formatting Currently Selected X-Y Plot - S

Traces | Mumber Format | Labels I Defaults|
[|Enable secondary ¥ axis
Primary ' Axis | Secondary ¥ Axis

X-Axis

[| Log scale [|Log scale

|/ |[Frid lines . [V [rid lines: |

umbered umbered

huto scale uto scale

|| Show markers || || Show markers ||
Euto arid E&uto arid

Mumber of grids: 2 Mumber of grids: 2
Axis Style

i) Boxed []Equal scales
rossgd

) Mone

[ DK ] [ OTtMeHa ] [ [MpHMMEHKTE ] [ Cnpaeka ]

Figure 3.6 — The main options of “X-Y Axes” tab
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Let’s explain their using.
Option Grid lines allows you to make on the plot horizontal and (or) vertical

grid lines (Figure 3.7).

(4]

-

L=
L9

x2-2 sir'l(x}—:nt4 -

LY
L
b1
L
\"
[#)

L
|

o

-]

napl

=a T

X

Figure 3.7 — Grid lines

Option Numbered displays the inscriptions on the axes (Figure 3.8).

|/ i
f

[

r

| L 133\ ..‘l'I
B / s
’
s
)
[
xz—z 5in{x}—x4 P - _.?'.'.\

— ™ TN
3x°-1 Cy 5

U

L\
1\
\

b
]
2
=]

[
<
=3

e

Figure 3.8 — Option’s Numbered results
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Option Auto grid automatically splits the graphics window at a level spaced
horizontally and vertically, allowing you to define the borders of these intervals. The

appearance of graphs without specifying this option is presented in Figure 3.9.

500 500 ot
f"
x* + 2sin(x) — x* K
3 a"
3x” —1 L.-’
—500 ~500
_4 % 6

Figure 3.9 — The appearance of graphs without specifying Auto grid option

Disabling the option Auto grid allows manually set the distance between the
horizontal and vertical grid lines through the assignment of additional options
Number of grids. 1f you disable the option Auto grid, and set Number of grids 5
(Figure 3.9), we’ll get the plots in the format shown in Figure 3.11.

Option Axis Style allows to set the display of the axes in the center or on the
edges for easy perception of the plot. Showing all the axes can be disabled. A Figure
3.13 shows the preview of the graph but the axes are on the edges (the required

parameter is shown in Figure 3.12).
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Formatting Currently Selected X_Y Plot X

XY Axes |Tra::es | Mumber Format | Labels | De1'au|t5|

[|Enable secondary ¥ axis

) Primary ¥ AXis | Secondary Y Axis
X-Axis
[ Log scale [|Log scale
[ Grid lines [ | [ Grid lines [ ]
Mumbered Mumbered
Auto scale Auto scale
[ show markers || [] show markers ||
[ Aute grid [ Aute grid
Mumber of grids: 5 Mumber of grids: g

Axis Style

@) Boyed [ Equal scales
(") Crossed

() Mone

0K ] [ OTMeHa ] [ MpPUMEHTE ] [ Cnpaeka ]

Figure 3.10 — Manually setting the number of grids

L. -lll'l"i
("B L
0 -lll'l3 ’
o ST ’
4
F
¢
’
falalal ‘
] 4 [=LvLv ] ""
xz—.zsm{x}—x -"f

3 e -
3x"—1 —-110 46 42 2 6

Figure 3.11 — The result of manually setting the number of grids
(number of grids 5)
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Formatting Currently Selected X-Y Pl

A Axes |Tra::es | Mumber Format | Labels | De1'au|t5|

[ Enable secondary ¥ axis

X-Axis
[ Log scale

.....................

Mumbered
Auto scale

[] show markers
Auto grid

Mumber of grids:

Primary ¥ Axis | Secondary Y Axis

[ Log scale

| [7] Grid lines ||
Mumbered

Auto scale

[ ] [] show markers ||

Auto grid
Mumber of grids:

[T Equal scales

I [ OTmMeHa ] [ MpUMEHKTE ] [ Cnpaeka

Figure 3.12 — Setting the parameter

4
3000 ;
?
3 !
210 7
’
’
/
y
s
"
'f
x2+2 sin(x)-x" Ly
u b
F
’
' 4
Fa
'
Fa
F
_2:10° ¢
7
!
— 3000 ’
—-10 -5 0 5 10
—10 X 10

Figure 3.13 — Graph with the axes on the edges
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Scaling graphs. When you select a graph (click on it with the left mouse

button), you can see its scale which made automatically. The default limits are setting
by the argument interval [-10, 10] (Figure 3.14). The scale on the axis Y MathCAD

installs automatically.

510~

2.999x10°

-

x%+2 sin(x)-x"

-5‘»{103

_9.901x10° §

—1x10

-1 -5 0 5
9 x

Figure 3.14 — Automatically scaling of the plot

.a-l

For scaling the plot user must change it manually in the plot window. Suppose,
for example, we need to find how many times the graphs intersect an axis argument
(in other words, to find how many roots has a corresponding equation). Let’s set the

argument limits [-1, 2]. The result is shown in Figure 3.15.
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Figure 3.15 — Changing the argument limits

As you see from Figure 67, the equation x? +2sin x — x* = 0 has two roots, and

the equation 3x* —1=0 - one root.

3.2 Solving equations
Equations solving by using the keyword solve. To find the roots of equations
in the MathCAD user need to choose the toolbar “Symbolic” (Figure 3.16) and
choose there the keyword solve.
On the worksheet the highlighted item for displaying the input equation and its
solution appears (Figure 3.17).
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[ | My site

Symbaolic EI
— . —
Modifiers float
rectangular  assume
solve sirmplify
substitute factor
expand coeffs
collect series
parfrac fourier
laplace frans
imfourier imlaplace
imErans MY —
M — M| —
explicit combine
confrac renwtite

Figure 3.16 - The toolbar “Symbolic” choosing

Constants

h solve —

Figure 3.17 — The highlighted item for displaying the input equation and its

solution
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To the left of the keyword solve user must enter the equation after the keyword,
separated by commas enter a variable-argument, click on the left mouse button
outside the selected position. The result will appear to the right of the symbol — .

The solutions of the equation 3x* — 1 = 0 are shown in Figure 3.18.

D-2E8AY BB o«

" mE =R

JINurmaI = ferial i =B 7 u|=:
4 1 ™
95
3
1 1
30 — 1 solve,x —| 93 36
6 2
11
o3 3%
L6 2 )

Figure 3.18 — The solutions of the equation 3x* — 1 = 0 using the keyword solve

As you see from Figure 3.18, the equation has three roots - one real and two
complex. To perform the tasks in the laboratory work we will be interested only in
real roots. Graph of the function 3x* —1=0 has one intersection with the argument

axis (Figure 3.15), thus further we must investigate the stability of one equilibrium
1/3
point X =9 A . The behavior of the system in this fixed point is unstable.

However, the solution of the equation x2+2sinx-x*=0 gives poor results
(Figure 3.19) for determining the number of points of equilibrium and their

coordinates.
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JD*@E|§&"$§’|%E|{J“ " e |@E
JINDrmaI jl.ﬁ.rial jlm j| B 7

<%+ 2 sini(x) — X1 solve,x — 0

Figure 3.19 — The solution of the equation x2 + 2sin x — x* = 0 using the

keyword solve

The result of solving the equations using the keyword solve is one pointx=0,
but on the graph of the corresponding function (Figure 3.15) clearly shown that there
are two roots (at least, really) and they are different. To find them, you can use the
function root or tracing graph.

Equations solving by using the function root. The function root has syntax is
root Root (f (x), x). The first argument of the function is the equation, whose solutions
must be found. The second argument is an independent variable of the equation.

Note that this function finds for the root of the equation in the neighborhood of
a certain predetermined point. The result of root function is only one root, which is in
the vicinity of the pre-specified approach.

To set the initial approximation, it is necessary before calling the function root
user need to provide a certain value of the argument x.

Thus, from Figure 3.15 you can see that the first root of the equation
x? +2sin x —x* = 0 1s in the neighborhood of the point x =0 and the other neighbors,
for example, to a point x =1.5. Finding the roots of the equation x2 + 2sin x —x* = 0 by

using root illustrated in Figure 3.20.
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ID-BHISGRY | BB »=|[T: MY =
JINDrmaI jl.ﬂrial jIID jl B 7 g|

x=0

xl = ront(x2 + 2s8in(x) — X4,X)
x1 =0

x.= 1.5

x2 = rcrcnt()(2 + 2sin(x) — X4 ,X)

x2 = 1.411

Figure 3.20 — The solution of equation x2 + 2sin x — x* = 0 using the function
g q g

root

Equations solving by tracing the graph of the function. Tracing can more
accurately examine the structure of the graph. You can turn tracing on in graphics

context menu (called by right click on the object) and select Trace... (Figure 3.21).

[4]
[=-]

23,

[ ]
=]
-

-
[==]
‘

x” +2sin(x)—x* p
3153 _]. — - ':—-‘"lln.. |
P — -.nu--.-l-!---_ g,

[pHMEYEHAE ANS BLIDPEHHOND BWPEFMEHTE. .«

é{: BripeszaTe
KonwpoeaTh

El B&Tasiit

M -
CBOWCTBA. ..

—
=]

~10.181, DopMar. ..

TpacovpoBKa. ..

MacowTal...

OTHAYMTE BEIMMCNEHHE

Figure 3.21 — Choosing Trace... mode
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As a result, in the MathCAD box tracing will appear and in graphics box —
dotted lines that intersect (Figure 3.22).

x
“ H-Koopak I KonupoBaTe X |
Y-Koopaw | Konupoeate Y | 7
Y2-KoopE I KonupoBeate Y2 | ‘.’
4
¥ OTCnesxveaTt TOYKM JaHHLIX 3aKPLITE | ’ .
F
> - 4 TO &
x"+2sin{x)—x ’,
— a -
3x’ -1 %
| o - Bl _-H-._
T
- . _ - - .u "I 2
e e =
=18
—10.181,
=20
-1 X 2

Figure 3.22 — The result of choosing Trace... mode

By moving the mouse pointer over the chart the point of intersection of lines
tracing also moves. The point coordinates appear in the trace window in the fields of
“X-value”, “Y-value”. Tracing lines can also move by using the cursor keys, allowing
you more accurately determine the coordinates of the desired point. Pressing “Copy
X or “Copy Y” results in copying the appropriate number to the clipboard, allowing
you then to paste it in any place of the worksheet.

The result of the determination the coordinates of the second nonzero root for

the equation x? + 2sin x — x* = 0 1s shown in Figure 3.23.
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Figure 3.23 — The result of the determination the coordinates for the equation

x242sinx—-x*=0 using tracing

Note that moving the vertical tracing line should be as long as it receives the
least deviation from zero ordinate. This method defines a point x =1.412 as a non-zero
root, which is only on x=0.001 different from the root, obtained by using the root

function.

3.3Working with matrices

Matrices description in MathCAD system. Each element of the matrix is
characterized by the indexed variable, and its position in the matrix is determined by
two indexes: the row and column number.

To specify suffix after the variable name (the name of the matrix or the vector)

the mark of the opening square bracket “[” is introduced. For matrix elements the first
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index indicates the row number. By default, the package MathCAD indexes starting
from zero. Initial number (lower bound of the index) is given by the value of the
system variable ORIGIN.

For indexes numbering started the other number, you can select the main menu
items

To numbering indices started the other room, you must select the main menu
item “Tools — Worksheet Options”, then switch to tab “Built-In Variables” and for
ORIGIN option install the required lower limit of the indexing value
(Figure 3.24).

Worksheet Options I&

| LInit System I Dimensions | Compatibility
Built-In Variables | Calculation | Display
Array Origin (ORIGIN) 1 B o
Convergence Tolerance (TOL) 0.001 (0.001)
Constraint Tolerance (CTOL) 0,001 (0.001)
Seed value for random numbers 1 (1)

PRM File Settings

Predsion (PRMPRECISION) 4 = @
Column Width (PRMCOLWIDTH) 8 = (@
I [ Restore Defaults ]
[ Ok ] [ OTMeHa ] [ Cnpaeka ]

L

Figure 3.24 — The starting limit of the indexing value setting

Vectors and matrices setting
The 1 way (using the template of theinput matrix). To insert a template, you
can:
- use the menu tool “Insert — Matrix ...” from the main menu;
- choose the appropriate icon on the toolbar, “The Matrix”;

- press key <Ctrl> + <M> (Figure 77).
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The described actions will lead to the appearance of the dialog box, in which

you must specify the dimension of the matrix, i.e. the number of rows and columns.

When you press <OK> or the <Add> in the dialog box the template of the matrix or

vector will be displayed (vector will have one of the parameters of dimension equal

to 1) (Figure 3.25-3.26).

Mathcad - [L

fl File Edit View [Insert] Format Tools Symbolics Window Help

D=2l S

Variables

Hi ?sz JC=

Graph

o [T | | | |

fix) Function... Ctrl+E
I% & ynit. Ctrl+U
Picture Ctrl+T
Area
Page Break Ctrl+J

Math Region  Ctrl+5Shift+A
Text Region "

Component...
Data

Caontrol
Object...
Reference...

[& Hyperlink... Ctrl+K

Fe¥ fxi Zv

[ I £

i MY HT men

AR L) =TI
|
vaGo
Matrix =

Inzert Matrix

Rows:

Columns:

3

3

a
Insert
Delete

Cancel

&3

Figure 3.25 — Matrix setting using the template

This template consists of general brackets and the place for a setting value

(numeric or symbolic) of the matrix elements. One of the places of a value activates

by the mouse cursor. Then all the elements of the matrix are entered by moving on a

template with the mouse or cursor keys.

If the introduction is over, but don’t all the elements of the matrix are entered,

the system will return the error message. This notice is given in red in the frame with

the line, and points to a blank template or several blank templates (Figure 3.27).
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J IN:::rmaI jl.ﬁ.rial

Figure 3.26 — The template for matrix entering

23 5Y
A=|94 3
7 4 )

This placeheolder is empty.

Figure 3.27 — An example of the error

€e__9

Note 1. Note the difference between the usage of the symbols and “:=" in
MathCad.

The symbol “:=” is used in the case if the right part of this sign is a
mathematical expression whose value is given to a variable that is in left of the
symbol “:=".

The symbol “="is used to view the value of a particular variable.

Note 2. To remove any objects created in MathCad, it is necessary to cut the

cursor around it. The object is marked by the “dotted” box (Figure 3.28). Then you

can perform any standard action to remove characters (press Del, BackSpase etc.).
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"“Mathcad - [LR1]

gl ®afin Mpaska Bwa BrTaeka Gopmat  Cepe
D-ZR|8RY| +BR| -
|Marmal ~||arial

| A [ = R4 20 af ®
|Moii Beti-ysen | a0

Figure 3.28 — Removing of the object

Note 3. When the calculations perform user should know that the variables that
you use in formulas must be set before (and on MathCad worksheet located to the left
and above) than they appear.

The 2 way (by using the built-in function matrix). The function matrix has the
following syntax: matrix (m, n, f). The parameter m specifies the number of rows of
the matrix, the parameter n — the number of columns, the parameter f - function,
which is calculated the elements of the matrix is created.

Example of the usage of the described method is shown in Figure 3.29.

ORIGIN := 1

f(isj):=i+j n:=4

i=1.n j:=1.n

s, bl Bj ji=i+]
b 2345
12345 & &8 /G

A- "
23456 .
L34567J L5673J

Figure 3.29 — Creation of the matrix by using the function matrix
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The functions for working with matrices. In MathCAD user can make with
matrices the operations of addition, subtraction, multiplication by a constant etc.
However, for using the operators, you must give the appropriate matrix

notation (Figure 35).

(2 3 4

742

9 6 2,

Figure 3.29 — The matrix notation

MathCAD system contains a number of functions for working with vectors and
matrices:

1) identity(n) - creates a unit square matrix with the size nxn;

2) augment(MI, M2) - combines into one the matrices M/ and M2 with the
same number of rows (the combination goes side by side);

3) stack(M1, M2) - combines into one the matrices M1 and M2 with the same
number of columns placing M1 over M2;

4) submatrix(A, ir, jr, ic, jc) — returns a matrix consisting of all the elements in
the matrix 4 in the rows from ir to jr and columns from ic to jc (ir <jr, ic> jc);

5) cols(M) — returns the number of columns of the matrix M;

6) rows(M) - returns the number of rows of the matrix M;

7) rank(M) — returns the rank of the matrix M;

8) diag(M) — creates a vector which elements are the main diagonal elements
of the matrix M,

9) tr(M) — returns the trace (sum of diagonal elements) of a square matrix M,

10) mean(M) - returns the average value of the array M,

11) median(M) - returns the median of the array elements M.
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Some calculations of values of the matrix can be performed by using icons in

the “Matrix” (Figure 3.31, 3.32).

Figure 3.31 — Panel “Matrix”

The panel found the icon you can use to calculate the determinant of the

matrix, the inverse matrix, transposed matrix, etc. (Figure 37).

. Inverse matrix
Matrix

V Determinant

LEE] %, 7T I

Matrix creatingil/

< T

I n%

¥ Bxy XU F{E

=
=l

Transposed matrixj

==

Figure 3.32 — Panel “Matrix”

The examples of working with the matrix shown in Figure 3.33.

111



\-2 -1 1

(_
_ l 1\ tr(B) = -1 median (B) = —1

diag(B) =, -1
L1 mean(B) = -0.111 |B| =-3

Figure 3.33 — Working with matrix

Note 4. If you want to find a solution of some expressions in symbolic form,

then for outputing it to the screen instead of the equals sign use symbol = from the
toolbar “Evaluation”.

Example: make the characteristic equation of the system:

X =—x+2y+z
y =—4x—y+2z
z =—x—-2y-8z

The solution of this task in MathCad illustrated by Figure 3.34.

-1-2 2 1

A=| -4 -1-2 2
-1 -2 -8-2

4| > -2 -104* =304 —73

Figure 3.34 — The symbol solution

Eigenvectors and eigenvalues of the matrix. One of the most common

problems of computational linear algebra is the task of finding eigenvectors and

eigenvalues of the matrix A, which are the solution of equation Ax = Ax relatively
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the unknown components of the vector X and the scalar quantity A . If you find a
solution of this equation, the vector called eigenvector of the matrix 4, and A - the
corresponding eigenvalue.

To solve the tasks of finding eigenvectors and eigenvalues of the matrix
MathCAD has several functions that implement a difficult complex oh the
computational algorithms:

3) eigenvals(A) — returns a vector which contains the eigenvalues of the
matrix 4;

4) eigenvec(A, L;) — defines a vector of unit length which is corresponding to
the eigenvalues L; of a square matrix 4;

5) eigenvecs(A) — returns the matrix of normalized eigenvectors that
correspond to eigenvalues of a square matrix A4; i-th column of the returned matrix is
the eigenvector that corresponds to the n-th eigenvalue, calculated by the function
eigenvals (the result is a matrix of all eigenvectors).

An example of the usage of the described functions is shown in Figure 3.35.

QRGN = 1
1 23
|0 14
341
=27
eigenvals(Cy = | 0.271
5439
041y 076 0623 =074
ti.E!:n".-‘E:CSI:c:I = [ 0432 0411 =032 pigerive |:|:l.:.‘ r]'_2]| = | D&l
0201 02X -0711 -0.222

Figure 3.35 — An example of calculating the eigenvalues of the matrix and the

eigenvectors
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Note that when user uses the function eigenvec the second parameter is the
element of the vector of eigenvalues. Elements of vectors have indexes. To refer to an

element of the vector, you must select the form for its outputting from panel “Matrix”

(Figure 3.36).

Matrx | Referrng form

Figure 3.36 — Selecting the form for referring to an element of the vector

Except the problem of finding eigenvectors and eigenvalues it’is sometimes
considered a more general problem - the so-called problem of finding the generalized
eigenvalues.

Suppose that we have two square matrix with size n. The generalized
eigenvalues are founded from the solution of the equation Ax = ABx. Non-zero

vector X is a solution of this equation and it’s called a generalized eigenvector of the
pair AB and the number 1 — the generalized eigenvalue of the pair 4B.

To solve the described task in the package are realized two built-in functions,
performance of which is the similar as for the example above for the case of one
matrix:

1) genvals (A, B) — returns the vector v of the eigenvalues, each of which
satisfies the task in generalized eigenvalues;

2) genvecs (A, B) — returns a matrix of the normalized eigenvectors
corresponding to the eigenvalues returned by the function genvals. A, B — are the

square matrices of the same order.
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3.4 Solving the systems of linear algebraic equations

The system of linear algebraic equations (SLAE) in matrix form looks like AX
= B, where 4, X, B - matrices. It is known that such a system compatible (Kronecker-
Capelli theorem) if the rank of the extended matrix equals the rank of the matrix of
the system, i.e., rank (A) = rank (A | B). Compatible system has a unique solution if
rank (A) = rank (A | B) = n, where n - is the dimension of the matrix A.

There are three ways for solving SLAE in the package MathCAD: as a matrix
equation, using the function Isolve (4, B) and by using the computing unit Give-Find.

The 1 way of the solving the systems of algebraic equations (as a matrix

equation).
If the matrix equation AX = B multiplied from the left by 4™, we’ll have 4”
'AX=4"B orX=A4"'B.

An example of solving the system of algebraic equations:

X—-y—-3z=3
3x +4y -5z = -8
2y + 7z = 17
is in the Figure 3.37.
1 -1 -3 3
A=|3 4 =5 B=|-8
0o 2 7 17
9.634
X=4"B X =|—-4.561
3.732

Figure 3.37 — Solving the systems by the matrix way

The 2 way of the solving the systems of algebraic equations (by using function
Isolve).
The format of the function: Isolve (4, B). The function has two parameters: 4 -

square matrix consisting of the coefficients of the variables in equations; B - vector
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which has as many rows as rows in the matrix 4 and consists of free membership of
the equations. As a result this function returns the solution vector X such that AX = B.
In the Figure 3.38 there is an example of solving the equations given in the

previous example.

1 -1 -3 3
A=|3 4 -5 B=|-8
0o 2 7 17
9.634
X =Isolve(A,B) X1=|-4.561
3.732

Figure 3.38 — Solving the systems of algebraic equations by using Isolve

As you can see, the results in vectors X and X/are the same.

The 3 way of the solving the systems of algebraic equations (by using the
computing unit Give-Find).

The algorithm for the using of computing unit:

1) set the initial values for the unknown quantities;

2) add the keyword Given;

€e__9

3) set the initial system of equations (the sign in the system of equations is

entered using the keyboard shortcut /[Ctrl] + [=]);
4) set the function Find (the list of desired variables, separated by a comma).
An example of computing the Given-Find block for solving a system of linear

algebraic equations is presented in Figure 3.39.
x=0 y=0 z:=0
Given
x—y—-3z=3
3x+4y—-5z=-8
2y+T7z=17
9.634
Find(x,y,z)=| —4.561
3.732

Figure 3.39 — An example of computing the Given-Find block for solving a

system of linear algebraic equations
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Similarly the Find function user can apply the function Minerr, but, in contrast
to Find, it allows you to search not exact but an approximate value with the minimum
mean square error.

If you can’t find more accurate roots using Minerr function, the function
returns this approach. The function Find in this case returns an error message.

If for finding the solution of the system of equations the computational blocks
Given-Find or Given-Minerr are used, so after receiving the results you need to verify
their authenticity.

Examples of practical implementation of the computing unit Given-Minerr and

one way of checking are presented in the Figure 3.40.

x:=0 y=0 z:=0
Given
x—y—3z=3
3x+4y—-5z=-8
2y+T7z=17
9.634
Minner(x,y,z) =| —4.561
3.732
Checking

x=9.634  y:=-4561 z:=3.732
X—y—3z=2.9999
3x+4y—5z=-8.002
2y +7z=17.002

Figure 3.40 — The usage of the computing unit Given-Minerr
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