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Abstract—We considered the coupled motion of the mag-
netic moment of a ferromagnetic uniaxial nanoparticle and its
mechanical rotation about the center of mass. This particle is
supposed to be placed into a viscous liquid and excited by an
external alternating magnetic field. Two modes of motion were
studied analytically in the noise-free approximation. Within the
first mode, both the nanoparticle magnetic moment and easy axis
perform small oscillations around the initial position. The oscil-
lation amplitudes were obtained in the harmonic approximation.
Just the magnetic moment demonstrates the resonant behaviour
that causes the main features of the oscillation mode. Within the
second mode, the nanoparticle magnetic moment and easy axis
are rotated synchronously. In this case we obtained the system
of algebraic equations, where the precession and lag angles of
the magnetic moment and easy axis are the solutions of these
equations. The results obtained allow to make an analysis of the
mechanism of ferrofluids heating by alternating magnetic fields.

Keywords—ferrofluid; finite anisotropy; coupled dynamics; ro-
tational oscillation mode; precessional mode

I. INTRODUCTION

The problem of the trajectory description for a nanoparticle
placed into a fluid is associated directly with the aspects of
the microscopic description of the ferrofluid [1] response to
an alternating field. On the one hand, the individual motion of
each particle defines the ensemble collective behaviour, and
the solvable single-particle model is very important in this
regard. On the other hand, the adequate microscopic descrip-
tion allows to develop more advanced numerical methods for
the ferrofluids simulation. But, at the same time, the assigned
task is nontrivial enough and, as a rule, is treated in different
approximations.

Here we need to mention two approaches which are widely
used: 1) the frozen magnetic moment approach [2], when the
nanoparticle magnetic moment is locked in the nanoparticle
crystal lattice, 2) the rigidly fixed nanoparticle approach [3],
when a nanoparticle is immobilized because of the rigid bound
with a media carrier. Despite the restrictions, both approaches
are applied for the modeling of the ferrofluid response to
an alternating field including the heating problem, which is
closely related to the magnetic fluid hyperthermia for cancer
therapy [4].

The coupled dynamics of a nanoparticle body and its mag-
netic moment cannot be described by a simple superposition of

the above mentioned types of motion because of the essential
changes in the equations of motion. Despite this coupled
motion was firstly considered in [6], the discussion about the
basic equations is continued till now [7]–[10]. It is important
in a context of a ferrofluid heating by an alternating field, when
both these types of motion produce a heat. The first successful
attempt to describe the energy absorption was presented in
[11]. There the power loss was obtained by linearization of the
Lagrangian equation in some specific cases. But the equations
of motion within this approach cannot be used. The power loss
was also investigated in the recent studies [7], [8]. The explicit
form of the utilized basic equations is controversial there that
stimulates the further discussion [9], [10]. The progress in
the description of energy of a viscously coupled nanoparticle
with a finite anisotropy driven by a time-periodic field was
achieved recently in [12]. But the viscous term was not taken
into account that motivates our study given in [13], [14].

II. MODEL AND BASIC EQUATIONS

We consider a uniform spherical single-domain ferromag-
netic nanoparticle of radius 𝑅, magnetization M (∣M∣ =𝑀 =
const), and density 𝜌. This particle performs the spherical
motion (or motion with the fixed center of mass) with respect
to a fluid of viscosity 𝜂. Then, we assume that the nanoparticle
is driven by the external time-periodic field of the type

H(𝑡) = e𝑥𝐻 cos(Ω𝑡) + e𝑦𝜎𝐻 sin(Ω𝑡), (1)

where e𝑥, e𝑦 are the unit vectors of the Cartesian coordinates,
𝐻 is the field amplitude, Ω is the field frequency, 𝑡 is the
time, and 𝜎 is the factor which determines the polarization
type (𝜎 = ±1 corresponds to the circularly-polarized field,
0 < ∣𝜎∣ < 1 corresponds to the elliptically-polarized field, and
𝜎 = 0 corresponds to the linearly-polarized field).

As follows from [9], the coupled magnetic dynamics and
mechanical motion in the deterministic case obey the following
pair of coupled equations:

ṅ = 𝛚× n,

𝐽𝛚̇ = 𝛾−1𝑉 Ṁ+ 𝑉M×H− 6𝜂𝑉𝛚, (2)

where n is the unit vector defining the anisotropy axis direc-
tion, 𝛚 is the angular velocity of the particle, 𝐽(= 8𝜋𝜌𝑅5/15)
is the moment of inertia of the particle, 𝛾 is the gyromagnetic
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ratio, 𝑉 is the nanoparticle volume, and dots over symbols
represent derivatives with respect to time.

In fact, the first equation in (2) is the condition of spherical
motion for a rigid body, and the second one is the classical
torque equation, where the first term constitutes the main
difference from the same equation for the frozen magnetic
moment model. This term is originated from the motion of
magnetization inside the nanoparticle with respect to its crystal
lattice. In turn, the magnetization dynamics is described by the
modified Landau-Lifshitz-Gilbert equation

Ṁ = −𝛾M×H𝑒𝑓𝑓 + 𝛼𝑀−1
(
M× Ṁ−𝛚×M

)
, (3)

where 𝛼 is the damping parameter, H𝑒𝑓𝑓 is the effective mag-
netic field, which takes into account the uniaxial anisotropy
field of magnitude 𝐻𝑎

H𝑒𝑓𝑓 = H+𝐻𝑎𝑀
−1 (Mn)n. (4)

The presented model equations (2), (3) allow both the analyt-
ical and numerical studies. The purpose of this paper is the
description of the simplest types of coupled motion, namely,
the oscillations, which can be realized for the fields of all
polarization types, and the precessions, which can be realized
for a circularly-polarized field.

III. RESULTS AND DISCUSSION

A. Coupled Oscillations of the Easy Axis and the Magnetic
Moment

The solution of the set of equations (2), (3) in the case of
negligibly small moment of inertia can be found in the linear
approximation for the small oscillations mode. In this mode,
vectors M and n perform small rotational oscillations in a
vicinity of the initial position, which in turn, is defined by the
angles 𝜃0 and 𝜑0 (see Fig. 1). This takes place for small enough
field amplitudes (𝐻 ≪ 𝐻𝑎). To describe this type of motion
let us introduce a new coordinate system 𝑥′𝑦′𝑧′ rotated with
respect to the laboratory one by the angles 𝜃0 and 𝜑0 (Fig. 1).
The transition to the new framework is performed using the
following rotation matrix:

C =

(
cos 𝜃0 cos𝜑0 cos 𝜃0 sin𝜑0 − sin 𝜃0
− sin𝜑0 cos𝜑0 0
sin 𝜃0 cos𝜑0 sin 𝜃0 sin𝜑0 cos 𝜃0

)
. (5)

According to the procedure, which was explained in detail
in [14], [15], we obtained the solution of (2), (3) in the form

𝑛𝑥′ = 𝑎𝑛 cosΩ𝑡+ 𝑏𝑛 sinΩ𝑡,

𝑛𝑦′ = 𝑐𝑛 cosΩ𝑡+ 𝑑𝑛 sinΩ𝑡,

𝑚𝑥′ = 𝑎𝑚 cosΩ𝑡+ 𝑏𝑚 sinΩ𝑡,

𝑚𝑦′ = 𝑐𝑚 cosΩ𝑡+ 𝑑𝑚 sinΩ𝑡,

(6)

where m = M/𝑀 , 𝑎𝑛, 𝑏𝑛, 𝑐𝑛, 𝑑𝑛, 𝑎𝑚, 𝑏𝑚, 𝑐𝑚, and 𝑑𝑚 are
the constant coefficients defined as follows:

𝑎𝑚 = 𝑍−1
[
Ω̃1𝐷𝑚 + Ω̃2𝐵𝑚 + Ω̃3𝐶𝑚 + Ω̃4𝐴𝑚

]
,

𝑏𝑚 = 𝑍−1
[
Ω̃1𝐶𝑚 + Ω̃2𝐴𝑚 − Ω̃3𝐷𝑚 − Ω̃4𝐵𝑚

]
,

𝑐𝑚 = 𝑍−1
[
−Ω̃1𝐵𝑚 + Ω̃2𝐷𝑚 − Ω̃3𝐴𝑚 + Ω̃4𝐶𝑚

]
,

𝑑𝑚 = 𝑍−1
[
−Ω̃1𝐴𝑚 + Ω̃2𝐶𝑚 + Ω̃3𝐵𝑚 − Ω̃4𝐷𝑚

]
,

(7)
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Fig. 1. Schematic representation of the behaviour of vectors n and M and
the used coordinate systems for the rotational oscillations mode description

where

𝑍 = Ω̃4𝛼4 + 2Ω̃4𝛼2𝛽2 + Ω̃4𝛽4 + 4Ω̃4𝛼2𝛽+

+ 4Ω̃4𝛽3 + 2Ω̃4𝛼2 + 6Ω̃4𝛽2 − 2Ω̃2𝛼2𝛿2+

+ 2Ω̃2𝛽2𝛿2 + 4Ω̃4𝛽 + 8Ω̃2𝛼𝛽𝛿+

+ 4Ω̃2𝛽𝛿2 + Ω̃4 + 2Ω̃2𝛼2 + 8Ω̃2𝛼𝛿−
− 2Ω̃2𝛽2 + 2Ω̃2𝛿2 + 𝛿4 − 4Ω̃2𝛽 − 2Ω̃2+
+ 2𝛿2 + 1,

(8)

Ω̃1 = −Ω̃2𝛼2 − 2Ω̃2𝛼𝛽𝛿 − 2Ω̃2𝛼𝛿+

+ Ω̃2𝛽2 + 2Ω̃2𝛽 + Ω̃2 − 𝛿2 − 1,

Ω̃2 = −Ω̃2𝛼2𝛿 + 2Ω̃2𝛼𝛽 + 2Ω̃2𝛼+

+ Ω̃2𝛽2𝛿 + 2Ω̃2𝛽𝛿 + Ω̃2𝛿 + 𝛿3 + 𝛿,

Ω̃3 = Ω̃3𝛼3 + Ω̃3𝛼𝛽2 + 2Ω̃3𝛼𝛽+

+ Ω̃3𝛼− Ω̃𝛼𝛿2 + Ω̃𝛼+ 2Ω̃𝛽𝛿+

+ 2Ω̃𝛿,

Ω̃4 = −Ω̃3𝛼2𝛽 − Ω̃3𝛼2 − Ω̃3𝛽3−
− 3Ω̃3𝛽2 − 3Ω̃3𝛽 − Ω̃3 − 2Ω̃𝛼𝛿−
− Ω̃𝛽𝛿2 + Ω̃𝛽 − Ω̃𝛿2 + Ω̃,

𝐴𝑚 = 𝜎ℎ(1 + 𝛽) cos𝜑0 − Ω̃−1ℎ sin𝜑0,

𝐵𝑚 = −ℎ(1 + 𝛽) sin𝜑0 − 𝜎Ω̃−1ℎ cos𝜑0,

𝐶𝑚 = −𝜎ℎ(1 + 𝛽) cos 𝜃0 sin𝜑0 − Ω̃−1ℎ cos 𝜃0 cos𝜑0,

𝐷𝑚 = −ℎ(1 + 𝛽) cos 𝜃0 cos𝜑0 + 𝜎Ω̃
−1ℎ cos 𝜃0 sin𝜑0.

𝑎𝑛 = 𝛿𝑐𝑚 − 𝜎Ω̃−1ℎ cos 𝜃0 sin𝜑0,

𝑏𝑛 = 𝛿𝑑𝑚 + Ω̃−1ℎ cos 𝜃0 cos𝜑0,

𝑐𝑛 = −𝛿𝑎𝑚 − 𝜎Ω̃−1ℎ cos𝜑0,

𝑑𝑛 = −𝛿𝑏𝑚 − Ω̃−1ℎ sin𝜑0.

(9)

Here ℎ = 𝐻/𝐻𝑎, Ω𝑟 = 𝛾𝐻𝑎 is the ferromagnetic resonance
frequency, Ω̃ = Ω/Ω𝑟, 𝛽 = 𝛼𝑀/6𝛾𝜂, and 𝛿 = 𝛽/𝛼.

The expressions obtained allow us to analyze the features
of the mechanical and magnetic dynamics of the nanoparticle,
see Fig. 2. Firstly, since the small oscillations mode is not
realized for very small frequencies (Ω̃→ 0), the corresponding
interval in the plot should not be considered. Secondly, mainly
the nanoparticle magnetic moment demonstrates the resonant
behaviour for the realistic system parameters. The amplitudes
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Fig. 2. (Color online) The dependencies of the amplitudes of coupled
oscillations of the magnetic moment (7) and the easy axis (9) on the
field frequency. The parameters used are 𝑀 = 338 G, 𝐻𝑎 = 910 Oe,
𝜂 = 0.006 P, 𝛼 = 0.15 that corresponds to maghemite nanoparticles
(𝛾 − Fe2O3) in water at the temperature of 42 ∘C, 𝜎 = 0.5, ℎ = 0.01,
𝜃0 = 0.4𝜋, 𝜑0 = 0.125𝜋.
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Fig. 3. (Color online) The dependencies of the amplitudes of coupled
oscillations of the magnetic moment (7) and the easy axis (9) on the fluid
viscosity. The parameters used are 𝑀 = 338 G, 𝐻𝑎 = 910 Oe, 𝛼 = 0.15,
𝜎 = 0.5, Ω̃ = 0.5, ℎ = 0.01, 𝜃0 = 0.4𝜋, 𝜑0 = 0.125𝜋.

of the nanoparticle easy axis decay monotonically with the
field frequency for realistic viscosity and magnetization. Nev-
ertheless, it is not a reason to neglect the viscous term in
the second equation of (2), as it was done in [12]. Thus,
it is obvious from Fig. 3, the viscosity value can impact
considerably on the vector M amplitudes.

B. Coupled Rotation of the Easy Axis and the Magnetic
Moment

In the case of synchronous precession of vectors M and n
with the external circularly-polarized field (see Fig. 4), the
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Fig. 4. Schematic representation of the behaviour of vectors n, M and the
used coordinate systems for the precessional mode description

stationary solution of the set of equations (2), (3) can be
obtained in the form

𝜑 = 𝜎Ω𝑡− 𝜑1 𝜗 = 𝜗1,
𝜙 = 𝜎Ω𝑡− 𝜙1 𝜃 = 𝜃1,

(10)

where 𝜑, 𝜗 are the spherical coordinates of vector M, 𝜙, 𝜃 are
the spherical coordinates of vector n, 𝜑1, 𝜙1 are the lag angles
and, finally, 𝜗1, 𝜃1 are the precession angles of vectors M and
n. To find the unknown constants 𝜑1, 𝜙1 and 𝜗1, 𝜃1, we used
the condition of absence of the magnetic moment motion with
respect to the nanoparticle crystal lattice

Ṁ−𝛚×M = 0. (11)

After substitution of (11) into the second equation of (2), we
derive

𝐽𝛚̇ = −𝐻𝑎𝑀
−1𝑉 (M× n)(M ⋅ n)− 6𝜂𝑉𝛚. (12)

Then, let us introduce the double-primed coordinate system
𝑥′′𝑦′′𝑧′′ which is rotated with the external field as follows from
Fig. 4. In this new framework, the angular velocity has a very
simple form

𝛚′′ = (−𝜎Ωsin 𝜃1, 0, 0) . (13)

Since equation (3) cannot be easily represented in the double-
primed system, we need to write the explicit form of all the
vectors in the laboratory coordinate system. To perform the
necessary transformations, we should use the rotation matrix

C−1 =

(
cos 𝜃1 cosΦ1 − sinΦ1 sin 𝜃1 cosΦ1

cos 𝜃1 sinΦ1 cosΦ1 sin 𝜃1 sinΦ1

− sin 𝜃1 0 cos 𝜃1

)
, (14)

where Φ1 = 𝜎Ω𝑡− 𝜙1. Using the designation

𝐹 =𝑀 sin 𝜃1 sin𝜗1 cos(𝜙1 − 𝜑1) + cos 𝜃1 cos𝜗1 (15)

and representing vectors 𝛚, M, and n in the laboratory
system, we straightforwardly obtain the set of algebraical
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equations

𝑀𝑉 sin𝜗1 sin𝜑1(𝜎Ω𝛾
−1 −𝐻0𝑧) =

= −Ωsin 𝜃1 cos 𝜃1(𝐽Ωsin𝜙1 + 6𝜎𝑉 𝜂 cos𝜙1), (16)

𝑀𝐻 sin𝜗1 sin𝜑1 = 6𝜂Ω2 sin2 𝜃1, (17)

𝐻𝑎𝐹 sin(𝜗1 − 𝜃1) sin𝜑1 = sin𝜗1(𝜎Ω𝛾
−1 −𝐻0𝑧), (18)

𝐻𝑎𝐹 sin 𝜃1 sin(𝜑1 − 𝜙1) = 𝐻 sin𝜑1, (19)

where 𝐻0𝑧 is the static field directed along the 𝑜𝑧 axis.

The exact solution of (19) can be found numerically, but
some properties of the precessional mode are obvious from
this algebraical system directly. Firstly, when 𝐻0𝑧 = 0 and
𝜎 = −1, the relationships 𝜙1 > 𝜑1, 𝜃1 > 𝜗1, and 𝜃1 > 𝜋/2
hold. Therefore, the angle between M and H is always smaller
than the angle between n and H. Since the resulting energy
dissipation is proportional to the scalar product of M and
H, its value decreases with decreasing anisotropy. Secondly,
the value of 𝜎Ω𝛾−1 can be associated with a some effective
magnetic field, which can be comparable with 𝐻𝑎 in the case
of high frequencies.

At the same time, the questions about stability of preces-
sion, possible nonlinear modes of motion including chaotic and
switching between them [15], [16] remain open. The further
investigation can be performed numerically and this is purpose
of our further research.

IV. CONCLUSIONS

The dynamics of a uniaxial ferromagnetic fine particle
placed into a viscous environment and driven by a time-
periodic external magnetic field was studied. Using the dynam-
ical classical approach, which is based on the total momentum
conservation law [9], the coupled motion of the nanoparticle
magnetic moment and nanoparticle body was considered. In
particular, the analytical solutions of the equations of motion in
the case of small rotational oscillations and the case of uniform
rotation of vectors M and n (the nanoparticle magnetization
and unit vector coupled with the easy axis, respectively) have
been obtained.

The first type of motion takes place when the amplitude
of an external field is much smaller than the anisotropy field
magnitude. We investigated this mode in the linear approxi-
mation, within which the exact expressions for the oscillations
amplitudes have been derived. It was shown that the reso-
nant character of the frequency dependence of the magnetic
moment amplitudes is more pronounced, while the easy axis
amplitudes decay monotonically for the realistic values of the
system parameters. However, the viscous rotation of the whole
nanoparticle impacts considerably on its magnetic dynamics,
and such interference between M and n motion does not
permit to separate the contributions of these two mechanisms
into the energy dissipation. In this way we demonstrate the
restriction of the simpler approximations, such as the frozen
magnetic moment model or rigidly fixed nanoparticle.

For the precessional type of motion, the algebraic equations
for precession and lag angles of M and n have been written.
The methodological feature of our approach consists in the
representation of the angular velocity vector in the frame

rotating with the external circularly-polarized field followed
by the transformation into the laboratory coordinate system.
The main properties of the solution of the obtained algebraical
equations are the following. Firstly, the nanoparticle magnetic
moment always constitutes a smaller angle with an external
field than the anisotropy axis, and, as a consequence, the
energy losses will decrease with decreasing anisotropy field.
Secondly, the precessional dynamics suggests the presence of
a some effective field, which is perpendicular to the field
polarization plane, depends on the filed frequency and the
polarization direction. This effective field can be comparable
with the anisotropy field in the case of high frequencies.
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