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Abstract. The article dials with studying of the gas-dispersed systems classification process in gravitation pneu-
moclassifiers of prismatic shape. The aim of the research is to determine operating parameters of the investigated 
process. Recent research is based on the previously developed mathematical model of hydrodynamics for a gas-
dispersed flow in a vertical channel with variable cross-section. As a development of this study, a physical model 
based on the process of kinetic removal from the mixture was used. This process is caused by the removal of fine par-
ticles from the weighed layer in the case of theirs low velocities in comparison with the average gas flow velocity. 
This model also considers the inertial effect due to the kinetic energy of fine particles removed from the surface of 
the weighted later. The first order linear nonhomogeneous partial differential equation describing the unsteady pro-
cess of changing the dispersed phase concentration in the gas-mechanical mixture by channel height was solved by 
mathematical modeling using the combination of direct and inverse Laplace transforms. As a result, for the first time 
the general solution was obtained for for non-trivial boundary and initial conditions. This fact allowed developing the 
mathematical model of the nonstationary problem for the disperse phase concentration during the pneumoclassifica-
tion process of mechanical mixtures in pneumoclassifiers. The model allows determining the concentration of fine 
fraction of the gas-dispersed mixture by channel height in operating volume of the device, as well as evaluating time 
of the pneumoclassification process. Particularly, it was found that the dispersed phase concentration decreases by the 
height of the apparatus with respect to time. This fact proves the possibility of effective separation of components in 
gas-mechanical mixtures. Finally, the achieved results allow proposing the engineering technique for calculations of 
vertial-type gravitation pneumoclassifiers. 

Keywords: pneumoclassifier, weighted layer, fine particles, agglomeration, mathematical modeling, Laplace trans-
form, Heaviside step function. 

1 1 Introduction 

The increase of the efficiency of chemical, heat and 
mass transfer processes for heterogeneous systems is 
mainly achieved using powdering of solid materials with 
a given granulometric composition. Therefore, in techno-
logical lines, pneumoclassifiers are installed to separate 
the solid phase of gas-liquid mixtures into two fractions 
with a predominant content of fine particles. If the dust 
content is less than 15–20 %, pneumoclassifiers are effec-
tively used as separators for the decomposition of mix-
tures. When separating of binary mixtures with the equal 
content of fine and coarse fractions, traditionall pneu-
moclassifiers ensure the purity of the resulting fractions 
up to 70–75 %. Due to the existence of technologies  requir-
ing clean  separation  products  not less than 95 %,  it  is  the  

 
 
development of new designs of separation equipment is 
needed realizing fundamentally different organization of 
the pneumoclassification process and pneumatic enrich-
ment of gas-mechanical mixtures to obtain clean separa-
tion products. In this case, mathematical modeling of the 
separation process in a gravitational pneumoclassifier is 
an urgent problem, which is essential for the study of 
chemical technology processes. The scientific novelty of 
the research confirms the need to solve the insufficiently 
solved problem of investigating the pneumatic classifica-
tion and enrichment processes for mechanical mixtures. 
The practical significance of the achieved results is to 
improve up-to-date scientifically based methods for cal-
culations of main technological parameters and related 
characteristics of pneumoclassifiers. 
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2 Literature Review 

The first ways for improvement of pneumoclassifiers 
were proposed in the research works [1, 2]. As a result, 
modifications of classifier designs with mobile inclined 
grid were proposed for increasing of the operating pro-
cess efficiency. 

The investigation of the classification process for pol-
ydisperse materials in the gravitational air classifier was 
considered within the previous research [3]. As a result, 
the problem of the separation efficiency was solved for 
polydisperse materials, as well as methods for increasing 
the separation quality are proposed. Additionally, the 
results of experimental research and computer simulation 
were obtained and analyzed. Based on the achieved data, 
the possibility of increasing gas flow influence to poly-
dispersed materials were found. 

The effect of particle concentration on fluctuating ve-
locity of the disperse phase for turbulent pipe flow was 
investigated in the paper [4]. As a result, experimental 
investigations of the fluctuation velocity distributions of 
solid particles were presented for the gas turbulent pipe 
flow. An influence of the particle concentration on the 
increasing of axial fluctuation velocity in the pipe wall 
region was observed. 

In the paper [5], a concentrated suspension flow of sol-
id spherical particles was modelled using numerical ex-
periment. As a result, the self-diffusion coefficient was 
obtained. It was shown that spheres at volume fraction 
about 13 % form a percolation cluster. Finally, the de-
pendence of the self-diffusion coefficient on volume frac-
tion of particles was investigated. 

The research papers [6–9] dials with the process of ag-
glomeration as a common phenomenon in separation and 
pneumiclassification processes. As a result of using the 
Rumpf model [6] and related numerical simulations, it is 
proved that the mechanical properties of agglomerates 
depend on their structures. It was proved that the acoustic 
agglomeration technology can be applied for removal of 
fine particles [7]. Comparison of agglomeration behavior 
of fine particles in during mixing is presented in the paper 
[8]. Finally, ways for experimental evaluation of chemi-
cal agglomeration of fine particles in gas-mechanical 
mixtures are presented in the research work [9]. 

3 Research Methodology 

Previously obtained equations [3] allows determining 
the velocity field of the two-phase flow, as well as evalu-
ating changes of particles velocities of mixed material by 
the width and height of pneumoclassifier’s housing de-
pending on the gas flow action. 

It should be noted that the action of friction forces on 
the particles, flow compression and bending forces be-
tween particles significantly impact on the redistribution 
of particle velocity in the separated flow. At the same 
time, the gas flow rate decreases due to the additional 
hydraulic resistance as a result of aggregation of the bulk 
material in agglomerates. 

Due to abovementioned, the process of fine fracture 
concentration changing in a pneumoclassifier of the pris-
matic form with veriable cross-sections is considered 
with respect to time and spatial position of particles  
(Figure 1). 

 

 

Figure 1 – Design scheme of the pneumoclassifier:  
1 – separation zone; 2 – housing; 3 – accelerating zone;  

4 – loading hopper; 5 – discharge pipe for a coarse fraction;  
6 – discharge pipe for a fine fraction 

In the case of unchangeable physical parameters in a 
transverse direction (∂/∂x = 0) and relatively insufficient 
transverse velocity component (|dx/dt| << |v(y)|), the 
equation describing the operating process takes the fol-
lowing form [10]: 
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where t – time, s; x, y – transverse and vertical coordi-
nates, m; v – vertical component of flow velocity, m/s;  
cp – concentration of fine particle in a flow, kg/kg;  
c* – equilibrium concentration of fine fraction in a 
weighted mode, kg/kg; ky – removal ratio determining 
experimentally, s–1. 

Abovementioned simplifications are argued due to the 
fact, that the width of the pneumoclassifier is much less 
than its height. Additionally, the velocity of solid parti-
cles in the horizontal direction (from the x axis of the 
apparatus to the walls) significantly decreases due to the 
inhibitory effect. Therefore, the gas flow in the transverse 
direction does not significantly impact on the separation 
of particles by their size. 

The equation (1) defines the removal of fine particles 
from the weighed layer in the case of theirs low velocities 
in comparison with the average gas flow velocity. In the 
case of the relatively constant velocity v, this equation 
has the precise analytical solution, which can be obtained 
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using the Laplace transform [11] with respect to time t. 
The corresponding originals and their mappings can be 
given in the following forms: 
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where Y, s – new parameters of the vertical coordinate 
y and time t respectively; Cp – reflecting function for the 
fine fraction concentration; cp0(y) – distribution function 
of the initial concentration. 

After applying transformations (2), the equation (1) 
takes the following form: 
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Identical transformations allow obtaining the follow-
ing first-order heterogeneous ordinary differential equa-
tion with respect to the vertical coordinate y: 
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Previous research of the two-phase flow indicates the 
fact, that the trajectories of fine particles are aligned by 
the channel height. Consequently, the gas flow does not 
significantly affect the shearing of particles to the wall. In 
this case, considering v = const, cp0 = const, the differen-
tial equation (4) has the following general solution: 
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where A – the integration constant determined from the 
boundary condition: 
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which can be rewritten after the direct Laplace transform 
in the following form: 
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The last two formulas contain the initial concentration 
cp

in of the disperse phase. 
The substitution of the boundary condition (7) into the 

formula (5) allows obtaining the following expression for 
the integration constant: 
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Hence, the general solution (5) takes the following 
form: 
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Using the inverse Laplace transform to elements of the 
obtained expression: 
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where H(t) – Heaviside step function, allows finally 
obtaining the expression for the distribution function of 
the disperse phase concentration: 
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4 Results and Discussion 

A general solution of the nonstationary problem of the 
disperse phase concentration during the pneumoclassifi-
cation process of mechanical mixtures can be obtained 
ubder the condition cp

in = cp0: 
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It should be noted that this solution approaches the fol-
lowing curve asymptotically with respect to time: 
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This equation describes the equilibrium state as a re-
sult of the solution of stationary problem of fine particles 
concentration. 

Introducing the dimensionless coordinates 
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allows rewriting the dependencies (12) and (13) in the 
following universal forms: 
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presented graphically in Figures 2, 3. 
 

 

Figure 2 – The surface of changing the fine particles concentra-
tion in a weighed layer by the height of the apparatus and time 

for different values of equilibrium concentration 

 

Figure 3 – Universal characteristics of changing the fine  
particles concentration in a weighed layer by the height  

of the apparatus for the equilibrium state 

Figure 2 discovers the existence of the dimensionless 

time τ0 = 1 as a limit value, when the concentration de-
creases by the height. Consequently, due to the depend-
encies (14), the related time is determined by the follow-

ing formula: 
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5 Conclusions 

Mathematical model of the pneumoclassification pro-

cess is developed. As a result, the nonstationary problem 
of investigating the operating processes in gravitational 
pneumoclassifiers is solved. The analytical dependence 

for the fine particles concentration is obtained. As a par-
tial result of the solution of stationary problem, the ex-

pression for equilibrium concentration is determined. 
Additionally, the critical time is discovered, when the 
concentration decreases by the height, as well as the re-

lated expression for its calculation is obtained. Overall, 
the possibility of effective separation of components in 

gas-mechanical mixtures is proved. 
The results of the abovementioned research allow pro-

posing the engineering technique for calculations of ver-

tial-type gravitation pneumoclassifiers. 
The further research will be aimed at the implementa-

tion of the developed mathematical model in the process 
of designing the module separation equipment. 
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Розв’язання нестаціонарної задачі про визначення концентрації дисперсної  
фази у процесі пневмокласифікації механічних сумішей 

Павленко І. В.1, Юхименко М. П.1, Литвиненко А. В.1, Боцко Й.2 

1 Сумський державний університет, вул. Римського-Корсакова, 2, 40007, м. Суми, Україна;  
2 Технічний університет м. Кошице, вул. Літня, 1/9, 040 01, м. Кошице, Словаччина 

Анотація. Робота присвячена дослідженню процесу класифікації газодисперсних систем у гравітаційних 
пневмокласифікаторах призматичної форми. Метою роботи є встановлення робочих параметрів 
досліджуваного процессу, в основі якого є попередньо розроблена математична модель гідродинаміки руху 
газодисперсного потоку у вертикальному каналі змінного перерізу. Як розвиток цього дослідження, 
застосовано фізичну модель, засновану на процесі кінетичного винесення суміші, обумовленого винесення 
дрібних частинок взваженого шару, швидкість яких менша за швидкість газового потоку. Ця модель також 
ураховує інерційний ефект, обумовлений кінетичною енергією дисперсної фази, що виноситься з поверхні 
зваженого шару. Шляхом математичного моделювання із застосуванням комбінації прямого і оберненого 
перетворень Лапласа розв’язано лінійне неоднорідне диференціальне рівняння першого порядку у частинних 
похідних, що описує нестаціонарний процес зміни концентрації дисперсної фази газомеханічної суміші по 
висоті каналу. У результаті для нетривіальних граничних і початкових умов вперше отримано загальний 
розв’язок, що дозволило розробити математичну модель нестаціонарної задачі про визначення концентрації 
дисперсної фази у пневмокласифікаторах. Розроблена математична модель дозволяє встановити зміну 
концентрації дрібної фракції газодисперсної суміші по висоті робочого об’єму апарата, а також оцінити час 
процесу пневмокласифікації. Зокрема, встановлено, що концентрація дисперсної фази з часом зменшується 
по висоті апарату, що свідчить про можливість ефективного розділення компонентів газомеханічної суміші. 
Таким чином, отримані результати дозволяють створити інженерну методику розрахунку вертикальних 
гравітаційних пневмокласифікаторів призматичної форми зі змінним поперечним перерізом. 

Ключові слова: пневмокласифікатор, взважений шар, дрібна фракція, агломерація, математичне 
моделювання, перетворення Лапласа, функція Хевісайда. 
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