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We performed the analysis of the longitudinal magnetic field influence on the amplification
characteristics of the plasma-beam superheterodyne free-electron laser of dopplertron type with a helical
relativistic electron beam in the framework of cubic nonlinear approximation. A right-polarized slow
electromagnetic wave propagating towards the electron beam in the magnetized plasma-beam environment
was used as pumping in the system under investigation. Based on the method of averaged characteristics,
we acquired the system of differential equations describing the dynamics of harmonics of wave amplitudes.
The saturation levels of electromagnetic waves were established. We took account of plural three-wave
parametric resonant interactions of the space charge wave. We found out that such plural resonant
interactions have a significant influence on the amplification properties of the investigated plasma-beam
superheterodyne free-electron laser. In particular, they lead to the reduction of the saturation levels two
times and more. We demonstrated that reduction of the longitudinal focusing magnetic field strength down
to a certain critical value leads to the significant increase of the amplification rates along with the
saturation levels of the electromagnetic signal wave (ten times and more). We have defined the minimal
value of the magnetic field strength (critical value of the magnetic field strength) for the amplification
regime in which the right-polarized electromagnetic wave is used as pumping. It is found that the
investigated effect is related to the dependence of the conditions of the three-wave parametric resonance of
the signal, pumping and the space charge wave on the longitudinal magnetic field strength. The growth rate
related to the abovementioned three-wave resonant interaction depends substantially on the focusing
magnetic field strength. We have demonstrated that plasma-beam superheterodyne free-electron laser of
dopplertron type with a helical relativistic electron beam is able to form powerful coherent electromagnetic
radiation in the millimeter wavelength band.
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1. INTRODUCTION

Sources of powerful electromagnetic radiation in
millimeter-submillimeter wavebands constantly attract
the attention of researchers. These devices can be
applied in various fields of physics, chemistry, biology,
medicine and defense technology [1-4]. Plasma-beam
superheterodyne free-electron lasers (FELs) are such
radiation sources [1, 5-11]. They stand out amongst the
different types of devices operating in the same
waveband due to high amplification rates achieved due
to the additional amplification mechanism. This
mechanism is based on plasma-beam instability.

Current work is aimed to find the optimal operation
regimes of plasma-beam superheterodyne FELs (PBSFELSs).
One of the ways to increase the amplification rates in
such devices is to use helical relativistic electron beams
(REBs) [6]. This effect has the relativistic character. It
is linked to the change in the longitudinal kinetic
energy of electrons in the beam and hence to the
increase of plasma-beam instability growth rate due to
electron longitudinal velocity increase.

This paper continues the search for the ways to
increase the amplification rates of waves in PBSFELs
with helical electron beams. It is known that the
longitudinal magnetic field can significantly affect the
wave dynamics in FELs. In particular, it can enhance the
device’s effectiveness [7-11]. In current research we have
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found that this effect takes place in the studied PBSFEL.
It turns out that significant increase of saturation levels
(tens and more times!) and amplification rates occurs
with the decrease of longitudinal magnetic field strength
to a certain critical value.

2. MODEL

As a model of studied device we consider the plasma
environment with plasma frequency @, which is passed
through by helical relativistic electron beam with the
Langmuir frequency a» (a» < ap). The velocity vector of
the beam’s electrons v, is directed at an angle £ with

respect to the Z axis of the device in a way that
tgf=v, /v, , where v,, and v, are the vector’s
longitudinal and transverse components. The focusing
magnetic field with the strength Ho is directed along
the Z axis of the system. We select the system
parameters in such a way that the cyclotron frequency
wy of electrons rotating in the longitudinal magnetic
field is much less than the plasma frequency (wg < ap).

We use powerful low-frequency circularly-polarized
slow electromagnetic wave with frequency a; and
wavenumber k21 propagating along the Z axis towards
the electron beam (a»; < @wy) as pumping. We also
supply the high-frequency circularly-polarized electro-
magnetic signal wave with frequency @;; and wave-
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number ki1. As a result of three-wave parametric
resonance between electromagnetic waves of the signal
and the pumping, a space charge wave (SCW) is excited
in the plasma environment. The condition of parametric
resonances between these waves is:

Wy =@~y Ry =k + Ry, )

where wy; and k;; are the frequency and the wave-
number of the first SCW harmonic.

PBSFEL wuses the effect of superheterodyne
amplification [1, 5, 6]. Its essence is in use of an
additional amplification mechanism for one of three
waves interacting in three-wave parametric resonance.
The amplification of SCW due to the plasma-beam
instability is used as such mechanism in the FEL
under study [1, 3, 12]. We choose the device parameters
in order to achieve maximum SCW gain due to plasma-
beam instability. It is known that the growth rates of
the plasma-beam instability are extremely high
[1, 3, 12]. Thus, the resulting amplification rate of the
electromagnetic wave in the FEL under study also
appears to be high. So, PBSFELs have better
amplification characteristics than any other FELs
exactly due to the additional amplification mechanism.

Another feature of such devices is the fact that the
SCW growing due to the plasma-beam instability is
characterized by the quasilinear dispersion dependence
[1, 5, 6]:

k3,m ~ w3,m / sz’ (2)

where m stands for the harmonic number, k3; and
@3, = @31-m are the wavenumber and the frequency of
the mth harmonic respectively. It means that the
frequencies and wavenumbers of mth harmonic are
proportional to the harmonic number m. Therefore, a
number of three-wave parametric resonances occur
between SCW harmonics

Oy =Wy +5 Ry, =F

,my 3,m,

ks

,m, ,m,

where m,, my, ms are the numbers of the interacting
harmonics. Considering (2), equations (3) reduce to the
relation

m, =my,+m,. “)

Note that mi, my, ms are integers. Thus, the condition
(4) can be fulfilled in a lot of ways, eg. 2=1+1,
3=2+1, etc. Such three-wave interactions lead to the
excitation of higher SCW harmonics. Plural three-wave
resonant interactions of SCW harmonics that satisfy
conditions (3) are considered during the analysis of
wave dynamics in PBSFEL.

3. BASIC EQUATIONS

To achieve the equations describing the dynamics of
wave amplitudes in the investigated device, we apply
the quazihydrodynamic equation [1, 3], the continuity
equation and Maxwell’s equations. The quazihydro-
dynamic equation is solved by means of the averaged
characteristics method [1], the continuity equation and
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Maxwell’s equations — by slowly varying amplitudes
method.

We neglect the electron velocity spread and their
collisions. According to the method of averaged
characteristics, we pass to the characteristics of the
quazihydrodynamic equation. In the achieved
equations we represent the beam electron velocity
components vy, and vy, through the perpendicular

velocity component v, ZJU;C‘FU;), and the electron

rotation phase pyy: Uy, =y, COSDyy s Uyy = U, SIN Py, -
Such transition is explained by the fact that electrons
move along the circle in the longitudinal focusing

magnetic field. Then the initial movement equations
take the form:

du,, e U,
= cos E.-—=B, |+
dt  my, [ pbo[ e ?

b
+sin py, Ey+UbZij—UbL(2EU)}, ®)
c c
dpyo Dy e Lz
— =t ————cospy| E,+—=B, |-
dt Ve M,YpUp c
—sin py, [Ex -~ B, H , (6)
c
du,, __C g By
dt  my, c
. v,,(Eu
X(By cos pyo — B, smpbo) - bziz)} ) (7
dy, e .
7; = w[ExUbl cos pyy + E v, sinpy, + Ezsz] .(8)

In equations (5)-(8), Ex, Ey, E: are the components of
the electric field strength of the signal, pumping and
SCW, B., B, are the components of the magnetic field
induction of the signal and pumping, @, =eB,/(m,)
is the cyclotron frequency of the electrons rotating in
the longitudinal magnetic field, ¢ is the light speed;

v, =1/ 1fl —(v2 +v},)/c® is the relativistic factor; e

and me are the electrons charge and mass respectively.
We apply the asymptotic integration procedure to this
equation system according to the method of averaged
characteristics [1]. We acquire velocities as functions of
the electric and magnetic fields. After that, we
substitute the achieved solutions into the continuity
equation and Maxwell’s equations, to which we apply
the slowly varying amplitude method.

As a result, we get the differential equation system
in cubic nonlinear approximation for the complex
amplitudes of x and y components of the signal electric
field strength (Eir, E1y), of x and y components of the
pumping electric field strength (Eo., Eoy) and of mth
SCW harmonic electric field strength (Esz,nm):

d’E dE
K2 dt21x + Kl dtlx = K3E3ZE2JC + Ex ’ (9)
d’E dE,,
K, dtzly + K, dtb =KymmEs E,, + F,,, (10)
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d’E. dE .
M, dt;x 1 d;x =M,E, E  +F,,, 11)
d’E, dE .
M, dtzzy +M, dt2y =My E By + Fyy . (12)
dzEBz m dEsz m
CZ,MTZ’_FCI,M dt’ +D3mE32,m =
= CB,m(Elx,mE;x,m + Ely,mE;y,m) + F;’)z,m M (13)

It follows from (9)-(13) that circularly-polarized
electromagnetic waves are the eigenwaves for the
device  under  study. In these equations,
K, =0,5-0°D, /d(iw,)"; K, =D, /d(iw;);
M, =0,5-8°D,/d(im,)’; M, =aD, /0(iw,), where

D1 =D(a)l,k1), D2 =D(a)2,k2)
functions of electromagnetic waves of signal (@1, k11)
and pumping (@1, k2,1)

are the dispersion

b

S

Dl k) =1k — o +
cw

R ML

o2
ya(Qa_'_an/ya)
UZL 2 722
X Qa(Qa+nazH/ya)—§(a) —kc) .19

In (9)-(14),

m=E,, /(iE,,)=11,
(15)

ny=E,y, ,/(iky,,)=*1

are the sign functions characterizing the rotation of the
transverse electric field strength vector; Q, =w—-kuv,, .
« index takes values b and p; index b stands for the
beam parameters, index p — for plasma parameters. In
equation (13),

n :—ima)3 l—bf wi(l—uazz/CZ) (16)
am c « (mao, —kg,mUaz)27a

is the SCW dispersion function, C,,, =0D;, /6(ia)3’m);

Cz’m:0,5~62D3m/6(ia)3’m)2, Ks, Ms, Csm are the

differential equation coefficients depending on
frequencies, wavenumbers and on the parameters of
the investigated system. Functions Fi,, Fax, Fo, Fix,
Fs:m, are the components of the corresponding
equations that consider cubic nonlinear components.

The system (9)-(13) should be also supplemented by
the equations for the constant components of the
velocity and concentration

dv, /dt=V, ,dv, /dt=V,_,
dn, /dt=N,, dn,/dt=N,, a7

where the functions V,, , V,,, Ny, N, consider cubic

nonlinear components depending on wavenumbers,
frequencies, field amplitudes, constant components of
velocities and concentrations.
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4. ANALYSIS

We perform the analysis of the wave dynamics in
PBSFEL in cubic nonlinear approximation using the
equation systems (9)-(13), (17). Equation systems (9)-
(138), (17) are solved numerically with the following
device parameters: plasma frequency is ap=1-102s-1,
beam’s Langmuir frequency is a»r=2:109s-1, beam’s
relativistic factor is y=2, focusing magnetic field
strength is Ho=1.810> A/m (wy=4-10s-1), pumping
electric field first harmonic is E2 = 2.8-10° V/m, beam
injection angle is § = 20°.

As follows from [6], this device has four operation
regimes. Two of them wuse right-polarized
electromagnetic waves of the signal and pumping, two
other use left-polarized waves. Paper [6] demonstrates
that the most effective interaction regime is the one with
right-polarized waves. Therefore, the further research is
conducted for the right-polarized signal and pumping
wave interaction regime.

Let us now find out how the plural three-wave
parametric resonant interactions (3) of SCW harmonics
affect the dynamics of the high-frequency electromagnetic
signal wave. Fig. 1 represents the dependences of the
signal wave electric field strength first harmonic
amplitude on the normalized time 7z =¢-dw, where 6w,

is the growth rate of plasma-beam instability for the
input angle f=0°. Here curvel represents the
calculation results considering interactions of only the
first wave harmonic. Curve 2 is acquired considering
plural parametric resonances of the first ten SCW
harmonics. Comparing curves 1 and 2 in Fig. 1 we can
conclude that higher SCW harmonics influence leads to
the reduction of the saturation levels more than two
times (curve 2). It means that plural resonant inter-
actions between SCW harmonics significantly affect the
nonlinear processes in PBSFELs. That is why
consideration of such interactions is necessary for the

achievement of better quality analysis of wave
dynamics in superheterodyne FELs. Further, all
calculations are performed considering plural
interactions between SCW harmonics.

E,,MV/m

8 4

1

6

44 2

2

0 .

9 10 11 12 T

Fig. 1 — Dependence of the signal wave electric field strength
E: first harmonic amplitude on the normalized time 7 = ¢ dwo for
the input angle = 0°. Curve 2 is calculated considering plural
parametric resonances of the first ten SCW harmonics, curve 1
is for the case when only one SCW harmonic is considered
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Fig. 2 represents the dependences of the signal wave
electromagnetic field strength first harmonic amplitudes
on normalized times with different field strengths of the
longitudinal magnetic field Ho. Curve 1 corresponds to
the value Ho =1.8-105 A/m (wg=4-101°s-1), curve 2 — to
Ho=0.41-10°A/m (wg=9-10°s-1), and curve 3 — to
Ho=0.18105A/m (wg=4-109s-1). As follows from
Fig. 2, the saturation level of curve 3 exceeds the level
of curve 1 more than ten times. At that, in case of
curve 1, the magnetic field strength is more than ten
times higher than in case of curve 3. Therefore, the
reduction of the longitudinal magnetic field leads to the
significant increase in both saturation levels and
amplification rates of the electromagnetic signal wave.
Note that the magnetic field strength can only be
reduced to certain critical value Hoer. Further reduction
leads to the violation of the three-wave parametric
resonance conditions and investigated device becomes
unable to operate. We should also note that the electric
field strength reaches magnitudes of ~ 2.4 MV/m in the
saturation region. Signal wavelength is
A1=2xc/an = 1.9 mm. Thus, PBSFEL can operate as the
powerful source of the electromagnetic radiation in the
millimeter waveband.

E,, MV/m 3
2.0 2
1.5 -
1.0
1
0.5
1 ' T T T T T T T 1
9 10 11 12 13 7

Fig. 2 — Dependence of the signal wave electric field strength E:
first harmonic amplitude on the normalized time 7=t 6wo for the
input angle f=20° Curve 1 is calculated at the longitudinal

magnetic field strength Ho=1.8-105A/m, curve2 — at
Hy=0.41-105 A/m, curve 3 —at Hy=0.18105 A/m
In order to wunderstand the wave dynamics

represented in Fig. 2, we analyze the influence of the
longitudinal magnetic field on the parametric growth rate
0o Of the waves in the device under study. Parametric
growth rate can be found from the system (9)-(13), where
we neglect cubic components. As a result, we get

a = K3,103,1(1+771772)
e K, ,C,

| Eyy P (18)

where K11, K31, C1,1, C31 depend on the magnetic field
strength Ho. Fig. 3 demonstrates the parametric growth
rate ayq normalized on plasma-beam instability growth
rate 6w, depending on the cyclotron frequency wy(Ho).
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It follows from Fig. 3 that the parametric growth rate
increases with the decrease of the cyclotron frequency
up to the critical value wg... Signal wave amplification
rates, in their turn, are defined by the total growth rate
depending on both the plasma-beam and parametric
growth rates. Thus, the reduction of the longitudinal
magnetic field strength leads to the increase of the
total amplification rates. Therefore, the signal wave in
case of curve 3 in Fig. 2 grows faster than in case of
curves 1 and 2. So, the reduction of magnetic field
strength to the critical value Hoer significantly (more
than ten times) enhances amplification characteristics
of PBSFEL of dopplertron type with helical REB.

a [,
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10 -1

25w, ,10"s

H
Fig. 3 — Dependence of the parametric growth rate a,,/dw
normalized on plasma-beam instability growth rate dw on the
cyclotron frequency wy

5. CONCLUSIONS

We performed a cubic-nonlinear analysis of the longi-
tudinal magnetic field influence on the wave dynamics
in PBSFEL of dopplertron type with helical REB. The
right-polarized slow electromagnetic wave propagating
in magnetized plasma-beam system towards electron
beam was used as pumping in the device under study.
We accounted plural parametric resonant interactions of
the SCW harmonics. It was found that plural resonant
interactions lead to the reduction of the signal
saturation length twice and more.

We demonstrated that the decrease of the longitudinal
magnetic field to the critical value leads to the significant
increase of both amplification rate and saturation length
(tens and more times). This effect is related to the
dependence of parametric growth rate on longitudinal
magnetic field strength. We found out that investigated
system 1is able to generate and amplify powerful
electromagnetic radiation in millimeter waveband.
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Biuiue o3q0B:KHBOT0 MATHITHOIO MOJIA HA JUHAMIKY XBIWIb Y MYJIbTUTAPMOHIYHOMY
cyneprereponuHaomy JIBE nomieprpoHHOro Tuny 3 rBMHTOBUM €JIEKTPOHHHUM IIYIKOM

0.B. Jlucenxo, I'.A. Oxexcienxo, }0.10. Bonx, M.O. Koposaiz

Cymcvruli deporcasruti yrigepcumem, 8yn. Pumcvrozo-Kopcarxosa, 2, 40007 Cymu, Yrpaina

B paMrax ky0iuyHO-HEIIHIMHOTO HAOJIMKEHHS IIPOBEIEHO AHAJN3 BIUIMBY MO3OBMKHBOTO (DOKYCYBAJIBLHOTO
MATHITHOTO II0JI1 HA IIiICHJIOBAJIbHI XaPAKTePUCTUKHU ILUIA3MOBO-IIyYKOBOTO CyIIEPreTepOJUHHOr0 Jiadepa Ha
BUIBHUX €JIEKTPOHAX [OIUIEPTPOHHOIO THILy 3 TBHUHTOBHAM pEJIATUBICTCBKUAM €JIEKTPOHHUM IIy9KOM. B
JIOCIHPKyBAHOMY JIa3epi Ha BUIBHUX €JIEKTPOHAX SIK HAKAYKA BUKOPHCTAHA IIPABOIOJIAPI30BAHA YIIOBLIBHEHA
€JIeKTPOMArHITHA XBWJISI, 1[0 POSIOBCIOPKYETHCA HA3YCTPIY €JIEKTPOHHOMY IIyYKy B 3aMAarHIYeHi# I1JIa3MOBO-
myukoBiii cucremi. Ha ocHOBI MeTomy ycepeJHEHHX XapaKTE€PHUCTUK OTPHUMAHO CHCTEMY JvdepeHIlialbHuX
PIBHSIHB, SIKl OIMCYIOTh IWHAMIKY aMIUITYJ[ TAPMOHIK XBIJIb. SHAN/IEHO PIBHI HACHYEHHSI €JIEKTPOMATHITHUX
XBUJIb. [IpoBeIeHo ypaxyBaHHA MHOKUHHUX TPUXBUIBLOBUX IIAPAMETPUUHMX PE30HAHCHUX B3aeMO/Ii FapMOHIK
XBIJIL TIPOCTOPOBOTO 3apsly. 3'SICOBAHO, IO TAKI MHOMKHMHHI PEe30HAHCHI B3a€MOIii ICTOTHO BILIMBAKTH HA
MIJCHJTIOBAJIBHI XaPAKTEPUCTUKY JIOC/IKYBAHOTO JIa3epy Ha BUIBHHX €JIEKTPOHAX, 30KpeMa, HIPHU3BOMISTE 10
3MEHIIeHHsT PIBHSA HAaCWYeHHs CUTHAJy B JBa 1 OuUlbime pasiB. [IpomgeMOHCTpPOBAHO, IO 3MEHIIEHHS
HAIIPYKEHOCTI T03I0BKHBOT0 (POKYCYBAJIEHOIO MATHITHOTO II0JISL JI0 JIeSIKOI0 KPUTUYHOIO 3HAYEHHS [IPU3BOIUTH
10 3HAYHOTO 301/IbIIEHHS AK TEMIIIB ITIJCHJICHHS, TaK 1 PIBHIB HACHYEHHS eJIEKTPOMATHITHOI XBUJIl CUTHAITY (B
necaTh 1 Olibllle pasiB). BusHadyeHe MiHIMaJbHE SHAYEHHS HANPY/KEHOCTI MATHITHOTO IOJis (KPUTHUIHE
3HAYEHHSI HANIPY’KEHOCTI MATHITHOIO IIOJIS) JJISI PEKUMY INCUJIEHHS, ¥ SIKOMY SIK HAKAYKA BUKOPUCTOBYETHCS
MPABOIOJIAPU30BAHA €JIeKTPOMATHITHA XBIJIA. 3 JCOBAHO, IO JTOCTIIIKYBAHNIA e(PeKT OB S3aHMiA 13 3aJIe/KHICTIO
YMOB TPHXBHJIBOBOIO I1aPAMETPUYHOIO DPE30HAHCY XBIJI CHUTHAJIy HAKAYKHM Ta IIPOCTOPOBOTO 3apsiay BT
HAIPYKEHOCTl II03I0BKHBOIO0 MATHITHOIO II0JIA. |HKPEMEHT 3POCTAHHS, IO IIOB'SI3AHUM 3 BUIIEBKA3AHO
TPUXBUJIBOBOI0 PE30HAHCHOI0 B3AEMOJIEI0, CYTTEBO 3AJIEKUTH BiJ] HAIPY:KEHOCTI (POKYCYBaJIHLHOTO MATHITHOIO
moJisg.  [IposieMOHCTPOBAHO, 1I0 IIJIA3MOBO-IIyYKOBUM CYHEPreTEePONUHHUN Ja3epa HA BUIBHHX €JIEKTPOHAX
JIOILJIEPTPOHHOIO THITy 3 I'BHHTOBUM PEJISITUBICTCHKUM EJIEKTPOHHUM IIyYKOM 3HaTHUN (OPMyBATH MOTYKHE
KOT€PEHTHE eJIEKTPOMATHITHE BUIIPOMIHIOBAHHS B MLIIMETPOBOMY I1aIIa30H1 JOBKUH XBHUJIb.

Kinrouosi ciosa: CymneprerepoquHHUM Jia3ep Ha BIIBHHUX €JIEKTPOHAX, [1I1a3MOBO-IIyYKOBA HECTIMKICTS,
[Tapamerpuynnit pedoHanc, ['BUHTOBMIT pesIATUBICTCHKUN eJIeKTPOHHMI Iy4YoK, DorycyBasbHe MarHiTHe mOJIe.

06030-5


https://doi.org/10.1201/b11247
https://doi.org/10.1201/b11247
https://www.elsevier.com/books/handbook-of-terahertz-technology-for-imaging-sensing-and-communications/saeedkia/978-0-85709-235-9
https://www.elsevier.com/books/handbook-of-terahertz-technology-for-imaging-sensing-and-communications/saeedkia/978-0-85709-235-9
https://doi.org/10.1007/s10762-013-9998-y
https://doi.org/10.1007/s10762-013-9998-y
https://doi.org/10.1134/S1063780X10130167
https://doi.org/10.1134/S1063780X10130167
https://doi.org/10.12693/APhysPolA.126.1263
https://doi.org/10.1140/epjp/i2016-16192-5
https://doi.org/10.1140/epjp/i2016-16192-5
https://doi.org/10.1063/1.4991395
https://doi.org/10.1063/1.4991395
https://doi.org/10.1063/1.4841255
https://doi.org/10.1103/PhysRevSTAB.16.090701
https://doi.org/10.1103/PhysRevSTAB.16.090701
https://doi.org/10.1017/S0022377815000033
https://books.google.com.ua/books?hl=uk&lr=&id=v2dER3SUrtsC&oi=fnd&pg=PA1&dq=P.M.+Bellan,+Fundamentals+of+Plasma+Physics+(Cambridge+University+Press:+2008).&ots=5gR12erZMB&sig=Qn2u12JDg_JX0NX4CKy55ZM6lE4&redir_esc=y#v=onepage&q=P.M.%20Bellan%2C%20Fundament
https://books.google.com.ua/books?hl=uk&lr=&id=v2dER3SUrtsC&oi=fnd&pg=PA1&dq=P.M.+Bellan,+Fundamentals+of+Plasma+Physics+(Cambridge+University+Press:+2008).&ots=5gR12erZMB&sig=Qn2u12JDg_JX0NX4CKy55ZM6lE4&redir_esc=y#v=onepage&q=P.M.%20Bellan%2C%20Fundament

