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Within the framework of the quadratic nonlinear approximation, the amplification characteristics of a
single-stream superheterodyne free electron laser were analysed. Such device used two mechanisms of the
electromagnetic signal amplification: the mechanism of parametric amplification of the electromagnetic
wave using a traditional undulator with transverse periodically reversing magnetic field, and an additional
amplification mechanism using longitudinal electrostatic undulator. By means of the averaged characteris-
tics method, we obtained a system of differential equations describing the dynamics of the wave harmonics
in superheterodyne free electron laser. Plural three-wave parametric resonant interactions between har-
monics of different space charge wave types were discovered in the system. To implement such plural in-
teractions, it was sufficient to have a monochromatic electrostatic pump field. We achieved and analysed
an expression for the growth rate related to both the parametric instability of transverse waves and the
parametric instability of longitudinal waves in an electrostatic undulator. We showed that the additional
gain provided by the electrostatic undulator found its most efficient use in the systems characterized by
relatively small values of the beam relativistic factor and rather high values of the electromagnetic signal
frequency. We demonstrated the prospect of using such superheterodyne free electron lasers with longitu-
dinal electrostatic undulator as a powerful amplifier in the millimeter-submillimeter wavelength range.
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1. INTRODUCTION

The creation of new sources of high-power terahertz
radiation is one of the main trends in the development
of modern relativistic plasma electronics [1-3]. Despite
the fact that terahertz radiation has a wide range of
applications, few devices are capable of producing pow-
erful radiation in the millimeter-infrared range [3].
Therefore, theoretical studies of new powerful radiation
sources of this wavelength range are important and
relevant.

One of the new sources of powerful terahertz radia-
tion is superheterodyne free-electron laser (FEL) with
longitudinal wave amplifier [4], which uses a longitudi-
nal electrostatic undulator for further amplification of
the electromagnetic signal wave. Note that the use of
electrostatic undulators in FEL technology has been
known for a long time [5-8]. However, the simultaneous
use of two electromagnetic signal amplification mecha-
nisms has been proposed in [4] for the first time. To
date, a detailed study of the proposed FEL has not been
carried out. In [9] the amplification of the space charge
waves (SCWs) in the section of the longitudinal waves
amplification in the klystron model of such device has
only been studied.

We partially eliminate this deficiency in the pre-
sented work. Here, within the framework of a quadratic
nonlinear approximation, we perform an analysis of the
electromagnetic signal amplification in one-section
model of superheterodyne FEL. The device under study
uses two mechanisms of electromagnetic signal amplifi-
cation: the mechanism of parametric amplification of
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the electromagnetic wave using a traditional undulator
with transverse periodically reversing magnetic field,
and an additional amplification mechanism using longi-
tudinal electrostatic undulator. We obtain the equations
describing the nonlinear wave dynamics in the studied
system, and determine wave growth rates. We find the
range of parameters at which this device effectively
amplifies electromagnetic radiation.

2. PARAMETRIC RESONANCES, FEL MODEL

We study the physical processes in one-section model
of a superheterodyne FEL with longitudinal electrostatic
undulator (Fig. 1). A relativistic electron beam (Fig. 1,
unit 1) moves along the axis of the device. We consider
that a fixed ion background compensates the space
charge of the relativistic electron beam (REB). We as-
sume that the model is homogeneous in the transverse
plane. The relativistic beam (Fig. 1, unit 1) passes
through a magnetic field created by a multi-harmonic H-
ubitron undulator (Fig. 1, unit 2) with main harmonic
undulation period A; (wave number k,, =27/A;). The

magnetic field of the undulator in the device under study
acts as the first pump. Longitudinal electrostatic field is
also created in the working bulk of the device with the
help of the modulator 3. This field is characterized by

the main harmonic undulation period A; (wave number
k,,= 27/ Ay ). A transverse electromagnetic wave with
the first harmonic frequency ®, and a wave number &, ,

is supplied to the input of the device. We assume that all
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waves in the system under study are multiharmonic in
general case.

As a result of the parametric resonant interaction of
the transverse electromagnetic signal wave {w,k,}

and the transverse H-ubitron magnetic pump field
{k,}, a longitudinal slow SCW with the first harmonic

frequency @, and the wave number %k , is excited in

a,l
relativistic electron beam. The frequencies and wave
numbers of the first harmonics of these waves taking
part in the parametric resonances are described by the
relations

a)a 2[01, ka,l

{ﬂa kl} IIE' IE'I {o, k)

_,EII 'IIEU\E%'““}

Fig. 1 — One section model scheme of the superheterodyne
FEL with longitudinal electrostatic undulator: 1 — relativivstic
electron beam; 2 — undulator that creates transverse
H-ubitron magnetic field; 3 — undulator that creates longitu-
dinal electrostatic field

=k, +kyy . (1)

Due to the appropriate choice of parameters, condi-
tions for the implementation of another parametric
resonant interaction are met in the investigated FEL.
Namely, as a result of the interaction between the
longitudinal electrostatic field of the second pump {% 7}

and the slow SCW {w,,k,}, a fast SCW with the first
harmonic frequency op and the wave number %, is

excited. The frequencies and wave numbers of these
longitudinal SCWs satisfy the conditions of the second
parametric resonance

@, =wy, k, =k, +kg, . @)

As known [9, 10], the slow SCW is characterized by
negative energy while the fast one by positive energy.
Due to the fact that waves with different energy sign
take part in the parametric resonance the amplitudes
of both slow and fast SCWs increase. This growth is
ensured by the transition of part of the kinetic energy
of the REB longitudinal motion into the SCW energy. It
provides additional amplification of the slow SCW,
which in its turn is transmitted to the transverse elec-
tromagnetic signal through the parametric resonance
mechanism (1).

3. BASIC EQUATIONS

The relativistic quasi-hydrodynamic equation, the
continuity equation and the Maxwell’s equations act as
initial [10-12]. To solve the problem of motion and find
the concentrations we use the method of averaged
characteristics [10]. The method of slowly varying am-
plitudes is used to solve the problem of electromagnetic
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fields excitation. We consider that the electromagnetic
signal wave, the longitudinal electron waves and the

pump fields have the multiharmonic nature in general
case:

N .
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where N is the number of considered harmonics, m is
the harmonic number; p,, =ma —k, ,2z is the elec-
tromagnetic signal wave phase, p,, =ma, -k, 2z is
the slow SCW phase, Dy =

electrostatic pump field phase, Py, =mo,—k

-mk.z is the longitudinal
pm? 18
the fast SCW phase, p,, =-mky,z is the H-ubitron

pump field phase. Thus, the electric and magnetic
fields in the working bulk of the system are as follows:

E=E +E,+E,+E ; B=B +B,. 4)

We use a hierarchical approach to the theory of os-
cillations and waves [10] to solve the problem of motion
and the continuity equation. As a result, we obtain
expressions for the fast-oscillating components in ana-
Iytical form and differential equations for the slowly
varying components which do not depend on the fast-
oscillating components. Details of such transformations
are outlined in [11].

Next we substitute the solutions for velocity and
concentration into the Maxwell’s equations and apply
the method of slowly varying amplitudes. We consider
that a quasistationary mode of interaction is realized,
when the amplitudes of the fields depend only on the
coordinate and are independent on time. As a result of
these transformations we get a system of differential
equations for the amplitudes of interacting waves in
the framework of nonlinear quadratic approximation

dE
Cl 1,1 Tll - CSII lE B
dE, .
Cl,u,m dZ - C?{a mEl,mBZ, 5 +C?{Ia mEﬂ mE;/ m (5)
dE
pgm _ ~II *
Cl,ﬁ,m dZ C? B, mE(z,mE;/,m

The frequencies and wave numbers of the interact-
ing waves satisfy the dispersion equations:

2 wz
D, = {kﬁm - “(’jg" - "2} =0, (6)
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In these equations -5, ; is the Kronecker delta, in-
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U,, 1s the constant component of the REB velocity; n,

is the electron concentration in the beam, ¢ 1is the

m, 1is the electron

speed of light in vacuum; e = —‘e , m,

charge and mass, respectively.

Equation system (5) allows the investigation of mul-
tiharmonic processes in the FEL under study in quad-
ratic nonlinear approximation.

4. ANALYSIS

Let us analyze the conditions of three-wave reso-
nant interactions between longitudinal waves (2). It is
easy to obtain the relations between frequencies and
wave numbers for the slow and fast beam SCW from
the dispersion relation (7):

kym=ma, v,y +a, /(7/0 20)

—w /( 3/2030) ’

These relations verify that three-wave resonance
conditions fulfillment between mth harmonics of slow,
fast SCW and the first harmonic of the longitudinal
pump wave follows the conditions (2) for slow and fast
SCWs and longitudinal pump:

)

ky ., =maglu,

pa,m = pﬂ,m
ka,m = k;/,l + k/},l . (10)

+Dg; OF Mm@, =may,

In this case the wave number of the first harmonic
of the electrostatic pump field takes the following val-
ue:

k,, =27/A, where A= ﬂyg/ZUzola)p . 11)
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It follows from (10), (11) that the presence of a mon-
ochromatic electrostatic undulator is sufficient for the
realization of many three-wave resonant interactions of
longitudinal SCWs.

We consider a weak signal approximation assuming
that the H-ubiton transverse and electrostatic longitu-
dinal pump fields are sufficiently large and their
changes can be neglected at the initial interaction
stage. Higher harmonics of the interacting waves are
not formed on this stage. Then using equations (5) we
get the following statements for the first harmonics of
the interacting waves:

dE,
Cl 1,1 d CSII 1 2 1
dE,
Cl,a,l dz s = Cfil,a,lEl,lBZ,l +CBI,I¢z,1Eﬁ,1Ey,1 ’ (12)
dE
Ci 4 dzﬂl =CyL E,.E;,

The solutions of the equation system (12) and the
first equation of system (5) are expected to have the
form E,,,E, ,,E;, ~exp(l'z). Substituting such solu-

1.1 a1’
tions into these equations allows us finding an expres-
sion for the resulting wave growth rate in the studied

FEL
r= Jr? +T5, (13)

where

s

I 1
I = C3,1,1 CS,a,l B
e o P
1,11 La,l

. (14)
11 11
rn\lcmzl C3ﬁ1 \E ‘2

7.1
Cl,a,l Cl,ﬂ,l

Note that the resulting growth rate T' is defined by
both the parametric resonance of transverse waves
growth rate I ~|By, | and the parametric resonance

of longitudinal waves growth rate T'y ~| E_, |.

We carry out numerical analysis of the growth rates
depending on the system parameters. Fig. 2 shows the
dependences of the growth rates on the relativistic
factor of the electron beam. Curve 1 corresponds to the
dependence I'; =T'(y,) determined by the parametric
resonance of the transverse waves, curve 2 — to the
dependence I';; =I';(y,) determined by the parametric

resonance of the longitudinal waves. Curve 3 repre-
sents the dependence of the resulting growth rate on
the relativistic factor T'=I(y,). The curves are
achieved under the condition that the first harmonic
frequency of the electromagnetic signal is constant. The
calculations are performed with the following system

parameters: plasma beam frequency ®, = 3,0-10°s-1;

the amplitude of the electric field strength of the longi-
tudinal electrostatic pump field E , =30 kV/cm, the

magnetic field induction of the pump B,; =0.02 T'; the
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cyclic frequency of the electromagnetic wave

@, = 3-10" s7'. Tt should be noted that such parame-

ter values are quite moderate for the “ordinary” FELs
[10, 12].
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Fig. 2 — Wave growth rates dependences on beam relativistic
factor. Curve 1 corresponds to the dependence I'y =T'((¥,),

curve 2—to I'y =T'(y,) , curve 3—to I' =T'(y,)

0,014

0,012

0,010

0,008

0,006

Fig. 2 — Wave growth rates dependences on electromagnetic
signal frequency @, . Curve 1 corresponds to the dependence

I'=T{(eo), curve2 — to I'y=Ipy(ew), curve 3 — to
I'=T(aw)

It follows from Fig. 2 that all growth rates decrease
with the relativistic factor increasing. We also see that
at low values of the relativistic factor y, the growth

rates I'y =I'(y,) (curve 2) determined by the para-

metric resonance of the longitudinal waves prevail over
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Jo Teopii cyneprereponuuuux JIBE 3 mo3moBxkHIM ejleKTpOoCTATUYHUM OHIAYIATOPOM
0.B. JTucenxol, A.1I0. Bpycuuk!, 10.10. Boux!, M.O. Kopogaii!, C.C. Linpiul, O.JI. ByHnenpkmii?
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2 ITnemumym paodiogpizuru ma enexmponiru im. O.A. YVeukosa HAH Vkpainu,
eya. ak. Ilpockypu, 12, 61085 Xapris, Vrpaina

B pamMrax kBaapaTHYHOrO HEJIHINHOTO HAOIMKEHHS MPOBEIeHO aHAJII3 MiACHIIBAIIBHUX XapaKTepuc-
THK 0J{HOIIOTOKOBOT'O CYIIEPTeTEPOMHHOIO JIa3epy Ha BIIBHUX €JIEKTPOHAX, SIKUY BUKOPHCTOBYE JBA MeXaHi-
3MU MIJICUJIEHHSI €JIEKTPOMATHITHOIO CHUTI'HAJLY: MEXaHI3M IIapaMeTPUYHOrO IIJCHUJIEHHS eJIeKTPOMATHITHOI
XBWJII 3 BUKOPHUCTAHHSM TPAJHUIIIMHOIO OHJIYJISTOPA 3 IIOIEPEYHUM IIE€PIOJUYHO-PEBEPCIMHIM MATHITHUM
[I0JIEM Ta JOJATKOBUI MEXaHI3M IIiJICUJIEHHS 3 BUKOPHUCTAHHSIM I103/I0BXKHBOT0 €JIEKTPOCTATHYHOTO OHJTYJIsI-
Topa. 3a JIOIIOMOTr0I0 METOJy yCEepeIHEHUX XaPAKTePUCTUK OTPUMAHO CHUCTEMY AU(EpPEHINaTbHUX PIBHIHbD,
SIK1 OIMCYIOTH JUHAMIKY aMIUIITY[l TAPMOHIK XBUJIb CyIePreTepoJIMHHOI0 JIa3epy Ha BIJIBHHUX €JIEKTPOHAX.
3’sicoBaHoO, 0 B JOC/IIKYBAHIA CUCTEMI MAIOTh MicClle MHOMHHHI TPUXBUJIBOBI MapaMeTPUYHI Pe30HaHCHI
B3aeMO/Iil MiK TapMOHIKAMH XBHUJIb IPOCTOPOBOTO 3apsay pisHoro tumy. Jis peamisariii TaKUX MHOMKUHHIX
B32a€MOJIi# JOCTATHBO HASIBHOCTI MOHOXPOMATHUYHOTO €JIEKTPOCTATHYIHOTO 10JIs Hakauku. OTpuMaHo Ta mpo-
aHAJII30BAHO BUPA3 IS IHKPEMEHTY 3POCTAHHS XBHUJIb, KUl [IOB’SI3aHUU SIK IAapaMETPUYHOI HEeCTIHKICTIO
MOIePEYHNX XBUJIb, TAK 1 IAPAMETPUYHOI0 HECTIMKICTIO MO3I0BIKHIX XBHJIb B €JIEKTPOCTATHYHOMY OHJLYJIS-
Topi. IIpogemoncTpoBaHo, 110 HANOLIBII e(PEeKTUBHO BUKOPHCTOBYBATH J0JaTKOBE IIOCHJIEHHs, 10 3abe3ie-
4ye eJIEKTPOCTATUYHUH OHIYJISTOP, OJIsI CUCTEM, SIKl XapaKTepU3yIThCS BLITHOCHO HEBEJIMKUMY 3HAYEHHIMU
PeJISITUBICTCHKOrO (PaKTOPY IIyYKa Ta JOBOJII BUCOKMMU 3HAYEHHSIMU YACTOTH €JIEKTPOMATHITHOIO CUTHAJLY.
IIpomeMoHCcTpOBAaHA EPCIIEKTUBHICTD BUKOPUCTAHHS TAKUX CyIEPreTepoJMHHUX JIa3epiB Ha BIIBHUX eJIEK-
TPOHAX 3 IOB3JOBMKHIM €JIEKTPOCTATUYHUM OHJYJIITOPOM SK IIOTY’KHHUX IIJICHJIIOBAYIB Y MIJIIMETPOBOMY-
CyOMLIIIMETPOBOMY I1aIIa30H]1 JOBKUH XBUJIb.

Knrouosi cnora: CyneprerepoquHHUN jadep Ha BUIBHUX €JEKTPOHAX, KJIEKTPOCTATHYHMI OHIIYJISATOD,
ITapamerpuunwmii pedonanc, XBHUJIl IPOCTOPOBOTO 3apsiAy, IHKpeMeHTH 3pOCTAHHS XBUJIb.

04037-5



