& Ministry of Education and Science of Ukraine
X

I @‘T? Sumy State University

SSU

A. Yu. Badalian,
l. 1. Kozlova

MATHEMATICAL ANALYSIS

Lecture notes

Sumy
Sumy State University
2021



Ministry of Education and Science of Ukraine
Sumy State University

MATHEMATICAL ANALYSIS

Lecture notes
for students of specialty 113 "Applied Mathematics"
full time course of study

Approved at the meeting

of the Department of Applied
Mathematics and Modeling

of Complex Systems

as lecture notes on discipline
"Mathematical Analysis".
Minutes Ne 2 of 25.02.2021.

Sumy
Sumy State University
2021


v.koplyk
Штамп


Lecture notes on the discipline "Mathematical
Analysis” / compilers: A. Yu. Badalian, I. 1. Kozlova. —
Sumy : Sumy State University, 2021. — 58 p.

Department of Applied Mathematics and Modeling
of Complex Systems



Content

P.
1. Limitofavariable ..., 5
2. Boundary funCtions ............ccceeveveveeeecceceseceee 7
3. Infinitesimale and their basic properties.............ccc.c...... 12
4. Basic theorems on boundaries ...........ccocoveeernnncenen 13
4.1. The First remarkable limit............ccccooevrniinnnnnn. 14
4.2.  The Second remarkable limit .............cccccoeeernnnnnns 14
5. Infinitesimal differences.......cccoveeeevvneecceeren 15
6. Table of equivalent infinitesimals..........c.ccccoovvvrieenenee. 16
7. Continuity of FUNCLIONS ........ccoveviiieieirrccceeeee 17
8. Properties of continuous functions in closed interval.. 20
9. Definition of a derivative. Geometrical and mechanical
interpretation of the derivative ..........ccoovvevevercseseeen, 24
10. Differentiation of fUNCHIONS........ccoovieeirrrricccernes 26
11. Rules for differentiation of functions............ccccccevuvene. 27
12. Differentiation of trigonometric functions.................... 28
13. Derivative of a logarithmic function..............c.c.c........... 28
14. Differentiation of inverse functions...........ccccceeveveennee. 29
15. Differentiation of hyperbolic functions......................... 31
16. Table Of derivatiVes..........cccovvvrrieireeeceeeeeeeeeeee 35
17. Implicit differentiation.............cccoceeeeeeeieeseeeene, 37
18. Parametric differentiation............cccooeeevrnncncceennenes 37



19. Differential of a function. Properties of the
differential ... 38

20. Higher—order derivatives and differentials.................... 41
21. Increasing and decreasing functions. Extreme points.. 46

22. Finding the largest and smallest values of the function
0N the SEGMENT ... 47

23. Conditional eXtremuUM .........ccccovirreerrieeeeeereseeees 49
24. Convexity and concavity of graphs. Inflection points. 51

RETEIEINCES ...ttt e e e e e e e e eeaeseaeseaeene 56



The Limit of the Numerical Continuity

1. Limit of a variable

A numerical continuity is an infinite set of numbers
X1, X2, ..., Xn, ..., arranged in a specified order one after
another, denoted by {xn}.

The numbers that are part of a continuity are called
its members.

In many cases, you can create a formula for a general
member x» continuity.

Let the variable x be given by its values x1, X2, ...,
Xn,... We can assume that the continuity {Xn} is given. We
give the values of the boundary of the continuity {x»} and the
boundary of the variable x,, n=1, 2, ....

Definition. The constant number is called the limit
of the variable x if any positive number ¢ is given in advance,
which can be arbitrarily small, and there is a number N such

that as soon as n is greater than N (n > N), then

|x, —al <e.



If a is the limit of the variable xn, then we can say
that x, tends to the limit a, when n tends to infinity, and write

down

lim x,, = a.

n—-oo

Geometrically a constant number a is the boundary
of the variable x, if for any predetermined small
circumference of point a of radius ¢, there is such a value x
that all points corresponding to the following values of the

variable are in neighborhood (Fig. 1).

A 3 0O
o f o—+ O——0——+ ) o o '
Xz a-£ Xit| d Xuz X, ate X X

Figure 1 — Bounded order

Definition. The variable X, tends to oo if any
predetermined positive number M, which can be arbitrarily
large, finds a number N such that as soon as n is greater than
N (n > N), then [xs| > M.

If the variable X, tends to oo, then it is called an
infinitely large variable and is written as X, — o or

lim x, = co.
n—->oo

Definition. The variable x, tends to + o if any

predetermined number M > 0, which can be arbitrarily large.
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There is such a number N that as soon as n is greater than N
(n > N), then xn > M.

Definition. The variable x, tends to —oo if any
positive number M, which can be arbitrarily large, finds a
number N such that as soon as n is greater than N (n > N),

then x, < —M.
2. Boundary functions

Let function y=f(x) be defined in some
neighborhood of the point x =a or in some points of this
neighborhood.

Definition. A constant number b is called the
boundary of the function f (x) when x tends to a (x — a) if
any predetermined positive number ¢ can be arbitrarily small,
and there will be such a positive number ¢ that as soon as
[x—a| <9, then|f (x)—b|<e.

If b is the boundary f (x) for x — a, then )lciilg fx) =

= b, orf(X) — b forx — a. If f (x) — b for x — a, then from
a geometric point of view for all points x that are distant from
the point a and are not further than o, the points M of the
graph of the function = f(x) are placed in a band 2¢ wide,
which is bounded by linesy =b—-¢andy = b + ¢ (Fig. 2).
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Figure 2 — Function limit

Definition. A constant number b; is called the
boundary of the function f (x) at the point x = a on the left if
no matter how a positive number ¢ is predetermined, which
can be arbitrarily small and there is such a positive number ¢
that as soon as a — x < 4, then [f(x) —b1| < e.

It can be written as follows: limof(x) = b;.
xX—>a—

Definition. The constant number by is called the
boundary of the function f (x) at the point x = a on the right if
any predetermined positive number &, which can be
arbitrarily small, finds such a positive number ¢ that as soon
as a—Xx<g, then |f(x) —bz| <&, which can be written as

lim f(x) = b,.

x—->a+0



v
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Figure 3 — One-sided border

We can prove that if the boundary on the right and
the boundary on the left exist and are equal b1 = b2 = b, then
b will be the boundary of the function f (x) at the point x = a.

The existence of the boundary of the function for
x — a does not require the function being defined at the point
X=a.

Definition. A constant number b is called the
boundary of the function f (x) when x goes to infinity if for
any positive number ¢, which can be arbitrarily small, there
is a positive number N such that only for all values of x that

satisfy the inequality [x| > N the inequality |f (x) — b|< & holds.



/o M

Figure 4 — The limit of the function is at infinity

Definition. The function f (x) will be infinitely large
for x — a if for each positive number M, which can be
arbitrarily large, we can find such ¢ > 0 that for all values of
x other than a, satisfying the condition |x — a| < ¢, there is the
inequality |f (x)| > M.

In this case, write alci—l;rng(x) = oo or f(x) > o for

X—a.

ph y

Jx)

L

—
a
0 : X

Figure 5 — Infinitely large function
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If the function f(x) — o« for X — oo, then write:
lim f(x) = o.

Definition. The function y = f (x) is called bounded
in the domain where the argument x changes if there is a
positive number M for which the inequality |f (X)] <M will
hold for all values of x belonging to this domain. If such a
number M does not exist, then the function f(x) is called
unlimited in this area.

Definition. The function f (x) is said to be bounded
at X — a if there exists a circle centered at point a at which
this function is bounded.

Definition. The function y=f(x) is said to be
bounded for x — o if there exists a number N > 0 that can be
arbitrarily large such that for all values of x, satisfying the
inequalities |x| > N, the function f (x) is bounded.

Theorem 1. If lim f(x) = b and b has a finite value,
X—a

then the function f (x) will be bounded for x — a.

Theorem 2. If lim f(x) # 0, then the function y =
X—a

— — will be bounded for x — a.
)
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3. Infinitesimale and their basic properties

Definition. The function a=a(x) is called

infinitesimal for x —a or for x — oo if lima(x) =0or

X—a
lim a(x) = 0.
X—00
From the definition of the boundary it follows that if

lim a(x) = 0, no matter how predetermined a positive
X—00

number ¢, which can be arbitrarily small, is and there is such
a positive number ¢ that for all x, satisfying the inequalities
|x —al| < g, the requirement holds |a(X)| < e.

Theorem 3. If the function y = f (x) is represented as
the sum of the constant number b and the infinitesimal o (for

X — a or for x — o0)
y=a+h,

then write limy =b orlimy = b.
X—a

X—a

Theorem 4. If & = a(x) — 0 for x — a (or for X — )
and does not turn to zero, then y = % — 00,

Theorem 5. The algebraic sum of the finite number
of infinitesimals is a function of infinitesimal.

Theorem 6. The product a (X) - Z (x), where « (X) is
an infinitesimal and Z (x) is a bounded function for x — a (or

for x — o), is an infinitesimal function.

12



a(x)

Theorem 7. The fraction —= 700"

, Where lim a(x) =0

(x—00)

and lim Z(x) # 0, is an infinitesimal function.

(x—>)
4. Basic theorems on boundaries

Theorem 8. The boundary of the algebraic sum of a
finite number of functions is equal to the algebraic sum of the

boundaries of these functions
lim Zz:l Uk (x) = Z;{lzl lim Uk (x)
x—-a x—->a

Theorem 9. The boundary of the product of a finite
number of functions is equal to the product of the boundaries

of these functions
lim l_[;{lzl Uk (x) = 1]3:1 lim Uk (x)
x—->a x—-a

Theorem 10. The boundary of the fraction of two
functions is equal to the fraction of the boundaries of these
functions if the limit of the denominator is nonzero

im Ll (hm V(x) # O)

x-a 11m V(x)

Theorem 11. If between the corresponding values of
three functions U (x), V(x), Z(X) the inequalities
U (x) <Z (x) <V (x) holding U (x) and V (x) for x — a go to

13



the same boundary b, then Z (x) for x — a goes to the same
boundary b.

Theorem 12. If for x — a the function y (x) acquires
non-negative values of y(x)>0 and thus goes to the
boundary b, then b is a non-negative number (b > 0).

Theorem 13. If the inequality V (x) > U (x) holds
between the corresponding values of two functions U (x) and
V (x) that go to the boundaries at x — a, then the inequality

lim V(x) = lim U(x) holds.
xX—a xX—-a

Theorem14. Each variable of limited increasing
value has a limit.
Theorem 15. Each variable bounded by a decreasing

value has a limit.

4.1. The First remarkable limit

Theorem 16. lim 32X

x-0 X

=1is called the first

remarkable boundary.

4.2. The Second remarkable limit

n
Theorem 17. The variable (1 + %) forn —» oo hasa

boundary between the numbers of 2 and 3.

14



n
Definition. The limit of the variable (1 + %) for

N — oo is called number e:

lim (1 + %)n =e.

n—-oo
By theorem 17
2<e 3.

The number e is a transcendental number, first
proved by S. Hermit in 1873. Therefore, e = 2,718 281 828

459 045 ...
1\* .
Theorem 18. lim (1 + ;) = e is called the second

X—00

remarkable limit.
5. Infinitesimal differences

Let a(x) and S (x) be infinitesimals for x — a

(X — o0).

Definition 1. If lim ——=A=0 (A is a finite

number), then infinitely small « (x) and g (x) are called

infinitesimals of the same order.

15



B(x) X5a a(x)

X—00)
then « (x) is called a small value of a higher order than the

order of f (x).

Definition 3. An infinitesimal quantity « (x) is called

Definition 2. If lim a) _ 0( lim 2® — Oo>,
(

(x—)

an infinitesimal of k-th order with respect to g (x), if « (x) and

¥ (x) are infinitesimal quantities of the same order, then

. a(x) _
Jlcl_I;I(} @ =A#0.
(x—00)
. . a(x) _
Definition 4. If lim o 1, then a (x) and g (X)

(x—>00)
are called equivalent to infinitesimal quantities and should be
as written o (x) ~ S (x).
Theorem 19. If a (x) ~p (x) for x — a or x — oo,
then (a (X) — £ (X)) - infinitesimal value of higher order then
a (x), and then S (x).

Theorem 20. If lim a(x) =0, lim b(x) = 0and
X—a X—a

(x—>00) (x> )
(o (X) = B (x)) is an infinite a small value of the order higher
then a (x), or § (x), then a (x) ~ £ (x).

6. Table of equivalent infinitesimals

Let o (x) — 0 for x — 0.

16



e sina(¥)~a(x)

e tana(x)~a(x)

e 1-cosa(x)~;(a(x))?

e arccos a(x)~a(x)

e arctan a(x)~a(x)

e In(1+a(x)~a(x)

e a*® _1~q(x)lna (a>0)

o %™ —1~q(x) (special case 7°, whena = e)

o (1+a®)’ —1~pa(x)

o Yita@-1~2¥ (Special case 9°, whenp = l)

n n
7. Continuity of functions

Let a function y =1 (x) be defined at some point
X = Xo and in its vicinity. Let us denote yo = f (X0). We give an
increment Ax of the argument x and obtain x = Xo+AXx. Then
the function y = f (x) will increase Ay = f (xo+AX) — f (Xo).

Definition. The function y=1f(x) is said to be
continuous at the point xo (or at a value x = Xo) if it is defined

in some neighborhood, then

lim Ay =0,

Ax—0

17



or
Al)icr_r)lo(f (x0 + Ax) - f (x0)) = 0.
The condition of continuity can be written as follows:
Al}icr_r}0 f (x0 + Ax) = f (x0).
Let X = Xo+AX. Then, X — Xo when AX — 0 that is,

Xo = lim x = lim x.
Ax—0 x- lim
X—=X0

Thus, it is possible to rewrite the condition of continuity in a

new form:
lim f(x) = f(lim).
X—Xq X—Xg

Therefore, if the function f (x) is continuous at X — Xo, the

notations lim and f may be swapped.

-

0 | Xo x[l+—\‘~ X X

Figure 6 — Continuity of the function
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Geometrically, the continuity of the function at a
given point means that the difference of the ordinates in the
graph of the function y =f (x) at the points xotAx and XoAy
will be arbitrarily small in absolute value if |Ax| is small
enough (Fig. 6).

Theorem 21. If the functions f1 (x) and f2 (X) are
continuous at the point xo, then the function
o (X) = f1 (x) + f2 (X) is also continuous at the point xo.

Theorem 22. The product of two continuous
functions at the point xo is a continuous function at the point
Xo.

Theorem 23. The fraction of two continuous
functions at the point xo is a function continuous at the point
Xo If the denominator at the point xg is not zero.

Theorem 24. If a function u = ¢ (X) is continuous at
the point x = xo and a function y = f (u) is continuous at the
point u=uo and uo=¢ (X), then a complex function
y =f (¢ (x)) is continuous at the point X = Xo.

Definition. If the function f (x) is continuous at each
point of the interval (a, b), where a < b, then the function f (x)

is called to be continuous in the interval (a, b).

19



Definition. If the function f (x) is defined for x = a
and lirr}rof(x) = f(a), then the function f(x) is right
xX—-a

continuous at the point x = a.
Definition. If the function f (x) is defined for x=b
and litr)nof(x) = f(b), then the function f(x) is left
x—b—

continuous at the point x = b.

Definition. If the function f (x) is continuous in the
interval (a, b), right continuous on the at the point x = a and
left continuous at the point x = b, then the function f (x) is
called to be continuous in the segment [a, b].

Definition. If at any point x = x~ for the function
y =f(x) at least one of the conditions of continuity is not
satisfied, that is if 1) the function is indefinite for x = x»; 2)
the function f(x) is defined for x=xx, but there is no

lim f(x);and 3) the function f (x) is defined for x = x«, there
X > X*
is lim f(x), but lim f(x) # lim f(x.), than for x = x=,
X = X* X - X* X - X*

The function f (x) is called discontinuous and the point X = x«

is called the breakpoint of the function f (x).
8. Properties of continuous functions in closed interval

Property 1. If the function f (x) is continuous in the

segment [a, b] where a <b, then there is at least one point

20



x = X on this segment that the value of the function f (x) at
this point will not exceed the value of f (x) at other points of
the segment [a, b], that is f(X) < f(x), x € [a, b], and there
is at least one point x = X that the value of f (x) at this point
will be not less than the value of f (x) at other points of the
segment [a, b], that is f(x) = f(x), x € [a, b].

Definition. The value of f(x) is called the smallest
value of the function f (x) in the segment [a, b] and is denoted
by m, the value of f(x)is called the largest value of the
function f (x) in the segment [a, b] and is denoted by M.

Then property 1 can be formulated as follows:

The function f (x), continuous in the interval [a, b], reaches
its smallest and largest values on this segment.

Conclusion from property 1: If the function f (x) is
continuous in the interval [a, b], then it is bounded on this
segment.

Property 2. If the function f (x) is continuous in the
segment [a, b] and at its ends the function has the values with
different signs, that is f (a) - f (b) <0, then inside the segment
there is at least one-point x = xo (a < Xo < b) that the value of
the function at this point is zero, that is f (xo) = 0.

Geometrically, this means that the graph of the

function y =f (x) intersects the axis Ox if the points of the

21



graph of the function y = f (x) lie on different sides of the axis

Ox (Fig. 7).

Figure 7 — The zeros of a function

Figure 7 shows three such points: Xo1, Xo2, Xo3.

Property 3. If the function f (x) is continuous in the
intervals [a, b] and m and M are the smallest and largest
values of the function f (x), respectively, then for any number

u that satisfies the inequality
m<u<M

in the segment [a, b], there is at least one point x = x« that

satisfies f (x=) = u.

22
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le

m

Figure 8 — The largest and smallest values of the function
on the segment

There are three such points in Fig. 8: X=1, Xx2, X=3.
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Differential Calculus:

Functions of a Single Variable

9. Definition of a derivative. Geometrical and

mechanical interpretation of the derivative

Suppose that the function y = b (x) is given on some
interval (a; b). Take any point x (a; b) and give x an arbitrary
increment A X such that the point x + A x also belongs to the
interval (a; b). Find the derivative of the function: Ay =f
(x+AX)—T(x).

Definition. The derivative of the functiony = f (x) at
the point x is the limit of the ratio of the increment of the
function Ay at this point to the increment of the argument
A x, when the increment of the argument goes to zero in any
way.

The derivative of the function y = f (x) at the point x

is denoted by one of the following symbols:

F100; vy L, 2.y Thus, by definition

' dx’ dx’

fi = lim 2 = |jy [&H7E
Ax—0Ax  Ax—0 Ax

24



For each value x, the derivative f * (x) is a complete

value, i.e the derivative is also a function depending on x.

If the limit lim 2 at some point x does not exist,
Ax—0 Ax

then derivative f * (x) does not exist at this point either.

The operation of finding the derivative of the
function f (x) is called differentiation of this function.

In general, if the function y =f (x) describes some
process, then the derivative y' = f ' () is the rate of change of
this process. Now define unilateral derivatives. Let the
function y = f (x) be defined around x.

Definition. If there is a limit

. A . (x+Ax)—f(x
lim =2 = lim f—f(),
Ax—0 Ax Ax—0 Ax
Ax>0 Ax>0

then it is called the right derivative of f (x) at the point x and

it is denoted by

. A . x+Ax)—f(x
ﬂzhm—yzhrnf—( )f@)
Ax—0 Ax Ax—0 Ax

Ax>0 Ax>0

Similarly, the left derivative is determined:

£ = lim &2 = |jm [0

Ax—0 Ax Ax—0 Ax
Ax>0 Ax>0

25



If the function f (X) is given on the segment [a, b],
then the derivative at point a means the right derivative, and
at point b—the left derivative.

10. Differentiation of functions

Definition. The function y=f(x) is said to be
differentiated when x = xo if the function f (x) has a derivative
at the point x = Xo, i.e if it exists:

. A .
lim =2 = lim
Ax—0Ax  Ax—0

f(xo+AA9;)—f(x) = £'(x).

Definition. The function y=1f(x) is said to be
differentiated on the segment [a, b] (intervals (a, b)) if it is
differentiated at each point of this segment (interval).

Theorem 25. If the function y = f (x) is differentiated
at the point Xo, then it is continuous at this point.

It follows from this theorem that at breakpoints the
function has no derivative.

The inverse statement is incorrect, i.e there are
continuous functions that at some points are not
differentiated.

26



11. Rules for differentiation of functions

Theorem 26. If y = C where C is a constant number,
theny =C’ =0.

Theorem 27. Ify =x, theny =x" = 1.

Theorem 28. If the functions U = U (x) and V =V (x)
are differentiated at the point x, then the function U +V is

also differentiated at this point and the formula is valid:
W +vHYy=U+V"

Theorem 29. If the functions U = U (x) and V =V (x)
are differentiated at the point x, the function U (x) - V (x) is
also differentiated at this point and is the formula valid:

' -v)y=Uv-V'u,

Theorem 30. The constant factor can be taken out as
a sign of the derivative, i.e

(c-u)y=c-u'

Theorem 31. If the functionsU = U (x) and V = V (x)

are differentiated at the point x, then the function % V(x) #

# 0) is also differenced at this point and the formula is valid:

(U)’ _u'v-uv’
14 vz

27



Theorem 32. (Derivative of a compound function).
If the function U = ¢ (x) has the derivative U’y at the point x
and the function y=f(U) has the derivative y'y at the
corresponding point U, then the composite function
y =f (¢ (x)) has the derivative y’x at the point x and the valid

formulay’x =y'u - U'xis valid.
12. Differentiation of trigonometric functions

Theorem 33. Derivatives of trigonometric functions

are found by the formulas:

(sinx)' = cosx;

(cosx)’ = —sinx;
(tgx)' = — +Z4 €7
g " cos2x ’ x 2 mm, n !
1

(ctgx)' = — sinZx x#+mk, kE€LZ.

13. Derivative of a logarithmic function

y=log,x (a@a>0, a+#1) and y = In|x|.

Theorem 34. Valid formulas:

28



1
xlna’

(logy x)' = ;loga e or (log,x) =
x>0 a>0, a#1l;

(In]x])’, x # 0.
14. Differentiation of inverse functions

Theorem 35. If there is an inverse functiony =y (x)
for the function x =x (y) (i.e both functions are strictly
monotonic at some intervals) and the function x = x (y) has a
nonzero derivative X'y at the point y, then y corresponds to the
point x, the function y =y (x) has a derivative y'x, and

4

Ve =

‘<le =

Now consider the function y = arcsin x (le <1,

T
vl <3).
This is the inverse function for the function x = sin y.

By theorem we have

1 1 1

(arcsinx)y =yy = —/—— = =
x x (siny); cosy 1 — sin?y




because cos y = 0 for |y| < g

Thus, we obtain the formula:

(arcsinx)’ = ﬁ, for |x| < 1.
—x

Now consider the function y = arccosx (|x| < 1,
0 < y < m) —the inverse function for the function x = cosy.
According to theorem

, , 1 1 1
r = = = = —
(arccos x)y = vy (cosy), — —sinx et

because siny >0 for0 <y <.

Another equality is proved:

(arccosx)’ = —ﬁ, for |x| < 1.
— X

Function y = arctgx (—o < x < 4o, —§<y<g

is an inverse function for the function x = tg x. Then

, 1 , 1
(arctg x)y = @, = cos®x =7 ey
So, (arctg x)' = ot

30



Function y=arctgx (—o<x<+o, 0<y<m)

is an inverse function for the function x = ctg x.

1 _ 1
(arcctg x)!, = m = —sin’x = 137

1

We have proved that (arcctg x)' = — —

15. Differentiation of hyperbolic functions

Definition. Hyperbolic sine sh x, cosine ch x, tangent
thx and cotangent cth x are functions that are determined by

the following formulas:

eX —e~X
shx =
2
T
5
=
I——
. 1 1 1 1
wh I T T T T T
smh(x) O o o L
S
—I:J _S__
-5 X ]
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eX+e™™

chx = >
- VT
VL
st AL
v i
i
0
-5 -3 -1 1 3
-5 x
thx=shx=ex—e‘x

chx eX+e™x

2
-2
r_
Ny
e
tanh(x)  Jo 13 L 0 3
|
-2 3
=5 X
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chx e*+e™

cthx = = x*+0
shx eX—e™X
5 j--
++
]——
coth(x) 'Ii _:3 _l_ll_-
—3——

The functions y = sh x, y = ch x, y = th x are defined
for all real x, and the function y = cth x for all real x except
x=0.

Hyperbolic functions are related by as follows:

1. ch®x —sh?x=1;

2. sh(a+ b) = sha-chb + chb - sha;
3. sh(a—b) =sha-chb —chb-sha;
4. ch(a+ b) = cha - chb + sha - shb;
5. ch(a—>b) =cha-chb — sha - shb;
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6. sh2x = 2shx - chx;

7.  ch2x = ch®x + sh?x;

tha+thb
8. th(a+b)= 1+:ha-thb;
tha—thb
9. th(a—b)= 1_;a_thb;
10. ch(a+b) = %;
11. ch(a—b) = %
12. 1—th?x = —:
’ X = ch?x’
2 1
138. 1-ch®x=——F.

Theorem 36. Derivatives of hyperbolic functions are

determined by formulas:
(shx)' =chzx;
(chx)' = shx;

I 1 .
(thx)' = -

r_ 1
(chx)' = .

h2x

, x*0.
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16. Table of derivatives

The previous paragraphs provide formulas by which
you can find derivatives without using the definitions of the
derivative.

We assume that U=U (x) and V=V (x) are
differentiated functions, and C — a constant value.

We write down the rules of differentiation and

derivatives of basic elementary functions in the table:
1. (u+v) =u +v
2. (u-v) =uv+u

3. (C-uw)=C-w,

O =T

v v2

5 ye =y Uy, ify=f() and u = u(x);

8. (W) =a-u*t-u’;
9. (a¥) =a% Ina-u’, a>0, a=+1;

10.(e*) =e*-u';
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11(logau)’=— u,a>0 a#1;
! 1 l.
12.(Inu) =—-ul;

13.(sinu)’ = cosu -u';

14.(cosu)’ = —sinu - u';

15.(tgw)' = Col “u';

s2u

16.(ctgu)’ = — L “u';

sinZu
17.(shu) = chu-u';

18.(chu)’ = shu-u’;

19.(thw)’ = Chlzu-u';

20.(cthu)’ = —Shlz “u';
21.(arcsinu)’ = \/% ‘u';
22.(arccosu)’ = 1iu2 “u';
23.(arctgu)’ = 1+u2 “u';
24.(arcctgu)’ = — ol u'.
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17. Implicit differentiation

Let the differentiated function y (x) be given
implicitly by the equation:
F(x,y)=0.

To differentiate an implicit function, we need to take
the derivative of x from both parts of this equation, assuming
that y is a function of x, and solve the resulting equation with

respecttoy’.
18. Parametric differentiation

Let the differentiated function y from the variable x

be given by parametric equations:

{x = o(t)

y = (o), a<t<p.

Suppose that the functions x = ¢(t) and y = (t)
have derivatives of the variable t, and the function x = ¢(t)
has an inverse function t = ®(x) which also has a derivative
(of the variable x). Then the parametrically given function y

of x can be considered as a composite function y = ¥(t),

!
where t = ®(x) and y. =y} - t. = y. - % = 2. Therefore
t t

4

r YVt
Y =~

!
Xt
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19. Differential of a function. Properties of the

differential

Let the function y=f(x) be differentiated at the

point x € [a, b], i.e at this point it has a derivative:

y'(x) = hmOE
where
A
A—izy’(x)+a, a—->0 at Ax -0,
or

Ay =y'(x) + Ax + a - Ax.

The first of the terms is linear with respect to A x and
for Ax— 0 and f'(x) # 0 is infinitesimally small of the

f'(x)

same order of A x, because Alim0 = f'(x); and the second
X—

term is infinitely small of a higher order than A x, because

lim £ = hm 2 = 0. Thus, the first term is the main part
Ax—0 Ax

of the increment of the function, linear with respect to the
increment of the argument.
Definition. The differential dy of the function

y =y (x) at the point x is called the principal, linear with
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respect to A x, part of the increment of the function y (x) at
this point:
dy = y'(x) - Ax.

The differential dy is also called a first-order
differential.

If y=x, then y=x"=1, so dy=dx=AXx, i.e the
differential dx of the independent variable x coincides with its
increment A X. Therefore, the differential dy can be written
as: dy =y’ (x) dx.

Let's find out the geometric interpretation of the

differential

Figure 9 — Differential of a function
AC =A f AAMB~AB—t
=4y, rom : M =tga

= AB = AM - tga = Ax - y'(x) = y'(x)dx = dy,
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when it is clear that the differential of the function y (x) at
given values of x is equal to the increment of the ordinate
tangent to the curve y =y (X) at the point x. The increment of
the function is equal to the increment of the ordinate of the
curve (Fig. 9).

Since the differential of the function is equal to the
product of its derivative and the differential of the
independent variable, the properties of the differential
immediately follow from the corresponding properties of the
derivative (differentiation rules). If u and v are differentiated
functions from x, C is a constant, then we write down the rules
for finding differentials:

1. dC = 0;

2. d(u+v) =du+dv;
3.dlu-v)=v-du+u-dv;

4. d(C-u) =C-du;

5 d (%) _ v-du—u-dv.

p2

If y=1y (u) is a complex function, where u =u (x),
and y (u), u (x) are differentiated at points u and x, then there
is a derivative y, = y,, - uy. Hence, there is a differential

dy =y, -dx =y, uy-dx =y, du,iedy =y, du.
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We see that the first-order differential of the function
is determined by the same formula, regardless of whether the
variable function is an independent variable or it is a function
of another variable. This property of the differential is called
the form invariance (invariance) of differential equation.

Now consider the application of the differential in
approximate calculations. Since the differential dy of the
function y =y (x) at the point x is the principal, linear with
respect to A X, then the part of the increment of the function
y (x) at this point:

Ay = dy,

or
y(x +Ax) — y(x) = y'(x) - dx,
where

y(x + Ax) = y(x) + y'(x) - Ax.

This is the formula for approximate calculations.
20. Higher—order derivatives and differentials

Let the function y =y (x) be differentiated on the
interval (a;b). Then its derivative Yy’ (x) (first-order
derivative) is also a function of x. If the function y’ (x) also

has a derivative in the interval (a; b) or at some point x is (a;
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b), then this last derivative is called a second-order derivative

and is denoted as follows:

., d%y d (dy)
y dx?’ dx \dx/

A derivative of a second-order derivative, if it exists,
is called of derivative of the third order and it is denoted as

" d3y d (d*y
Yo dx3’ dx \dx? /)

The derivative of the n—th order of the function

follows:

y =Yy (x) is called the derivative of the first order, if it exists,
from the derivative of the (n—1) — th order and is denoted as
follows:

w 4%y d (d" Dy
YU Gx®™’ dx\dx@-D )

Derivatives of the order above the first order are
called the derivatives of the higher order.

For n-th derivatives there are formulas:
1 (u+v)® =uyM™ 4™,

2. (C- u)(n) =C-ym
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3 (u )™ = u™ .y 4Dy 4 @u(n—z) :

n(n-1)(n-2) u(n—3) . U”I

- +o v 4y

v+

™,

Formula (3) is called the Leibniz formula.

If the function y =y (x) is implicitly given by the
equality F (x;y) =0, differentiating this equality by x and
solving the obtained equation with respect to y’, we find a
derivative of the first order. To find the derivative of the
second order, it is necessary to differentiate by x the
derivative of the first order and to substitute its value in the
received relation. Continuing the differentiation, you can find
one after another successive derivative of any order. All of
them will be expressed through the independent variable x
and the function vy itself.

If the function y =y (X) is given parametrically by

. x =x(t) N
equations { , tE€(a; and has a derivative of the
q y = y(0) (a; B)
first order % = % then the derivative of the second order
t

from the function y =y (x), if it exists, is determined by the

ﬂ !/

d?y (dx)t

formula— = ——
dx? X¢
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!

o ®),
reall dz_y = (d_y) = (d_y) ty, = i
Ydx? = dx/, \dx/, * x|

Similarly, find the derivative of the n-th order
(n>2);

dm=Dy\'
d"y (dx(n‘l))t

dx™ x{

The differential of the second order d 2y of the twice
differentiated function y =y (x) is called the differential from
the differential of the first order:

d?y = d(dy).
Since dx does not depend on X, then when
differentiating the first-order differential dx can be taken as

the sign of the derivative. Therefore, we have
d’y = d(dy) = d(y'(x)dx) = (y' (x)dx)} - dx
=" (x)dxdx = y" (x)dx>.
that is
d?y = y" (x)dx>.
A third-order differential d 3y, if it exists, is the

differential from a second-order differential:

d’y = d(d*y) = d(y" (x)dx?) = y"" (x)dx®.
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A differential of the nth order d n vy, if it exists, is
called the differential from differential (n—1)-th order:

d'y = d(d®™Vy) = y®(x)dx™
Higher-order differentials do not have invariant
properties. We show this by the example of a second-order
differential. Suppose that a doubly differentiated compound
function y =y (u) is given, where u=u (x). Find for it a
second-order differential:
d’y = d(dy) = d(y - dw) =.d(y,,) - du + y,d(du)

= Yoo - dudu + y,, - d*u
= Vi - du? + i, - wy - dx?,

that is

d?y =y, - du? + y), - ul, - dx?.

Therefore, the second-order differential has no

invariant properties.
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The Study of Functions

21. Increasing and decreasing functions. Extreme

points

Let the function f (x) be defined on some interval
(a, b), and xo is the inner point of this interval.

Definition. The function f (x) is called ascending at
the point xo if there is an environment (xo — J; Xo + d), 0 > 0,
point xo, Which is contained in the interval (a, b), and such
that f (x) <f (xo) forall x € (xo— J; Xo) and f (x) > f (xo) for all
X € (Xo; Xo + ).

Definition. If there is such an environment (xo — J;
Xo+ ), 0>0 of the point xo in the interval (a, b) and
f(x) <f(xo) for all x€ (xo—J) U (Xo+ ), the point xo is
called the point of maximum of the function f (x), and the
number f (o) is called the maximum function f (x).

Definition. If there is such a circle (xo — J; Xo + 9),
0 > 0, point xo, which is contained in the interval (a, b), and
f(x) <f(xo) for all x € (Xo— J; Xo), and f (x) > f (Xo), X # Xo,
then the point xo is called the minimum point of the function
f(x), and the number f (xo) is called the minimum of the

function f (x).
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Note that the points of maximum and minimum of
the function are called extreme points or the maximum and
minimum extremes of the function.

Definition. If a function is increasing (decreasing) at
each internal point of the interval (a, b), then it is called
increasing (decreasing) on this interval.

Theorem 37. (Sufficient signs of growth (decline) of
the function at the point). If the function f (x) at the interior
point xo of the interval (a, b) has a derivative f “(xo) and
f “(Xo) > 0 (f “(Xo0) < 0), then the function f (x) at the point Xo

increases (decreases).

22. Finding the largest and smallest values of the

function on the segment

Suppose that a continuous function f (x) is given on
the interval (a;b). Then, according to the Weierstrass
theorem, the function on this segment reaches its largest and
smallest values. However, the Weierstrass theorem does not
give a way to define those points of the segment (a; b) in
which the function reaches its largest (smallest) value. The
theorem only states that such points exist. This can be both
the inner points of the segment and its end points. Fig.10

shows a graph of a continuous function, which at the inner
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point c; of the segment (a; b) acquires the largest value, and
at the inner point c, — the smallest value.

Fig. 10.2 shows a graph of the function, which at the
ends of the segment acquires the smallest and largest values.

However, it may be that one of the values of the
function acquires inside the segment, and the other — at one
end. Thus, Figure 10.3 shows a graph of a continuous
function, which at the left end of the segment (point a)
acquires the smallest value, and at the inner point (point c) —
the largest value.

If the function acquires the largest (smallest) value
within the segment, then this largest (smallest) value is both
the local maximum (minimum) of the given function. Hence
the way to find the points at which the function acquires the
largest (smallest) value.

1 H i : ! ' > i
0 a < [EE T a bypla c

Figure 10 — Function graphs
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To find the largest (smallest) value of a continuous
function on the segment (a; b), it is necessary to find all local
maxima (minima) and compare them with the values of the
function, which it acquires at the ends of the segment. The
largest (smallest) number among the found numbers will be
the largest (smallest) value of the function on the segment
(a; b).

23. Conditional extremum

Let the function z = f (x ;y) be definite and continuous
in a closed domain D.

Then at some points in this area, it reaches its greatest
and least importance.

These values are achieved by the function at the inner
points of the segment or at points lying on the boundary of
the region.

Rule of finding the largest and smallest values of the
function:

1) Find all the critical points of the function belonging
to a given area, and calculate the value of the function in
them.

2) Find the largest and smallest values of the function

at the boundaries of the domain.
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3) Compare all the found values of the function and
choose from them the largest and smallest values.

Conditional Extremum of the Function of Several
Variables

The conditional extremum of the function z =f (x; y)
is the extremum of this function, reached under the condition
that the arguments x and y are connected by the equation
g(xy)=C.

The equation g (x;y)=C is called the coupling
equation.

Geometric interpretation: the choice of the largest
(smallest) value among the points, lying on the line defined
by the connection equation.

To find a conditional extremum, it is necessary to
express one variable by another from the connection
equation: y = ¢ (x).

Substitute this expression by a function of two

variables and obtain the function of one variable:

z=f(x y) =1 ¢ ().

Its extremum will be the conditional extremum of the

function z =1 (x; y).
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24. Convexity and concavity of graphs. Inflection

points

Let the curve be given by the equation y = f(x), where
f (x) is a continuous function that has a continuous derivative
f’ (x) on some interval [a; b]. Then at each point of such
curve you can draw a tangent. Such curves are called smooth.

Take an arbitrary point on the curve Mo (Xo;Yyo), where
Xy € {(a; b), Yo = f (x0).

Definition 1. If there is a circle around
(xo- 6; xg + 8) c (a; b) the point x, such that for all
(xo — 6; x9 + 8)(x # x,) the corresponding points of the
curve lie above the tangent drawn to the curve at the point Mo,
then the curve at the point Mo is called concave upwards

(Fig. 11).
YA

0 % ¥

Figure 11 — Concave upwards
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Definition 2. If there is a circle around
(xo- 6; xg + 8) c (a; b) the point Xo such that for all
(xg — 6; x9 + 8)(x # x,) the corresponding points of the
curve lie below the tangent drawn to the curve at the point
Mo, the curve at the point Mo is called concave downwards
(Fig. 12).

VA

0 X ‘;‘..

Figure 12 — Concave downwards

Definition 3. A point Mo is called the point of
inflection of the curve if there is a circle around
(xo - 6; xo + 6) < (a; b) the point Xp such that for all x €
(x0; xo + &) curve concave downwards (upwards)
(Fig. 13).
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i

0 Xo

Figure 13 — Concave upwards

If the curve is given by the equation y =f (x) and is
concave upwards at each point of some interval, then it is
called concave on this interval. If the curve at each point of
the gap is concave downwards, it is called convex at this
interval.

Therefore, the curve shown in Fig. 14 is concave. The

curve shown in Fig. 15 is convex.

b

S,
{

¥

Figure 14 — Concave curve
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pl 17

Figure 15 — Convex curve

The inflection point of the curve is still defined as the
point at which the curve changes its type of concavity.

Theorem. Let the curve be given by the equation
y =f (x) and let there be a circle around (xy - §; xo + &) C
c (a; b) the point xo such that the function f (x) for each x €
€ (xg - 6; xo + &) has derivatives up to and including the
second order, and f’ (x) at the point Xo is a continuous
function. Then, if f”” (Xo) > 0, then the curve at the point
Mo (xo; f (o)) is concave upwards; if f”” (xo) <0, then the
curve at the point Mo (Xo; f (Xo)) is concave downwards.

So we have the following rule for finding the
inflection points of the curve given by the equation y = f (x).

In order to find the inflection points of the curve given

by the equation y = f (x), we must:
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1) find the derivative of the second order f’’ (x) and
equate this derivative to zero;

2) among the roots of the equation " (x) = 0 choose
only the real roots and those that belong to the domain of the
function; in the vicinity of each selected root determine the
sign of the derivative of the second order f ”” (x), first at values
of x less than the considered root and then at values of x
greater than this root. If at the transition x through the selected
root Xo the derivative f”” (x) changes sign, then the point
Mo (Xo; f (x0)) is the inflection point of a given curve. If the
sign of the second-order derivative does not change when x
passes through xo, then Mo (Xo; f (X0)) is not the inflection
point of the curve.

Note that the rule for finding inflection points is
similar to the first rule for finding extreme points. The only
difference is that when finding extreme points, the change in
the sign of the first-order derivative is checked, whereas when
the inflection points are found, the change in the sign of the

second-order derivative is checked.
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