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Spectral Parameters of an Exciton in Double Semiconductor Quantum Rings
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The influence of a homogeneous electric field on the exciton energy spectrum and the intensity of in-
terband quantum transitions in double semiconductor (GaAs/Al.Ga;-.As) cylindrical quantum rings has
been studied. Assuming that the lattice constant and the dielectric constant of the nanosystem elements
differ slightly from each other, a model of effective masses and rectangular potentials is used to calculate
the electron and hole spectra. The corresponding stationary Schrodinger equations for non-interacting
electrons and holes in the absence of an electric field are solved analytically exactly. Radial wave functions
are obtained as a linear combination of the Bessel, Neumann and modified Bessel functions. The station-
ary Schrodinger equations for quasiparticles in the presence of an electric field are not analytically solved.
For their approximate solution, the unknown wave functions are sought in the form of an expansion over a
complete set of cylindrically symmetric wave functions, and the energy of an electron or a hole is found
from the solution of the corresponding secular equation. Since the interaction energy between an electron
and a hole is much less than the sum of the size-quantized energies of the corresponding quasiparticles,
the exciton binding energy is found using perturbation theory. The dependences of the energies of an elec-
tron, a hole, and an exciton on the magnitude of the electric field strength are analyzed. It is shown that
the electric field significantly affects the localization of quasiparticles in the system of double nanorings. In
this case, both the energies of an electron, a hole, and an exciton and the intensities of interband quantum
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transitions nonmonotonically depend on the magnitude of the electric field strength.
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1. INTRODUCTION

For the first time, semiconductor quantum rings
were grown by molecular beam epitaxy by T. Mano et
al. [1]. In this work, the authors obtained ordered ar-
rays of concentric double quantum rings based on GaAs
and Al:Gai-:As semiconductors and experimentally
investigated the photoluminescence spectra in them.

In terms of practical use, quantum rings are used in
photodetectors [2], semiconductor lasers [3], as elemen-
tary qubits of quantum computers [4], and memory
devices.

Theoretical models for calculating the spectra of
basic quasiparticles (electrons, phonons, excitons etc.)
and their interaction with each other and external elec-
tric and magnetic fields in such nanosystems are also
intensively developed and improved [5-11].

The influence of a magnetic field on the optical
properties of semiconductor quantum rings was theo-
retically studied in [5-7]. The authors investigated the
dependence of the electron energy spectrum on the in-
duction of a homogeneous magnetic field in double
quantum rings based on GaAs/Al:Ga: - xAs semiconduc-
tors. In particular, they showed that, depending on the
value of the induction and the thickness of the na-
norings, an electron in the ground state can be localized
either in the inner or outer ring. The probability of
electron localization in different regions of a multilayer
nanosystem does not depend on the thickness of the
potential barrier separating the nanorings at arbitrary
induction values.

In [8-11], the authors investigated the effect of a
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homogeneous electric field on the optical properties of
semiconductor nanorings. In this case, the parabolic
potential model was used, and the electron wave func-
tion in the electric field was sought in the form of an
expansion of the full set of quasiparticle wave functions
in an infinitely deep potential well with the subsequent
solution of the corresponding secular equation.

In [12], we investigated the dependence of the elec-
tron energy spectrum and the oscillator forces of intra-
band quantum transitions on the electric field strength
(F) in a system of double cylindrical nanorings. It was
shown that the electron energies and the oscillator
strengths of intraband quantum transitions nonmono-
tonically depend on the magnitude of the electric field
strength. In particular, anticrossings of energy levels
are observed in the dependences of energies on F, and
maxima and minima are clearly expressed in the de-
pendences of oscillator forces on F.

The aim of this work is to build one of the possible
theoretical approaches to solving the problem of the
exciton spectrum and the intensity of interband quan-
tum transitions in double semiconductor quantum
rings in a constant electric field. The theory developed
here makes it possible to analyze the dependence of the
spectral parameters of an electron, a hole and an exci-
ton on the magnitude of the strength F.

2. THEORY OF THE EXCITON SPECTRUM AND
INTENSITIES OF INTERBAND QUANTUM
TRANSITIONS IN DOUBLE NANORINGS
IN AN ELECTRIC FIELD
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Fig. 1 - Geometric and energy schemes of the nanosystem

In this work, we investigate a system consisting of
two concentric nanorings of height L (GaAs quantum
wells), which are separated from each other by a con-
centric and tunnel-transparent Al:Gai-xAs nanoring of
thickness A. The inner and outer radii of the first ring
are po and p1 (thickness A1), of the second ones are ps
and ps (thickness h2). The cross-section by the plane
z =0 and the energy diagram of such a nanosystem are

~ 1
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H;(r) = 0] _h2[62+1a+1262]
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are the Hamiltonians of non-interacting electron and
hole (in the last term, the sign "-" refers to the electron,
and "+" — to the hole);

62
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is the potential energy of interaction of the electron and
the hole in a medium with dielectric constant &(7.,7,),

which in the general case is a complex function that
depends on the spatial location of the electron and the
hole in the nanosystem. Note that in the case of the
investigated nanosystem based on GaAs/Al:Gai-:As
semiconductors, the dielectric constants of the contact-
ing media are very close. Therefore, the system of
quantum nanorings can always be considered as a con-
tinuum with a constant average dielectric constant
g=(g,+5)/2.
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shown in Fig. 1. The electric field strength vector F is
directed along the Ox axis.

For reasons of symmetry, it is convenient to perform
all further calculations in a cylindrical coordinate sys-
tem (p, @, z2) with the Oz axis along the axial axis of the
nanorings.

Assuming that the lattice constants and the dielec-
tric constants of the nanosystem elements differ slight-
ly from each other, a model of effective masses and rec-
tangular potentials is used to calculate the electron and
hole spectra. These values are considered known in all
areas of the nanosystem:

(e,h)

lu<e’h)(f)={lu0 » 0<p<py, p<p<py p>ps

Po<P<pp Pp<pP=p;,

(€

lul(e,h) ,

(e,h)
U(e,h)(p):{Uo ,0<p<py, PSP Py P> s, @
0, pp<p<p, pp<p=ps

Taking into account that the electric field does not
affect the energy spectrum of the electron when it
moves along the Oz axis, we will consider it impossible
for the quasiparticle to enter the region of the rings
|z|>L/2 . Therefore

2> L/2
U (z) =1 ’ 3
@ =10, 12L/2. ®

In order to investigate the exciton states in such a
nanosystem, it is necessary to solve the stationary
Schrédinger equation

H, (7, i)Y o (5, 73) = B, W, (75T 4)
with Hamiltonian

H,G.5)=E, + H,G)+H,G)+ U7, -7, 1), (5)

where Eg is the band gap of the material of the quan-
tum wells of the nanosystem;

oo 8 ;
—+U() Fle|Fp,cosg,, (i=eh) (6)

It is clear that the Schrodinger equation (4) with
Hamiltonian (5) cannot be exactly solved. We will seek
its approximate solution in two stages. Taking into ac-
count that the energy of interaction between the elec-
tron and the hole is much less than the energy of their
dimensional quantization, we first find the latter, tak-
ing into account the influence of the electric field, and
then, using perturbation theory, we take into account
the interaction potential of both quasiparticles (7).

Thus, in a cylindrical coordinate system we will
solve the stationary Schrodinger equations for non-
interacting electron and hole

H,Y(p,4,2)=E, ¥ (p,4,2), i=e,h). (8

The methods for solving (8) for an electron and a
hole are completely equivalent. Therefore, we will give
it as an example of an electron, temporarily omitting
the subscript "i".
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As can be seen from (3) and the form of the Hamil-
tonian (6), the variable z in the corresponding Schro-
dinger equation (8) is separated, and the wave function
of the electron can be found in the form

¥(F)=F(p.9)f, (2, ©
where
cos(ﬂnz z), n,=13,5,..

f, ()= (10)

sin®2z), n, =2,4,6,...
L

The Schrodinger equation with the Hamiltonian (6)
in the absence of an electric field (F = 0) is solved exactly

ED nph) = B9 an

Here n, and m are, respectively, the radial and
magnetic quantum numbers, and radial wave functions
have the form

RY(p)= AL, j P p)+ B, (x p)

(i:05 17 27 354)’ (12)
(i [m(l P)’ i:0’274
Jp) ={ 0 : (13)
J.(np), 1=13
; K, (r,p), 1=0,2,4
n(x p) = { o 14)
N, (np), 1=13

where Jn, Nm are the cylindrical Bessel functions of the
first and second kind, In, Kn are the cylindrical modi-
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All unknown coefficients AY ,BY (hence the wave

functions) and electron energies E° are found from

the conditions of continuity of wave functions (12)-(14)
and probability density fluxes at the heterointerfaces of
the nanostructure and the conditions of normalization
of the radial wave function.

In this case, from the conditions of finiteness of the
wave function at p =0 and p — oo, it follows that the

coefficients B”) =0, A =0.

In the case, when an external electric field is ap-
plied to the system, the Schrédinger equation with the
Hamiltonian (6) is not analytically solved.

To find the electron energy spectrum at F#0, we
write down unknown wave functions in the form of an
expansion of the full set of wave functions (9)

Fy(p.6) = ﬁzzcgmmﬂm(p) L (15)

Substituting expansion (15) into the Schrédinger
equation with the Hamiltonian (6), we obtain the secu-
lar equation:

H -E &5 .5 |=0, (16)

n,m,n',m nn, “n,.n',“mm

where the matrix elements H have the follow-

[~
n,m,n',m

fied Bessel functions of the first and second kind, ing form:
el 5
Hnﬂ m,n'/, m = En/, m§n/,,n'/7§m,m' + (6m',m+1 + 5m',m—1) 2 .[ Rnﬂm(p) Rn'/, m'(p) P d,D N (17)
0

Note that, as seen from (13) and (14), the new states
of the electron in its transverse motion are now charac-
terized by only one quantum number n.

The problem of finding the energy spectrum E, and
the wave functions Fu(p, @) is now reduced to the calcu-
lation of the eigenvalues and eigenvectors of the ob-
tained matrix.

Thus, both the full wave functions of the electron

we. .(F) (9) and its energy E°. . are now known. The

wave functions (w:h (7)) and the energy (EZh .+ ) of the

hole are obtained in a similar way.

The electron and hole energies found taking into ac-
count dimensional quantization and the electric field
make it possible to determine the spectrum of exciton
energies in double quantum rings according to pertur-
bation theory

e

. . e
E":,:, =E +E. +E;., +AE, Z, , (18)
where
2 W7 )W () F
e e e = a_. e e hoh
AENL" = —-—[d°F[d’F, —"——"" (19)
: 3 A

is the binding energy of the electron and the hole in the
corresponding quantum states.

The obtained energies and wave functions of the ele-
ctron also make it possible to estimate the intensities of
interband optical quantum transitions using formula (15)

e e 2
0 =|ive (o2 (0,02 pdpdpda] . (20)

Further calculation and analysis of the exciton
spectrum and intensities of interband quantum transi-
tions are performed by numerical methods.

3. ANALYSIS AND DISCUSSION OF RESULTS

The dependence of the electron, hole, and exciton
spectra and the intensities of interband optical quan-
tum transitions on the magnitude of the electric field
strength (F) was studied on the example of double na-
norings GaAs/Alo.sGaosAs with the following physical

parameters: Eg = 1424 meV, g0 = e1=13, u; =0.096 mo,
uf =0.063 mo, US =297 eV, ul =0.61 mo, 1" =0.51 mo,
Ug =224 meV (mo is the electron mass in vacuum); the

lattice constant of the medium GaAs agaas=5.65 A.
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Since all subsequent calculations of the spectral param-
eters of the electron were performed for the quantum
number n: = 1, it is further omitted for convenience.

Fig. 2 shows that the energy of the ground state of
the electron and the hole only decreases with increas-
ing F. However, this is no longer the case for excited
states. In particular, the electron energy in the state
with ne =5 increases with increasing F. In the general
case, an increase or decrease in the energies of an elec-
tron or a hole with increasing F'is due to the nanoring
in which the electron is located in the corresponding
states and the nature of the angular probability distri-
bution relative to the direction of the electric field.
Since the effective mass of the hole is almost an order
of magnitude greater than the electron mass, the den-
sity of its energy levels in the energy scale of the quan-
tum well is significant, and pronounced anticrossings
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are observed in the corresponding dependences on F
(Fig. 2b). The cause of anticrossing is a change in the
localization of the quasiparticle between the outer and
inner rings in adjacent quantum states with increasing
electric field strength [12].

The inset in Fig. 3a shows the dependence of the
binding energy of the exciton ground state on F for the
same geometric parameters of the nanosystem.

Fig. 3 shows that the exciton binding energy is max-
imal in the absence of an electric field. It only decreases
with increasing F' and is almost zero at F'=0.5 MV/m.

This behavior of AE] is easy to understand by consid-

ering the dependence of the probability density of find-
ing an electron and a hole in a nanosystem in the

ground state at F'=0, where AEl1 is maximum and

F=0.5 MV/m, where it is minimal.
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Fig. 2 - Dependences of the energies of the electron E°. (a) and the hole E:,, (b) on the magnitude of the electric field strength

(F) at L = 5 nm, po = 5aGaas, h1 = 18acaas, A = 3aGaas, h2 = 17Acaas
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Fig. 3 — Dependences of the energies of several lowest exciton levels E:, (a) and intensities of interband optical quantum transi-

tions I:: (b) on the magnitude of the electric field strength (F) at L = 5 nm, po = 5agaas, A1 = 18aacaas, A = 3acaas, h2 = 17acaas
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At F=0, the electron and the hole in the ground
state are localized in the inner nanoring. In this case,
the overlap of the corresponding wave functions in (19)
is significant, and the effective distance between the
quasiparticles is small.

The hole begins to tunnel into the outer nanoring
with increasing electric field strength. In this case, the
effective distance between the quasiparticles increases
and the binding energy decreases. At F'= 0.5 MV/m, the
hole is completely localized in the outer ring, and the
electron — in the inner one. The wave functions in the
corresponding states overlap weakly and the binding
energy is low.

This circumstance is responsible for absolutely simi-
lar behavior of the intensity of the quantum transition

I} (Fig. 3b). It is maximum at F = 0 and only decreases
with increasing F. The dependences of the transitions
intensities I:L”,Z between other quantum states on F are

nonmonotonic functions with pronounced maxima and
minima. This behavior is due to the change in the hole
localization between the outer and inner nanorings in
excited states. The number of maxima is determined by
the number of anticrossings of hole energy levels (see
Fig. 2Db).

Note that the binding energy of the exciton is much
less than the sum of size-quantized energies of the elec-
tron and the hole. Therefore, the dependence of the
energies of the exciton states on the strength F (see
Fig. 3b) is mainly due to the peculiarity of the behavior
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CoexTpanbHi mapaMeTpu eKCUTOHA B MOABIMHNX HANIBIPOBIIHUKOBUX KBAHTOBUX KiJIBIIAX
B €JIEKTPUYHOMY IIOJIi

O.M. Maxawuernp, B.I. I'yityn, LII. Kosspcpruit, A.I. Kyuax

Yepuiseupkuli nayionanvrutl yrigepcumem im. FO. @edvrosuua, s8yn. Kouwobuncoroeo, 2, 58002 Yepnisui, Yrkpaina

JlocTipreHo BILIMB OHOPITHOTO €JIEKTPUYHOTO II0JIST HA €HEePreTUYHUN CIEeKTDP eKCUTOHA Ta IHTEeHCHUB-
HOCTI MIK30HHMX KBAHTOBHX II€PEXOMiB y HoABiiHMX HamiBnpoBigaukoux (GaAs/Al.Gai - As) mumagpmy-
HIX KBAHTOBHUX KIJIBLAX. BBaskaiouw, 110 CTAJl PATKH 1 JieJIeKTPHUYHI IPOHUKHOCTI eJIeMEeHTIB HAHOCHCTEe-
MU cJIa0KO BIIPI3HAITHCA Mid co00I0, IJIS PO3PAXyHKY CHEKTPIB €JIEKTPOHA 1 TIPKKM BHKOPHUCTOBYETHCA MO-
Ieab epeKTUBHAX Mac 1 IPAMOKYTHHX IIOTeHINaiB. Bigmosimmi cramionapsi piBHauusa [lpenminrepa mis
HEB3aeMOIIIOUNX MIK CO00I0 €JIEKTPOHA 1 JIPKHU 32 BiACYTHOCTI €JIEKTPHUYHOrO MOJISI PO3B A3YIOTHCA AHAJIITH-
4HO TOYHO. PamianbHi XBUIBbOBI QYHKINI OTPUMYIOTBCA Y BUIVIAAI JOHIAHOI KoMOiHamil dyurmii Beccers,
Hetimana ta mogudikoBaunx dynkiii Beccess. Cramionapsi pisusaus [[pemiarepa st KBa3ivacTUHOK 3a
HASBHOCTI €JIEKTPUYHOTO TIOJISI AHAJITHYIHO He PO3B’a3ylTbed. Jiis iX HaOIMKeHOro po3B’A3Ky HeBIIoMl
XBUJIBOB1 (DYHKINI IIYKAIOTHCS Y BUIVISIAL PO3KJIALY 3a IOBHHM HAaO0pPOM IMIIHAPUYHO-CHMETPUYHUX XBU-
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JIOBUX (PYHKITIH, & €Hepris eJIEKTPOHA UM JIPKH 3HAXOIUTHCS 13 PO3B’I3YBAHHS BIIIIOBIIHOTO CEKYJISIPHOTO
piBHsaHHS. OCKIJIBKM €Hepris B3aeMOil MK eJeKTPOHOM 1 JipKoH HabaraTo MeHINa, HiK CyMa PO3MipHO-
KBAHTOBAHUX €HEPriil BIAIOBIIHUX KBA3IYACTUHOK, TO €HEPris 3B'S3KY eKCUTOHA 3HAXOJWUTHCS 3 BHKOPHC-
Ta”HHIM Teopii 30ypeHsb. [IpoanasizoBamo 3aIeKHOCTI €HEprii eJIEKTPOHA, TIPKU ¥ €KCUTOHA BiJl BEJITUINHHI
HAIPYKEHOCT] eJekTpudHoro moss. [lokasamo, 110 eeKTpHUYHE T0JIe CYTTEBO BIJIMBAE HA JIOKAJII3alliio KBa-
3IYACTHHOK y CHCTeMl TOJBIMHUX HaHOKLIENb. [Ipu 1mboMy sik eHeprii eJIeKTpoHa, TIPKU ¥ eKCUTOHA, TaK i
1HTEHCHUBHOCTI MIsK30HHHUX KBAHTOBHUX IIE€PEXO/IB HEMOHOTOHHO 3aJI€KATh BiJl BEJIMINHU HATIPYIKEHOCTI eJie-
KTPAYHOTO TOJIs.

Knrouogi ciosa: Hanokinbie, Excuron, Eneprernunuii criexrp, InrencusnicTs, EnexTpuune moste.
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