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1.1   

 

     -

-  ,    -

 Ha    m = m(t),    -

   |m| = m [55].    

    ,   

,  , ,      -

  (      -

  – 5-10 ),   .   , 

,    ,      

 .  ,     H -

     (  z),   -

   h(t)    xy ( .  1.1),  ,  

H = Hez   

 
 .)sin()cos()( yx ththt eeh  (1.1) 

  ex, ey  ez –      -

   xyz; 

  h = |h(t)|; 

   –   h(t); 

  p= –1  +1,       -

   h(t), ; 

 

      : 

 

 )(
2

2 tHmm
m

HW zz
a hm , (1.2) 

 mz = m·ez  z-   m,     -

. 
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 1.1 -       

. 

 

  ,    -

   -  [43]: 

 

 )( effeff m
HmmHmm . (1.3) 

   (> 0) –  ; 

   (> 0) –   ; 

 

 z
z

aeff H
m
mHtW eh

m
H )()(  (1.4) 

   ,   m.  

      ,  -

   -  [44]: 

 

 )()( effeff m
HmmnHmm , (1.5) 

  n = n(t) –         

  )(2)()( 1221 tttntn , n (t) (  = x, 
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y, z) –    n (t); 

   = kBT/ m –   ; 

  kB –  ; 

  T –  ; 

  (t) – -  ; 

   – -  . 

 

       n(t).  

(1.5),    ),,|,,( ''' ttPP )( 'tt ,  

   m     -

       -  [44, 56]: 

 

 PPfPfP
t 2

2

2

2

2
22

1 sin
)cot(  (1.6) 

 

 
.sin

sin

,sin
sin

22

1

W
m

f

W
m

f
 (1.7) 

 

 

1.2      -

  

 

1.2.1     

 

       

     ,  -

 -  (1.3).  m(t)     
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 ),()()( 10 ttt mmm  (1.8) 

   m0(t)    m(t); 

   m1(t) –     m0(t). 

 |m(t)|   |m0(t)| = m,      

u =|m0(t)|/m     v =|m1(t)|/m (v = |v| << 1). -

 ,      (1.4)  ,  -

  v: 

 
 zzaeff HuHt ehH )()()0(  (1.9) 

 ,      v: 

 .)1(
zzaeff vH eH  (1.10) 

    (1.8)       
)0()0(

effeffeff HHH      -  (1.3)    

     v,   

   u: 

 
 ).( )0()0(

effeff HuuHuu  (1.11) 

       -

   x´y´z´ ( .  1.1   A).  -

     h(t)    ,    

   '' , yx uu ,  zz uu '   u    -

,  (1.11)      . 

  : 
 

 

,)(

),(
,

'
)0(

''''

''''

zzaxeff

yxxy

zzyyxx

HuHh

uu
uuu

eeH

eeu
eeeu

 (1.12) 
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   ( 1)-( 3)     u (1.11) -

     ,  : 
 

 

,~)~()~~(

,~)~~()~~(

,~)~~()~~(

''
2

'
2

''

''
2

'

yzxzzz

zxzzyzx

zyxzzx

uhHuuhuHuu

uhuhuHuuHuu

hHuuuhuHuu

 (1.13) 

 ,/~,/~,/~
raa HhhHHH  ar H .     

,  '' , yx uu      uz: 
 

 )1(~),~(~
1 2

'

2

' zyz
z

z
x u

h
uHu

uh
uu  (1.14) 

 )1/(~ 2 ,  uz  : 
 

 ])()~[(1~ 22
2

2
2

zz
z

z uHu
u

uh  (1.15) 

 ,   (1.14)  (1.15)   u2 =  1.  

  ,    u    -

, ux  uy,     ( ) -

   

 

 
).cos()sin(
),sin()cos(

''

''

tutuu
tutuu

yxy

yxx  (1.16) 

 

 

1.2.2   

 

 ,    (1.15) ,   

       

   m.  ,   (1.3), (1.11)  

(1.8),     
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)],()()([ )1()0()0(

)1()0(

effeffeff

effeff

HuuHvuHuv

HuHvv
 (1.17) 

      m  -

,    v.    (1.3), 

 |m|  ,   v  u   -

 2u·v + v2 = 0.   ,     v,  v -

  u     t. ,    

    x"y"z" ( .  1.1  -

 A),    u  v   
 
 '''''''''' )()(, yyxxz tvtv eeveu . (1.18) 

  u·v = 0  . 
    , z" –    -

 (1.17),    d(u·v)/dt = 0,    
 

 0)]([ ''
)0()0(

zeffeff eHvuHvv , (1.19) 

   (1.11).   (1.17)   x", 

y",    ( 4)-( 6),     , 

     
 
 ,, ''4''3''''2''1'' yxyyxx vvvvvv  (1.20) 

 nrn
~    

 

 
)].1(~[11~)],1(~[1

)],1(~[11~)],1(~[1~

2
4

222
3

22
2

22
1

z
z

z
z

z

z
z

z
z

z

uH
u

uH
u

u

uH
u

uH
u

u
 (1.21) 

  ,   ,   

   ,   -
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  0'''' yx vv ,    (0,0),  (1.20). 

       -

  [57]      
 

 32
2

14
2

41 4)(
2
1)(

2
 (1.22) 

  (  + 1) (  + 4) + 2 3 = 0, -

  .      -

   Re( +) < 0  
 

 .~~4)~~(Re)~~( 32
2

14
2

41  (1.23) 

        

,          H. 

 

1.2.3   

 

,     ( .  1.2)  

  uz > 0 (  = + 1)   uz < 0 (  = – 1)  , . .  << 

0.    , uz      uz = (1 – 2/2),  

  (1.15)   2   

 

 
222

2
2

)~(

~

H
h . (1.24) 

   (1.14)         

 
.

)~(
~

,
)~(

~1~

222'

222'

H
hu

H
Hhu

y

x

 (1.25) 



 
22 

 

 1.2 –      « »  

« »     (    

    ). 

 

 ,       -

, . . 0~H ,     « » (  = – 1)  « » 

(  = + 1)    .   ,  

     , , ,  

         

      , -

 ,   ,     -

,    « »  « »  

 . 

 ,      

    0~~
41 .   41

~~   -

   ,  
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 ),2~1(~22~~ 2
41 HH  (1.26) 

   0~~
41   H~ ,    -

   

 

 
22

2

)1(
~~ hHcr , (1.27) 

        -

 .       1|~~
crHH   

 1|~~
crHH .   ,   crHH ~~     –  

,        

    – .   = ,     -

  ,  1|~
1crH   1|~

1crH . -

,   = – ,        -

     (   < 1),    (   >  1)  

.       = 2.  -

,    << 1    < 1,  (1.27)   

    h~ . 

    ,    N , 

   N/2      z ,  -

,   N/2        

   N

i zid uN
1

)/1(  (i  -

)   cos)2/1(d     <<  1  –  

4/)( 2
1

2
1d .  ,  0~H     

 

 
222)1(

~h  (1.28) 
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    sin  =    (1.24),  -

     

 

 .
4])1(1[

~
2222

2hd  (1.29) 

  ,  (i)   d  

  , . . d = 0,  0)1/(~ 2 , (ii) -

        

  ,  (iii)   d     -

 .   d    = m,   

 

 ,121
)1(3

1 422
2m  (1.30) 

 2)2/~(| hmd    << 1.  h~ ,   -

 ,     ,       

 . 

 
1.2.4     

 

     H = 0  (1.15)  -

   h = Fp(uz),  

 

 22
2

)()(1)( xx
x

xxFp  (1.31) 

(– 1  x 1).  ,  Fp(x)  : 

Fp(– x)= F – p(x), Fp(– 1) = Fp(+1) = 0, Fp(x)    x  0,    -

   x = x1 (x1 > 0)     x = x2 (x2 > 0) ( . 

 1.3). 

  ,      -



 
25 

       =  –     

  h.  ,     

h~  = Fp(uz)  sgn(uz) = –      .   , 

  uz  h~     (1.4) (  1). 

      =  (  sgn(uz) = ) -

      h~ .    

 |uz| > x2,    )(~~
2xFhh pcr  ( .  (1.4),  

2).  0~~
crhh   uz|  =  = x2  uz|  =  = x3 (x3 > 0)   

      uz|  =  = x2   . 

uz|  = –  = – x4 (x4 > 0)   ,      

h~ ,         . 

 

 
 1.3 –   F+1(x)   = 0.25   = 0.2.   0,  xn 0, 

F+1(x) 0, crh~  = F+1(x2) 1. 

  ,     (  <<1),  -

   ,     

  .  ,  ,   

 

 
2

2
2 ~1

~~1
h

hhuz  (1.32) 

 1 – 2~h  >> 2/3;  uz|  = – = – / h~   h~  >> 1.  -

  



 
26 

 
 

 1.4 –      h~  = Fp(uz)    

,     (1.3).   = –1  1  2   -

    h~ . 

 

 
zz

z uu
u 1, 42

2
31  (1.33) 

 ,    (1.22)   =    

 |uz| > x2,       –  
3/2)3/2(1~

crh . ,   dF /dx = 0  )(~ xFh pcr  -

 x    x1 = , x2 =  1/3, x3 = /2  x4 = 2  1/3. -

    uz = x2 + x4,      

      ,      

0    0.         

   (  uz  = 0,3   = 10 –3). 

 ,      -

          -

 ,      

.      ,   -

   = +1, . .      -

      . 
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1.3       

 

1.3.1    

 

       

     H,   

,    [58].  ,  ,    -

   Hcr       

   .    ,   

      . ,   [13, 

59] ,       H , 

  .  [53]   -

       -

      H,     -

 ,    h(t), -   

,    .     

 Hcr   ,   [58].    

Hcr       -

       h(t) [60]. 

      h(t)  

      [61, 62, 55].  

     -

      [55, 63].    -

        h(t), 

 ,      -

  -   h(t).  , 

    [64] ,    

       

  .     h(t)   -
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   ,     

   . 

        

     .   -

  [65],      -

  h(t)       

.   ,     h(t)   -

     ,   ,  

,     [66].  ,  m  -

        [67]  

        -

         m.  -

,       ,  -

       ,    

  -  ,  

.        . 

 

1.3.2       -

-    

 

     ,   -

-  (1.3)        

      

 

 
.sin

sin
cosctgcos

,cossincossin

thtH

thHth

a

a
 (1.34) 
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 1.5 –     .  

)     . )     

 -  . )   . 

 
 

      , ,   -

   .     

 m     ( .  1.5 ).    

,   [66],  ,      -

 P- .  P-   (1.34)    

 (1.15),       

 

 
2

2
1

2

21
1

2
1

2
2

1
cos~

1

~
cos

cos
cos1~h , (1.35) 

 1 –     .  

 (1.35),     1.    (1.35)  4 

 ,      1, 2  3.  

   (1.23) 

    m,   Q- , -

        

  ( .  1.5 )       -



 
30 

 .     (1.34)    

,        -

.   1.6      (1.34)  

      :  = 0.2, 

9.0~ ,  = 1. ,     P- ,  

Q- ,    ,     -

      z > 0 . -

 ,  h(t)      -

   z,   ,        -

   . 

 

 1.6 –    (1.34)    -

-  . 
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 ,      .  

     (1.34)   -

    h.     1.6,  -

        

 ,         -

        . 

 ,    (1.23),   -

    m, ,   , 

 

 1.7 –    (1.34)   -

  h~  -  . 

 

      h,    

   ,       

 z. ,      ,  -

    h     -

    . 

 P-   m   (1.35), -

  ,    ,   -

  (1.34).  ,       

  ,       -

 .   1.8    ,  



 
32 

 

 1.8 –       -

   -  .   – 

  . 

 

  ,    :  = 0.2, 

 = 1.        -

  cos 1      . 

        (1.35) -

   (1.23).      -

 .       

cos 1        P-   
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 .    (1.35)   -

 .      -

  m.      ,   > 0,   -

         mz.   h  

        P-

      z   -

  . ,    h,   

  ,     

,    Q- ,      

 .        

P-  .       

  Q-     . 

       -

     ,   

 1.9.   1  P- , 2 – Q- ,  3 

–  P- , 4 – P-      

z.   ,    1.9 ,   

    ,     

   1.9 ,      -

   .     

.    ,     

       . ,  -

        -

    ,     

   1,2  3 ( .  1.9 ). ,   

m   4,  :   4     

         -

     .       

 ,     z.   

 ,    . 



 
34 

 

 1.9 –  , : )   -

  -  , )   

  , )     . 

 

    1.9     -

       

 mz       -

 ( .  1.10 ).      ,   



 
35 

 ,       

    ,   

  (1.23).      

1.10 .          

(1.35)   4,         -

    ,    5.   

,    5    1.9    

        

(1.34)  . 

 

 1.10 – )      

 : 1 –  09.0~h , 2 –  23.0~h ,  , 3 –  

23.0~h ,  . 1
~ , 3

~ –   m, 2
~  –   

  m. )       

  ~ . 

 

 

 

 

1.3.3       
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   ,    

-   ,     -

   H,     -

.  ,     ,     -

 ,     , 

         H. -

     1.11.   -

     H = – 0.9H ;  = 0.2.   

     1.9. 

 

 

 1.11 –  ,    -

  -      -

 . 

 

    m   -

       -

  1.12,      

.     .   

,        z,  -

     , ,  , -

  ,    ,  



 
37 

( .  1.12 ).    H   

, , ,    h.     -

       

  .  ,  ,    -

   ,     -

 .     , -

      

       -

 .  

       -

    m    .   

 1.13 ,    ,   

 

 1.12 –     “   

” – “  ”,     -

.   –  ,  –   

P-   P- ,  –   P-   Q- , -

 –   Q-   P- . 

 

  ,     

  ,     



 
38 

  . 

 

 1.13 –     “  -

 ” – “  ”. ) 4.0~ , ) 7.0~  ) 75.0~ . 

 

 

1.4   

 

1.4.1        

 

     ,   -

       -

-  (1.6).    ,    -

  , ,   ,   

      ( )   (– ).    



 
39 

          

  t         

     (H = 0).  ,  -

      (1.6).  ,   

       ,  -

     [68] ,    -

          -

   ,        

   -  [56, 69] 

  

 PPfPPfP
t 2

2

2

2

22

2
22

1 sin
)cot(  (1.36) 

 

[ ),,(2,12,1 tff ],    (1.6).    

,    t     .   -

        -

 , , ,    , 

   .     , -

     ( . . ,   

     ,   

  a = Ham/2kBT >> 1)       -

    (1.28). ,      -

   ,  ,   -

  ,      (1.36). , 

    P  P = P( , t | , t)    -

,  2sin5.01 rf ,  (1.36)     

: 

 PPP
t r 2

2
22 )cot2sin

2
(  (1.37) 

   [70]     
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 ,     ,   -

    

 

 
0

)1(

)1(

)0,|,()( tPddT  (1.38) 

     (1.37)   

    
 

 0)()2sin(cot)(
2

2

rat
d

dTa
d
Td  (1.39) 

  )2/,( 1   = +1, ),2/( 1    = – 1, 

 1
)2(

1
)1(

1
)2(

11
)1(

1 ,2/, ,  tr = 2/ r –    

     .  -

       t  -

    T ( )     -

     t  = 2T ( [1 – ]/2 + ). 

  (1.39), c       

    , . . T ( /2)  =  0    

dT ( )/d | ’ = (1 – )/2+   = 0,       

  (a >>1   << 1): 
 

 )]~21(exp[
2

Ha
a

tt r  (1.40) 

 2/~ 2H       

,      . 

  ,     

  . ,    , -

         .  

  ,       

      . 
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1.4.2   

 

       

      

)(/)/1(
1

NmmN N

i zi .     -

     N       p  = N /N  

(p+1 + p–1 = 1) ,         -

,     
 

 |cosp  (1.41) 

 <cos >|  = (1/N ) i  N cos( i) –    -

     z mzi/m   .  a >>1,   

   <cos >|    (1.41)    cos  

(1 – 2/2).          = t + 

+ td + d.  t = p   td = (2p  – 1) 2/4    -

    ,  d    

   (1.29).   << 1,  t/ td  >> 1 -

,    t + d.  ,    

(  )    ,    

  p+1  p-1, . . t.  ,  ,      

 , | t| ,     a.  

   ,      

 p  = t /( t+1 + t-1)    (1.40),  

 
 )]~~(tanh[ 11 HHat  (1.42) 

 t    , )~2tanh( Ha , -

 ,         -

     t,      
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2/)~~( 11 HH     . -

 ,  dHH 2/)~~( 11 ,      t  (1.42). 

 t = tanh(2a d).  a >> 1  | d| << 1,   -

,  t/ d >> 1,     t, . .    

   .  ,  a| d| << 1, 

 t/ d = 2a.      d,  t     -

 ,  , | t|     ( . -

 1.14). 

 

 
 1.14 –      k  -

 h~  = 10 –3,  = 10 – 2, a = 20 (  1),  a = 40 (  2).   

     ,    . 

 

1.4.3   

 

   ,   -

    ,    

[71]. . .       -

    – ,  1/t ,  , -

     (t)   

  : 

 



 
43 

 
1111

11)11)(()(
tttt

tt  (1.43) 

 (0) = 1 (    ), 

  (1.43)   : 

 
 tt tt )/exp()1()(  (1.44) 

  

 
)](cosh[
)](exp[

11

11
0 HHa

HHa  (1.45) 

       ,  

aatr exp/)4/(0  –      -

 . . .        

( / 0 < 1)       [ ( ) = t] 

 

1.5    1 

 

        -

    ,     

       -

  ,    ,    -

.       -

   (     ) 

    . ,   -

,      ,   

        . 

      ,  
   - ,   

     .  ,  
 ,       ,   
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,    .   -
 ,        

    –  -
  .        -

         – 
. .  ,       

     . 
       

  .    -
     -  

 . ,      
        -

,       .   
     . -

       
    . 

       -
- ,        

     .    -
      -

,    .  ,   , -
       , 
    ,    ,   

   . ,   
     ,  

     .  
        -

 - ,        

  . 
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2      

 

 

 

  ,       

  , , ,  ,  -

   .       -

 ,       

       IT-

.        -

-         

       . -

         -

 ,      IT- , 

     . 

       

  ,    -

  ,     . 

,    ,     

 ,    -

   ,  perpendicular patterned-media (PPM) [6-

9]. ,      ~ 100 

Tbit/inch2.         – 

   (magnetic tunnel junctions) [72] –  

     ,   -

   (MRAM) [39-42],  -

 . 
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2.1      -

   

 

     -

       

     .   -

        -

 .   PPM- ,     

    , -

      .  

      -

    , ,   

   . 

     -

        -

 [16, 17].       

 ,     -

 ,      –   -

  [73],      

    .    

   ,    

.  

        

1956  [74]       [73],   

      .    -

      . 

        

    ,   -

 -  [75, 76].   ,    -

      , -
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 [77-79].          -

          

,         -

  . 

     ,  -

     .  

       -

  .       

, ,   ,     

 ,     , ,   

,      .  , -

          -

   ,      , 

   . 

 

2.2     

 

      -

  Si,    R + R [80].  -

,   Si        

     .  ,  

     R    

  JC,      R   

R –    JS.   -

       

 Jif,     .  -

,          

,     KC   KS   -

 KC << KS,      ,   
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 [74],      HEB -

.         h(t), 

      -

     ,       -

      . -

   ,     

        -

-     -

  .      

 ,      . 

     -

  ,       [77-79] 

 

 
Cji

jiS
Ci

iiC
Cji

jiC
B

JKJ
k
H

,

2

,
SSeSSS   

 
i

i
SjCi

jiIf
Si

iiS JK ShSSeS
,

2  (2.1) 

       . 

       [76].   -

       -

  si   .        

,        

,         -

     [75].  

, ,       -

        -

 .      .    

 ,         -

       .  

   : R =  9d,  d –  ;  
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R = 2d; JC = 5 K; KC = 1 K; Jif = – 2,5 K; T = 0,1 K.   -

         Kh ]15;15[  

  h = 0,1 K.   -      –  

N = 5·103  .  -      -

 [75, 76]   ,    -

  ,      -

     p ~ exp(– E/T).  E –   

      . -

         -

,      ,  -

     KC(Si)2,  

   E. 

         -

   [41, 77]:     

  .   T1 = 15 K,   -

 T = 0,1 K, JS = – 2,5 K.      

 .       -

,   .      

 ,  Jif = 0 .  ,     

  .      2.1. 

       -

  

 

 
Ri i

R
S

N
M S1  (2.2) 

 NR –   . 

       -

   ,    

   .     ,  

     ,   



 
50 

    ,  , 

,    ,    -

  (  2.1 , 1).      -

   (  2.1 , 2). , ,   -

   ,     

(  2.1 , 3).     , 

   ,    

      .    -

 HEB     
 

 2crclEB HHH  (2.3) 

 

 
 

 2.1 -  .     -

: )    ; )    -

 (1),      (2),    -

     (3) 

 

  ,       

 ,         -

      Si.    

   ,    
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.  ,       

       

 ( . . 2.2).    ,  -

         

   [58]. 

 

 
 

 2.2 -  .   . -

  –   .   –  

. 

 
      , -

      Si.    ,  

       , , -

   ,    -

.        , 

  ,      (0; 2 ]  

   - . ,      , 
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   ,         -

         

   : KC(Siei)2 = KCSi
2cos i.  i –   

 Si.        -

        -

       ,   

      .    

        

  -        

 (  = 30º)    i.    -

       -

        -

.        

     ( . . 2.3). 

 

 
 

 2.3 -  .    

(  ).   –   . 
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     (2.4).   -

     ,      ( .  

2.1).   ,      

 

 
 

 2.4 -     .  -

: )     (1),     

 (2),        -

 (3); )     (  ) 

 

 ,          

   .     2.1   2.4 ,  

       ,  

  ,    . , -

  

 
 2clcrC HHH  (2.4) 

       -

,    ,    .  -

    .      -
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.          -

  . 

       -

        -

,    [81].        

  - .      -

 Si,        Si   

,  –   Si      

.  ,      -

   ,       

      .   -

 , ,    ,   

         -

   -      -

 . 

 

 

2.3        

 

 

     ,    

         -

.     : -

        -

    .      

       

    ,   -

, , ,      -

      . 
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2.3.1   

 

       -
.  ,     ,  -

  ,    -
,          
   .   -

      ,   
  .      -

    .  
      -

   2.5.      :  
R = 9d; R = 2d; JC = 10 K; KC = 1 K; Jif = – 5 K.    

        Kh ]5.3;5.3[   

 h = 0,1 K.   -      –  
N = 1·103  .   (1)      -

  .       

 

 2.5 –     HC (1) 

   HEB(2) 
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   ,     

         -

   .  

 

2.3.2     

 

      -

 ,      -

    .   ,  

  ,     -    

     .  –     -

      .  -

      ,     

   R   .    ,   R 

      . ,  

       .  -

        R   

      , 

  ,    . 

      -

       HC(R)  HEB(R)    

       

 ( . . 2.6).     ,    -

 ,   ,    T =  0,1  K,   

  -      – N = 2·103  .  

  ,    HC   ,   

    .    ,   , 

   HEB     -

,   ,        

   R.   2.7     
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  ,     

   , ,   HEB. 

 

 2.6 -    HC (1)   -

 HEB(2)   .  

 

 

 

 2.7 –    : )  R = 7d, )  R = 8d. 

,   . 2.7        5, 6  9, -

      ,     . 
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  ,      -

  ,    -

 HEB(R)  H (R).        

  ,       

 ,      -

,      – JS =  –  5  K;  

  – KS = 20 K.    ,    -

       

   .       

      , 

   .     

      ,   

  .       -

  . . -  [73],     -

        . 

 

 2.8 -    HC (1)   

 HEB(2)   .     ) – 103, ) – 2·103. 
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2.3.3        

  

 

  Jif        -

  ,     « » 

 . ,    

   –        

    . ,  -

 HEB(Jif)  :   (   ) 

    (2; 4)  (– 4; –2).    Jif  

(– 2; –2)         

  ,         -

 . 

 

 2.9 –    HC (2)    

HEB(1)   Jif       . 
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2.4    2 

 

 ,        -

        

 - . ,      -

        , ,  

    .   -

       -

. ,       -

       ,  

        

 -         -

 .  

        -

         

 .  ,    -

 HC  HEB,        

      .  -

  HC  HEB      -

 - .   ,   -

      

   .   ,   -

          -

    ,     .  
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3     

  

 

3.1        -

 :    

 

3.1.1        

 

 ,      , . .  

 ,      

        [82].   -

       : 

 
 tdD1

22 2)()( rrr , (3.1) 

 r – -  ; 

d –  ; 

D1 –    2 –1. 

     , , 

,     [2-18].  -

      ,  -

.          

     .  -

         

    .   

        

     [83]. 

   70-      -

   ,    (3.1)  .  

    ,   -

   (  , ., , [36-85]),   
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 v
vtdD2)()( 22 rrr , (3.2) 

 

 D  –     2 – ; 

 –   ,   1. 

  ,  > 1  -

 (        ),   

0 < < 1 –  (        

). 

        

        

[86, 87].  .  (H. Scher)  .  (E. Montroll)  

[86],       , 

     .   

    ,      

 .        -

      -  

    .    

:       [88,89], -

       [90], -

    [91],  . 

    –   

 [92,93]:  ,    , -

      t   l,  l 2(t)   t 3.    

     1926   (L.F. 

Richardson) [92],        -

     ,   -

   .     (G.K. Batchelor) [94] 

 ,      -

,       .    , 
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      .  -

,      (S. Lovejoy) [95]   

        , ,   

   . , ,  (H.G.E. 

Hentschel)   (I. Procaccia) [96],     -

,      -

,       , -

   ,       .    

    4/3    

   ,   -

 .       

  1987       ,  

          

    ,    -

-  (  ) [93].     -

    [97, 98],     [99],  

   [100, 101],    [102],  -

   [103],    [104],  . 

        

.           

    [105, 106],   -

-  [107-110]     [111 - 112].  -

      .   

       , 

        [113 - 116].  

       ,  

          

  ,    -

      [117 - 124].    -

  ,      1) 
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         -

    [125]  2)   

  ,      -

,     [126].        

 : -  ,    

.  ,  [126]    

          , 

    ,  -

 ,     [96].   -

        

  [127],       

  -      [128]. 

    ,       -

    ,     -

    ,   , 

      . 

 

3.1.2   

 

        -

   .     , -

     , .     

      -

.     ,  ,   

.      

 
 )(),( ttxgx , (3.3) 

 x –   (     ); 

x(0) = x0 > 0 –   ; 

g(x, t) –     (t). 
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,        -

, . . g(x, t) = G(x) / (t).      (t) 

    ,   . 

  (3.3)   

 
 )()()( txGxt . (3.4) 

    G(x) > 0   x  (t) > 0   t. 

 ,     ,  -

         

  : 

 
 |)(|)()( ttrtt  (3.5) 

  r(u)   : r(0) > 0, . . , -

  , ; r( ) = 0, . .    

 ,     ,    

 .         

   , . .    -

     .   -

,   – , ,      -

-  . 

 

3.1.3   

 

      ,  

    ,    

 .       -

. 

   [127],    (3.4) 

    

 x(t) = –1[ (t) + u0], (3.6) 
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  –1(u)     (x): 

 
x

x xG
xdxx

0
)(

)()( 0 ; (3.7) 

(t) –   : 

 
t dt
0 )(

)()( ; (3.8) 

u0 = (x0). 

   (3.8)    

    : 

 

 
t t rddttttK
0 0 )()(

)||()()(),(      (t > t'). (3.9) 

,       

   

 

 2/
0

1 2))((
2
1)( ynn eutydytx . (3.10) 

 n = 0, 1, 2, …; 
 2(t) =  2(t)  –    (t): 

 

 
t t rddt
0 0

2

)()(
|)(|)( . (3.11) 

   (  )  -

  ,        

 , . . 

 G(x) ~ |x|     (x  ),     (t) ~ bt    (t  ), (3.12) 

  (  1)   (  1/2) –   . 
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,      -

 x   –  x. 

     [r(u)  =  (u),  – ] 

  (3.4)   = 0   = 0    

         (  -

 ,      -

).   = 0   = 1/4 (    , 

  )      -

,      [102]. , ,    

 (3.12)   [126]      -

 ,    .   -

 ,       

  (3.9)   = 0   = 0    -

 [114],     0   = 0  [115]. 

       

( = 1)       , 
222 )()()( txtxtx .     [127]    

 
 )(222 2~2~)( t

x ext      (t  ), (3.13) 

 x~  –   . 

     (3.12)    

  (3.9),  

 
t

t

t

t

rddttK
~ ~ )(

)||(~),(      (t, t'  ), 

 t~  –   . 

    –  '  =  u  '  =  v    
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vu
vu

vuJ
4

1
222

11

. 

     ,  

 (3.9)   (t)     

 
t tut

tut vuv
dvudur

b
ttK

0 ~~ 22

2

2 4
1)(1~),(  

tt tut

tut vuv
dvudur

0 ~~ 2

2

2 4
1)(  

 
t

tt

utt

tut vuv
dvudur

2

2 ~~ 2 4
1)(      (t, t'  ). 

,    (3.11)   

 
t utt

tut vuv
dvudur

b
t

0 ~~ 22
2

2

2 4
1)(2~)(      (t  ). (3.14) 

 ,       [r(u)  =  (u)] -

 (3.14)     [127]: 

 

21
2~)(

21

2
2 t

b
t      (t  ), 

  < 1/2; 

)~/ln()/2(~)( 22 ttlt      (t  ), 

  =  1/2.  

     = 1/2,     

       -

       -

    [127].    (3.14)  
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    : 

 
222

22
42

4
1ln

2
1

4
vvuvu

vvu
dv . 

    (3.8)    

 
t
t

b
t r

~ln2~)( 2
2      (t  ), (3.15) 

 r –   : 

0

)(udurr . 

  (3.15)      

 (3.13),   

 

 
2

4

22 ~~2~)(
b

x

r

t
txt      (t  ). (3.16) 

      -

      ,  : 

     r  

.   , ,   -

 ,  r  < b2/4,  ,  r  =  b2/4,  -

,  r  >  b2/4  
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3.2     , -

     

 

3.2.1   

 

       -

    .     

 ,       

, . .  ,   ,   

    .   -

          -

 . 

      .   

(W. Horsthemke)  .  (R. Lefever) [2].   ,  

      ,     

    .   -

    –    -

     .  ,    -

        

       -

,         . 

  ,  , -

       ,   -

    .      -

       

  ,  : 1)  -

 ( ) , . .      ; 

2)        -

; 3)      ,  

    .  , 
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   ,   -

. ,         -

   .     -

         

    . 

         -

   ,    

   .      

    ,   

     . , ,  

[21],      .      

    .   -

,    ,      

 ,   ,    . 

,      ,  

  ,  – ,    

. 

        

« »,   .     

        

 , ,   ,    .  

,          

,  ,      -

. ,         [129-

130],       [131-133]  

 [134] ,   [135],  -

 [136-139],    -  -

 [140].  [141-143]     -

     ; ,   , 

     , -
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   .  [144]  -

       ; -

,         

      -

.  ,    -

   (       ,  

,   , ),   [145]  -

   -   -

    .    -

          

      . 

 

3.2.2   

 

   ,  -

  , ,    

    ( .  3.1).  -

   

 
0)()(2)( 322

0 xxtxtxtx , 

 x(t) –   ;  –  ; 0 –  -

 ;    –  .   -

  ,      

.   ,    -

    , . .  >>  0,   -

    .    -

    ,     

    

 

 32 xbxaxx      (a > 0  b > 0).  



 
73 

 

 

 3.1 – .    [20]. 

 

 

,    a  >>  b  b  << 1,   

      (    

  ).     

 
 )()](1[ 2

32
1 txxtbaxx , (3.17) 

 1(t) –   ( ,  -

   “ ”); 2(t) –   (  , 

      ).  -

   (a –1   )    

  ,     , . . 

    .     

  ,     -

.  , ,  i(t) –    , 

    ,     

 

 )(2)()( tttt ijji , (3.18) 

x 

0 
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        ; 

(t) – -  ;  ij    : 

221

211

r
r

ij , 

1 ( 0)  2 ( 0) –   1(t)  2(t), ; r – -

   1(t)  2(t).     

(3.17)    

 

 
2

1
)())(())(()(

i
ii ttxgtxftx , (3.19) 

 f(x)  =  –  ax  –  bx2 –  x3, g1(x)  =  bx2, g2(x)  =  1.  

 

3.2.3    

 

        -

,   - .   -

        

- ,    (3.19).   -

   , ,    -

  i(t)     i (0    i  1), 

  ,     -

  gi(x(t))    . -

 -    [145] 

 

 ),()(),()]()([),( 2

2

txPxd
x

txPxhxf
x

txP
t

, (3.20) 

 h(x) –    , 
2

1

2

1
)()(2)(

i j
jiiji xgxgxh ; 
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d(x) –  , 
2

1

2

1
)()()(

i j
jiij xgxgxd . 

    (    -

)     ,   , 

       , -

   (3.19),   .  

,   t        

Pst(x),     .     -

   ,      

 . 

,        

   h(x)  =  1d (x), ,   -

 ,       

 

 
x

st yd
yf

dy
xZd

xP
0

1 )(
)(

exp
)(

1)(
1

, (3.21) 

 Z –  .   , 

  (3.17) 

 
2242

1 2)( xrxbxd , 

12)1( bv . 

   (3.21),    : 
 

 
x

st yry
ybyaydy

b
xrxCxP

0
224

32

2
1

1224

2
1exp2)( 1 . (3.22) 

       –      -

 ,   1    1(t) -

  1/2,    .   -
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,         

,    ,       -

 1,  0.   ,    -

      . 

 

3.2.4   

 

       -

    ,    

.     0)(xPst ,   -

      (3.21): 

 
 f (x) + d (x)( 1 – 1) = 0. (3.23) 

    , -

    ,   , 

  (3.17).      ,  

       .  ,   r = 0 

 (3.23)      ,    f(x) = 0, . . 

        

.     r  =  rcr (rcr   0   –1   rcr  1)  -

     Pst(x)  -

  r  =  rcr  – 0   r  =  rcr  + 0.    -

        

, . .  r  =  rcr     

  . 

,      

(3.22)   

 0
11

2 vraxbxx , (3.24) 
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  = 4(1 – 1) 1b2.      r  = 0. -

    

1
4

)1( 2

2 abD . 

   ,   ,   

 .  (3.24)    x = 0, -

       -

   , . .  

    .   r  0   
 

1
)(4

)1( 2

2 vrabD . 

   ,      
 

)1(4
442

v
aabrcr . 

,    ,    b: 
 

v
arcr . 

, ,    = /a,  ,  rcr = – 1/ .  

r > rcr  (3.24)     x =  0,   

   (3.22)  ,  -

   3.2 .  r < rcr (     ,   

  |rcr| < 1)  (3.24)   ,   

  (3.22) –     3.2 . -

,  r = rcr  -  . -

- -      , 

 ,   Pst(x)    -

    r  =  rcr.     -
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 3.3. 

 

 3.2 –       = 2,  =  2,  

1 = 0,5 (rcr = – 0,25): ) r = 0; ) r = – 0,9. 

 
 

 3.3 –   ,  -

-  ,    (  = 2, 

 = 2, 1 = 0,5 rcr = – 0,25). 

 

 

 ,  ,   b -

x-5,0 -2,5 0,0 2,5

Pst(x)

0,00

0,05

0,10

0,15

0,20

x-5,0 -2,5 0,0 2,5

Pst(x)

0,00

0,05

0,10

0,15

0,20

r1,0 0,5 0,0 -0,5

xcr

-1,0

-0,5

0,0

0,5
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    (3.17)  ,    

      . 

 

3.2.5   

 

   (3.21)     

  , Pst(x) ~ exp[– Uef(x)],  Uef(x) – 

 .     : 

 

 )(ln)1(
)(
)()( 1

0

xd
yd
yfdyxU

x

ef . (3.25) 

 r = 0      -

 U(x).   r = rcr     ,  

   ,   -

 . 

   ,   

 (3.22),   

 

 )]2(ln[)1(
2

1)( 2242
11

0
224

32

2
1

xrxb
yry

ybyaydy
b

xU
x

ef .  

     3.4.  r > rcr   

   (     3.1 ),   r < rcr –  -

 (     3.4 ). 

 

3.3    2 

 

1.        

        -

  -    ,   

 – ,   – .  -
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  -      -

,      ,  

   . 

 

 3.4 –       = 2,  = 2, 

a = 1, 1 = 0,5 (rcr = – 0,25): ) r = 0; ) r = – 0,9. 

 
 

2.        

      -

,          

    ,    -

-   ,  . 

3.       -

  ,   ,  

       -

 ,    . 

,        -

,       . 

4. ,        -

       -

   . ,     

x-5,0 -2,5 0,0 2,5

Uef (x)

0,0

0,5

1,0

1,5

2,0
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 cr ,    < cr   ,   = cr – 

 ,   > cr – .     

      [127]. 
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4.1   

 

       -

     ,    ,   

    , ,   

 .     ,   ,  

         .  

,       -

,    ,    , 

 ,       [2], -

  [146, 147],     -

 [35, 36]    [148].  ,   -

 ,      ,  

       . 

   ,     -

    .    

    ,   

,    .     -

         

 [36].         -

  [149-152],   [153-157],      

    [158-162]. 

  ,   , 

 ,      

    .   

 , ,     
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    [22-24]      

   ,      

       .   

,   ,   , , -

       .    

       -

  .       

    ,   

    . 

 

 

4.2      

 

 

4.2.1     

 

    ,  

  ,     [163] 

 
 )( tt XgfX . (4.1) 

 Xt   , f( > 0) –    

g(x) = – dU(x)/dx = ± g –   ,  -

   U(x) ( .  4.1). ,  

  sj   U(x)    

    ( )   p(s). 

 ,  ,     f > g  g(+  0)  =  –  g. 

        ,   -

   U(x)     -

, dU(x)/dx|x = +0 = + g ,  
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 4.1 –   ) -   

 U(x)  )     

g(x)= – dU(x)/dx    x. 

 

 

 ggX )0(,00 . (4.2) 

      (4.1) -

,  f > g.        -

 . 

 (4.1)   ,    

     .  -

    ,     Xt 

   .  ,     

    ,   -

     ,    -

,       . 

       

  Pt(x) ,  Xt = x    t.  -

      Pt(x)   

 
 )()( tx XxtP , (4.3) 
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       g(x),  (x – 

Xt)  -  .     Wn(t) , 

     g(x)   (0, Xt)  n (  1)  

 (  g  – g).      Xt  n-   

(n +1)-   g(x)     

 

 
n

j
njt ssX

1
1

~ , (4.4) 

 11
~

nn ss .    (4.1)    sj 

  sj/[f + (– 1) jg],    

 

 t
gf

s
gf

sn

j
n

n
j

j

1
1

1

)1(

~

)1(
. (4.5) 

 ,  
 

 
n

j
j

jn
n

gf
s

tgfs
1

1
1

1
1~ . (4.6) 

 
 

 t
gf

sn

j
j

j

1 1
, (4.7) 

   0~
1ns ,   n-   

 sj  n(t)   sj. ,  

 ,  (n + 1)-   g(x)    ssn 1
~ ,  

1
~

ns
dssp ,   

 

 t s

n

j
jjn

n n
dsspspdstW

1~
1

. (4.8) 

  g(x)      (0, Xt), . .  n = 0, -
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1

~0 s
dssptW , (4.9) 

 tgfs )(~
1 . ,   W0(t)  Wn(t)   

: 110 n n tWtW  ( .  ). 

    (4.3) ,   

       

 

 
1

)(
0

n

n
tt xPtWtgfxxP , (4.10) 

 

 
n

j
njs

t

n

j
jj

n
t ssxdsspspdsxP

n
n

1
1~

1

)( ~
1

. (4.11) 

      Pt(x)  

         g(x). 

        

 g(x). ,        

     p(s)  -

  sj. 

 
4.2.2       

 

,   (4.10),    -

    .     -

   n-   n(t),     

 n.        ,  -

   sj      

p(s) = exp(– s),  –1       sj. -
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  ,     , -

      [164] 
 

 
0,0
0,1

2
1 )(

dz
yiz

e yiz
. (4.12) 

 y –   .   -

 (4.11)    (4.12),   
 

 n
j

j
j gfst 1 1 , (4.13) 

 

 

0 0
1

)( 1exp...exp
2
1)(

n

j

j
jjj

n
t gfsyizspds

yiz
tyizdzxP

  

 
n

j
njs

ssxdssp
n 1

1~
~

1
. (4.14) 

  ,   (4.14)   ,   

 )()( xP n
t        (4.11), -

   (4.14)   n   sj. -

   -   

 

 dxix exp
2
1 , (4.15) 

    ,   (4.5) 

 

 
m

j
j

m

j
mj s

gf
gtgfss

1
2

2

1
12

2~ , (4.16) 

 (4.14)  p(s) = exp(– s)  n = 2m      
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 tgfxidxP m
t exp

2
1

2
2  

 21exp mm IItgfyiz
yiz

dz . (4.17) 

 

 
0

exp dssspI , (4.18) 

 Re( ) > 0   

 
gf

igyiz
gf
yiz 2, 21 . (4.19) 

 ,  

 
m

j
j

m

j
mj s

gf
gtgfss

1
12

12

1
12

2~ , (4.20) 

 (4.14)  n = 2m – 1   

 tgfxidxP m
t exp

2
1

2
12  

 4
1

3exp mm IItgfyiz
yiz

dz , (4.21) 

 

 
gf
yiz

gf
igyiz

43 ,2 . (4.22) 

   ,  ,  -

   z   (4.17)  (4.21)    -

   y.  ,     -

 (4.11),    xP m
t

2   xP m
t

12    

   y.  ,     Pt(x) 

      y.  ,   
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    z   -

  m,   y > (f – g),    

  .     Re( k) >     k, , 

,    |I( k)| < 1,   -

        

  

 
1 21

21
21 1m

mm

II
IIII , 

 
1 43

3
4

1
3 1m

mm

II
III . (4.23) 

,   W0(t) = exp[– (f – g)t],   
 

 
1

122

1 n

m
t

m
t

n

n
t xPxPxP  (4.24) 

  (4.10)    ,  -

  Pt(x)     

 

 dxixP tt exp
2
1 , (4.25) 

 

 gti
zzzz

igyizfti
t exp2

2
exp

21
 

 dztyizgti
zzzz

gf expexp
43

 (4.26) 

–   Xt, 
 

 

bgyiagz
bgyiagz

bgyiagz
bgyiagz

4

3

2

1

,
,
,

 (4.27) 
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 a( ) = g2 /b( ), 

 

 
21

21242222222222 4
2

1 ggfgfb . (4.28) 

 ,    (4.26)    

( .  ),    t , -

    

 tiatbtiatb
iab
igfe fti

t coshsinh)( . (4.29) 

  ,      -

  y.  a( )  b( )  | |      g    g, 

.    , tgfit exp~   | |   ,  ,  

,   Pt(x)   , -

 -  .  

 
 xPtgfxtgfxP tt

~exp , (4.30) 

 

 dxixP tt exp~
2
1~ , (4.31) 

 tigftt exp~ , (4.32) 

 0~
t   | |  .  (4.29) – (4.32)   

 Pt(x)          (4.10)  

(4.11)       .   

      -

    . 

        

  Pt(x)  ,    -

 g(x)     .  
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,    g(+0) = – g   p1  g(+0) = + g  

 p2 (p1 + p2 = 1).       -

   

 
 ggttt xPpxPpxR 21 . (4.33) 

 

4.2.3    

 

   
 

 ...3,2,1kdxxPxX t
kk

t  (4.34) 

      
 

 
0

1
tk

k

k
k
t d

d
i

X . (4.35) 

 ,    (4.35)   (4.29)  

  .  ,     

 

 

 ft
f

gfgt
f

gfX t 2exp1
2 2

22

. (4.36) 

   ,     t <<  1/ f, 

    Xt = (f – g)t.     -

:     g(Xt) = – g   -

  ,     1   

    f – g.  t >> g/ f 2,  (4.36) -

   Xt  =  (f 2 – g2)t/f , . .      

 = lim t   Xt /t ,   (f 2 – g2)/f ( . . 4.2, ).  ,  

    ,     , 
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   (0, Xt ),  s2m,   –  s2m – 1.  

s2m,   s2m – 1   Xt /2  t  .  ,  , -

      ,     -

,    

 
 gfXtgfXt tt 2,2 . (4.37) 

 t+ + t– = t ,  ,      

 

 
 4.2 –     (a)   -

  Deff ( )          

 = g = 1. 

 

 

   < > = (f 2 – g2)/f. ,    

      p(s)    sj. 

    (4.35)  (4.29)      
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 42

2

3

22
2

2

222
2

2
32

f
gfgfgt

f
gfgfgt

f
gfX t  

 ftgfgtgff
f

gfg 2exp32
2

22
42 . (4.38) 

 ,  
222

ttt XX   Xt  -

  
 

 ftft
t egfefgtgfgftgff

f
gfg 42

42

2
2 24534

2
.(4.39) 

  ,  t <<  1/ f,  2
t    

  t3, 322 )()3/4( tgfgt ,       ,  

t >>  1/ f ,      32222 /)( ftgfgt .  

,        

  Deff 
 

 3

2222

22
lim

f
gfg

t
D

t

t
eff . (4.40) 

,  Deff       f: 

Deff = (f – g)/   f  g, Deff = g2/2 f  f >> g  max(Deff) = g/(33/2 )  f = (3)½g, 

.  4.2 . 

 

4.2.4    Pt(x) 

 

    (4.32)  (4.29)  t = 0  -

 0~
0 ,     0)(~

0 xP   P0(x) = (x).  

      X0 = 0.  t > 0  

 Pt(x)    , -

 - ,    .   -
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   ,   ,  

  g(x)      [0, (f – g)t].  -

    W0(t) = exp[– (f – g)t]   

  ,      f – g,  -

       . 

  f – g  f + g –      , 

    )(~ xPt     [(f – 

g)t, (f + g)t].   x   ,  lim t  0 Pt(x) = 

(f – g)/2g.  ,   , )(~ xPt    -

  x.   t )(~ xPt     . 

 

 4.3 –     Pt(x)  -

  : g = 0.3; f = 1;  = 1. ( ) – t = 0.75; (b) – t = 2; (c) – t = 5. 

   - . 

 
     4.3.   -

 ,  (4.1)   .    -

 4.4,    . 
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 4.4 –   Pt(x),    -

,    : g = 0.3; f = 1;  = 1, t = 4.  

 –  ,  – . 

 
 

4.2.4.1     Pt(x) 

       

[38],  ,    Pt(x)   -

  ( )   t  .   -

  Pt(x)   ,   

  

 
 ttttt XPP )( , (4.41) 

    (4.25)      

 

 duiuXiuuP ttttt )exp()(
2
1)( . (4.42) 

,  | | << 31
t ,        

  ]exp[)( tttt Xiuu   t  ,  
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tgff

guieXiuu u
tttt 22

3
2

2
1exp

2

. (4.43) 

   (4.41)  (4.43),  

 tt GPP )()( , (4.44) 

 

 
2

2exp2exp
2
1 2

2 duiuuP  (4.45) 

– ,    ,  

 P
tgff

gduuiuu
f

giGt 22

3
32

2

2

2
32exp

4
 (4.46) 

(|G( )|/P´ ( ) << 1)   P´t( )  P´ ( ).  , P t́( ) 

 (~ t 1/2)      t  . 

    Pt(x)    

     
 

 3
)(

)(
4

4

t

tt XX
tk . (4.47) 

,  k(t)  ,  Xt    -

.        (4.35). -

    4.5.      

,       t  .   -

  (4.30)    

 

 
g

gftgfxtgfxPt 2
1 , (4.48) 

 x [(f – g)t,  (f + g)t].        

(Xt – Xt )4  = (16/5) g4(f – g)t5, 2
t = (4/3) g2(f – g)t3, ,  ,  
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k(t) = (9/5)[ (f – g)t] –1  t  0.      

t  0   ,       

Pt(x)    . 

     t   Pt(x)     

   2
t ~ t.     : 

        

     .   

,        -

   

 

 0),( 0xtFxt . (4.49) 

 
 4.5 –    .   

    f = 1, g = 0.3,  = 1. 

 

 xt –   , F –  , (t) – -

         -

,  - : tttt 2)()( .   -

      (t),    

  .   [18],   xt -
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   ,      Ftxt ,  

 txx tt 22 .  ,     

,     (4.1),    

   ,  ,  tt Xx   22
ttt xx .  -

,  F = (f2 – g2)/f   = Deff.      

    .  , Xt  -

    Teff = Deff. 

 

4.2.4.2   

   (4.1)    
    .   

(4.1)        
  .        -

.    (4.1),      -
  g(x) = ± 1     f + g  f – g, -

.  ,      
       -

     ,    -
     f + g  f – g.   -

        ,    
  .      
       

 g(x).   Pt(x)     
   .     

   Pt(x)      ,   
    (4.25).   107 ,  

,      .  -
   Pt(x)     -

 .  ,  - ,  
,    . 
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4.2.5    1.2 

 

    ,   

   ,    -

   g(x),       

.  ,  ,    g(x) , 

   ,    -

,       .  ,  -

     .    ( -

 - ) .     

  ,        

     t – 1/2. 

        -

,         . -

    ,  -

     .   

       

   .     -

   ,      -

 . ,      -

        

.          

 . 
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4.3     

 

  ,      sj,   

  g(x) ,    -

 ,  (4.1)      

   .  ,    -

         

         -

        

    .   , 

      (4.1)   

.  ,      -

 ,       

.   ,  ,      -

,  (4.1)       

 ,   ,     

. 

 

4.3.1      -

       

 

  (4.1) ( . [163]),     

tx, . . ,         -

   x ( > 0),    

 

 
x

x xgf
dxt

0 )(
. (4.50) 

      g(x) , ,  

  .   Px(t) ,  tx = t  

  x, . .     
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 ,    

 
 )()( xx tttP , (4.51) 

       g(x),  (t – tx) 

 -  . 

    Px(t),   , -

    .     -

     ( .  4.1). -  

    g(x)   -

      

 

 
0

)( )()(
n

n
xx tPtP , (4.52) 

 )()( tP n
x  –     g(x),   -

 n     (0,x)    tx = t.  

 n ( 1),   (4.1)     

 
n

j
nj

n
t ssX

1
1

)( ~  (4.53) 

 ),0(~
11 nn ss .   ,  g(x) = (–1) j g,  x -

  sj,   (4.50)  

 

 
n

j
n

n
j
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s
gf

s
t

1
1

1)(

)1(

~

)1(
. (4.54) 

   xX n
t

)(     1
~

ns   n
j jsx 1 ,  

 (4.54)     : 

 

 
n

j
j

jn
n

n
x s

gf
g

gf
xt

1
22

)( )1()1(
)1(

. (4.55) 

   p(sj)dsj ,  j-   g(x)   
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 dsj,    
l

dssp )(  ,    -

   l.   dWn(x) ,   

g(x)   (0,x)  n    dsj (j = 1,…,n), 

  

 

 n

j
jsx

n

j
jjn dsspdsspxdW

1 1
)()()( . (4.56) 

 0~
1ns ,     sj  

  n
j j xs1 .  n(x)   n-  -

  ,     -

,   
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)()( )()()(

x n
n

x
n

x
n

xdWtttP . (4.57) 

, ,  )/()0( gfxtx  –     

  n =  0,   
x

dsspxW )()(0  –      

 g(x),       (x,0),   -

       

      

 

 
1

)(
)(

0
)0( )()()()()(

n
x n

n
xxx

n
xdWttxWtttP . (4.58) 

        

       . 

   (4.58), ,   ,    -

,       p(s): 1) 

Px(t)   x   [x/(f + g), x/(f – g)],  2) Px(t) 

  , . ., x
x dttP

0
1)( . , -
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 )/(min )( gfxt n
x   )/(max )( gfxt n

x ,   0)( )(n
xtt    

Px(t)  0,  )/(),/( gfxgfxt .    ,  

 ,      (4.58), 
x

n nx xWxWdttP
0 10 )()()( ,  

)(
)()(

x nn
n

xdWxW    

,   g(x)  n    (0,x). ,  -

 
)( 1 )()(

x
b
j jjn

n
dsspxS ,     

)(1)( 10 xSxW   )()()( 1 xSxSxW nnn , .  [163]. , , 

 S (x)  =  0   )()( 11 xSxWn n ,  ,    

    p(x). 

 

4.3.2       

 

    -  

 dett
n

xttin
x

)()( )(

2
1)( , (4.59) 

       (4.58)   -

 , . . 

 detP ti
xx )(

2
1)( . (4.60) 

  (4.58), (4.59)  (4.60),   )(x , 

       -

  tx,      

 
 )(~)()( 0

)0(
x

ti
x xWe x , (4.61) 

 

 
1
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)()(~ )(

n
x n

ti
x

n

n
x xdWe . (4.62) 
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     p(s)   -

  ,    n-   

n(x)     n. , ,  )(x    

   ,    sj -

 , . .  p(s) = exp(– s),   –  1 –  -

  sj.     (4.56)   

 

 
n

j
j
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n dsexdW

1
)( , (4.63) 

  (4.62)    

 

 
1

)(
1

)(

)(~
n

x

n

j
j
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x

n

n
x dsee . (4.64) 

  )(~
x       

(4.64)       sj.     

 [163]       

 

 
0,0
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d
i

e yi
, (4.65) 

     > 0.   (4.65)  

 (4.64)   n
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j
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n
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x dsee
i
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j
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x

1
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1
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)(~ . (4.66) 

,   1 2121 m mmn n aaa    ,  

  (4.55) 
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j

m
x s

gf
g

gf
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1
222

)2( 2 , (4.67) 

  (4.66)   

  
1

)/(
20

)/(
10

1

0
)()()()(

2
)(~ 0

m

gfximmgfximm
xvx

x devIvIevIvI
v

ee . (4.68) 

 

 
0

)()()(
k

sv
k v

dsespvI k  (4.69) 

(Re k > 0, k = 0, 1, 2)  

 kk gf
qiiv 22

2  (4.70) 

 0 = 0, 1 = – 1  2 = 1. ,     (4.68) -

    . ,   

(4.62),    (4.68)    .  ,  -

        (4.68)   

   .  ,     -

       . 

       > .    |I( k)| < 1,  

   (4.68)     

 

2
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0

1
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1 )()(
vv

vvIvI
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20

2

1
20 )()(
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vIvI

m

mm . (4.71) 

  (4.71)  (4.68)  ,  W0(x) = exp(– x)  
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v
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0
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2
)( , (4.72) 
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vv

eee gfxigfxi
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     (4.73) (    

 ),       -
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2
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v
ivvxe givfx

x , (4.74) 

 

 
)( 22 gf

gv . (4.75) 

,  )(x ,   , -

  1)(x , 1)0(x   )()( *
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 .  (4.74)    -

,        

  . 

 

 

4.3.3      
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m

m
m
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d
i

t . (4.76) 

  (4.74)  (4.76),  , . .   -
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x gegfx
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22 2
)(2

1 . (4.77) 

     ,  x << 1,  (4.77) -

  )/( gfxtx .   :   -

   g(x),       (0,x),   

1  x  0, , ,      f – g.  

  ,  x >> 1,  (4.77)   

)/( 22 gffxtx .    ,   -

       (f 2 – g 2)/f (  [163]). 

       -

.  ,     
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1 . (4.78) 
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m

m
m

xx e
d
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i
tt . (4.80) 
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xxx tt ,     
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x eex

gf
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2222

2
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)(4
. (4.81) 
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g

x , (4.82) 

   ,  x >> 1,    
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g
x 2222

2
2
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. (4.83) 

 ,      -

  .  ,  (4.80)   -

 (4.74)  (4.77),  
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)( 22 x

gf
gtt m

m
m

xx , (4.84) 

 

 
0
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z

m

m
x

m xz
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dex  (4.85) 

    x  
 

     )1sinh(
1
1)1cosh(

2
1exp),( 2

2
2

2
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z
zzxezxz

x

. (4.86) 

 ,      
  f, g  , . . mm

xx gfgtt )(/~ 22 . 

 

4.3.4       

 

 
    (4.74),     

exp(– x + i x/(f – g))  | |  .  (4.60),  ,   

    -  , . . 

 

 )(~)( tPe
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xttP x
x

x , (4.87) 



 
109 

 

 detP ti
xx )(~
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1)(~  (4.88) 

   Px(t)  

 
 )/()()(~ gfxix

xx e . (4.89) 

   -    -

   x,     Px(t)      -

   .     -

 Px(t)   . 

 

 

4.3.4.1     

 x << 1      Px(t)  -

 ,      (4.88).     

,  -   Px(t)   -

  g(x),       (0,x). -

,    , ,   ,      

 ,    )(~ tPx .    x 

   . ,   

)(~ tPx ,  ,        .  

   dttPx )(~   dW1(x) = exp(– x)ds1 ,  

)/(2)/( 22
1

)1( gfgsgfxtt x ,  )()(~
1 xdWdttPx   x << 1  

 
g

gftPx 2
)()(~ 22

. (4.90) 

,  (4.90)   (4.87),  ,   -

      x << 1  
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g

gfx
gf

xttPx 2
)()1()(

22

. (4.91) 

       ,  
        x  t. , -

, ,   (4.90)   ,  

t  [tmin, tmax],  tmin = x/(f + g)  tmax = x/(f – g) (  ,  0)(~ tPx , 

 t  [tmin, tmax]).  ,  )(~ tPx    x  t ,   

 )(~ tPx ,  x .    x = 0   tmin = tmax = 0, 

 0)(~
0 tP  ,     t0 = 0, P0(t) = (t).  -

,    1)(max

min

t

t x dttP ,      

 (4.91),   (4.90). 
 

4.3.4.2     

     Px(t)   -

       =  (t –  <tx>)/ x. -

    P´x(t)   Px(t) 

 P´x(t) = xPx(<tx> + x ) ,  (4.60),      

 

 deP iti
xxx

xx /)/(
2
1)( . (4.92) 

  (4.74), (4.77)  (4.81),    

P´x(t)     

 
 )),(()/( 2/1

2
/ xxiee xti

xx
xx , (4.93) 

  (z, x)   (4.86),  

 

 xx eexx 42
2 4

1
4
3)( . (4.94) 

   (4.93)    x   
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 ,    (4.92)   -

 ,  P´x(t) –   x  ,     

   f,    g    g(x). 

   ,  x >> 1,   

(4.93)  4 << x       

 

 
x

ee xxti
xx 8

1)/(
4

2// 2

. (4.95) 

 (4.95)   (4.93)   ,   -

      

 

 
x

ePx 8
631

2
)(

422/2

, (4.96) 

  ,    x >> max(1, 4).   

     ( ., , [38]), 

      ,   

P´ ( ) = 2  –1/2 exp(– 2/2)  P´x( ) – P´ ( ) ~ ( x) – 1  x  . 

 

4.3.4.3   

     ,  : 1) 

    2)   . 

      (4.87)  , 

        

  (4.50).      Maple  

     (4.88)    -

 ,     .   

       

sj        -

     x    sj. 
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        -

   .    

     , .  4.6. 

 (4.7)     (4.87)  

 .     4.7( ),     x 

      -

 (4.91).    ,    

  ,   g(x),    (0,x) -

    ,      )(~ tPx    

t.  x    ,      -

  ,  ,     4.7( ) )(~ tPx   

    t.   x    -

    :  )(~ tPx   , -

  ,        

, .  4.8. 

 

 4.6 –       

    x = 2.4.   ( ) – -

  (4.87),  –    -

   (4.50).   : f = 1, g = 0.3   = 1. -

    -     Px(t). 



 
113 

 

 4.7 –       

Px(t)     ) x = 10 –3  ) x = 0.2.    

,     4.6. 

 

 

 4.8 –      -

        . -

 ( )    Px(t).  ,   

,   -   Px(t)  

  x,    ( )  -

 0.8 + 2exp(– x).       

  ,    4.6  4.7. 
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4.3.4.4     

        

Px(t)         

     ,  -

   

 

 3

3)(
)(

x

xx tt
xs , (4.97) 

     Px(t),   -

 

 3
)(

)(
4

4

x

xx tt
xk , (4.98) 

      Px(t).   s(x)  0  k(x)  0, 

     tx   -

,        -

,       

   .   (4.84)   

,   (4.97)  (4.98)  

 

 3
)(
)()(,

)(
)()( 2

2

4
2/3

2

3

x
xxk

x
xxs , (4.99) 

. . s(x)  k(x)      x ( . 

 4.9).  3( x)  4( x)     (4.94),  -

      

 

    xxx
xx eeex

eex
xs 642

2/342 6)123(2
)434(

2)( , (4.100) 
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.8)43(4)41(8813

)434(
6)(

8642

242

xxxx

xx

eeexexx
eex

xs
 (4.101) 

  (4.100)  (4.101)      -

 x   : s(x) = –(3 3/4)( x) – 1/2  k(x) = – (9/5)( x) – 1  

x << 1,  s(x) = – (1/2)( x) – 3/2  k(x) = – 3( x) – 1  x >> 1.   -

  ,    Px(t)   -

          

     .  ,  |k(x)/s(x)|     

 x  0  x  ,       

 ,    Px(t)   -

. ,    s(x) < 0,   Px(t)  -

 ,  .  , Px(t)     

         k(x) > 0,   

     k(x) < 0. 

 

 

 4.9 –   s(x) (  )   k(x) 

(  )       -

    x. 
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4.3.5    1.3 

 

 ,     ,  

       

  ,     -

   -   ,  -

      -

  .   

,       , -

     ,  -

,    Px(t)     

 -     . ,  

-  ,       x, 

     ,    -

 Px(t)      x. 

       

          

(0,x),          x.   x   -

       Px(t)   

   t,    , , ,  x   

      x –  1.  ,    

      -

    ,    -

  . ,   Px(t)     

        x    

   x. 
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5   -  

 

5.1   

 

  100   [166],     

           

,     [167].  -

 ,    ,   -

        

  .      ,  

,     ,     

   (    )   

     .  

         

,     ( .,  [2, 18, 69, 168]). 

        

     -  [169].  -

,   -   ,   -

   ,   . 

  , ,    

       -

,      . 

     , -   

  –    , -

   .     

     ,   -

,       

 - .      

 -  [19].     -

       . 
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 ,       -

  -  [18, 69, 168],     

     -  [170 - 175]. 

   [176],    -  -

   ,   -

         

   . 

 

 

5.2        

 

      , 

       -

       -

  
 

 )()),(()),(()( tttxgttxftx . (6.1) 

      (6.1)   -

.  ,    ,   x(t)  

[x(0) = 0]  , f(x, t) =  –  U(x, t)/ x  , U(x, t) 

  , (t)   ( ), -

      ,  

g(x, t)   .    

[18, 177],   (t)       

       -

.    ,  ,   -

      ,  -

  x(t),        

. 

-     ,    -
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  (6.1).      [178],   

         (   

 )      -

  = (t + ) – (t).       

     t

t
tttd )()( . , 

   x(t) = x(t + ) – x(t)    (   0)  

    

 )()),(()),(()( tttxgttxftx  (6.2) 

    (6.1)    [179]. 

  ,   (j )  (j = 0,1,2…) 

     p( j + 1, | j),   

j + 1  j    (j  + )  (j ) .  

, ,  1)|,( 11 jjj pd ,   -

 lim   0 p( j + 1, | j) = ( ),  ( )  -  ,   

 = j + 1 – j.  ,      (j  + ),  

    , . . 0)|,( 111 jjjj pd .  , 

 ,  p( j + 1, | j) = p( , ). 

   , . .   
1]/[

00 )(lim)( t
j jt   (0) = 0 ([t/ ]      t/ )  

   p( j  + 1, | j)    0. ,  

     p( j  + q, q | j)   -

  p( j+1, | j)    -  

[2, 69].  ,  q = 2,  

)|,()|,()|2,( 11212 jjjjjjj ppdp .  ,  

   (6.1)     

 p( j+1, | j). 

, ,      

, . . 
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D

Dp
4

)4/(exp),(
2

, (6.3) 

 1
0 )()( n

j jn     ,  

   , 

 
 jlDljj 2)()(,0)(  (6.4) 

      (j ),  nm – 

 .   –     

(t)  = 0,    (t) (t´)  = 2D (t – t´)   

 (t)  D.  ,  (6.2)  (6.4)  

   (6.1)    -

   [2]. 

  -  ,    -

 (j )  [2, 168]. ,  p( , )   

 ,     .   ,   

 - ,     (6.1), 

      (6.2).  , 

  ,     -

 p( , )      , -

 p( , )   . ,    -

     )()0( tdte ti ,   – 

.      .    ,  -

      .   

,        -

    ,   ,  

 .  
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5.3    -  

 

      x(t) -

 : 

 
 ))((),( txxtxP  (6.5) 

      -

,     F(x(t))  F(x(t), (t))  P(x, t); 

  F(x)  F(x, y)  .   

   , F(x(t))   -

 F(x(t))    (j )  j = 0, 1,…,[t/ ]  –  1    

  0.   (6.2)  (6.5) ,     -

  ,  x(t), . . 
 

 ),()())(( txPxdxFtxF  (6.6) 

    F(x(t), (t))    P(x, t),  -

    [180].   

x(t)  (t)       

  P(x,t)  p( , ),    

 ),(),(),())(),(( ypyxdyFtxdxPttxF  (6.7) 

      Pk(t)  -

 P(x, t)    
 

 )()( xudxeuxu ikx
k  (6.8) 

 ,   (6.5),  Pk(t) = exp[ – ikx(t)] .  

(6.2) ,     0,  Pk(t), . . Pk = Pk(t + ) – Pk(t), 
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 )1()),(( )()),(()()( tttxikgtikxtikx
k eettxfeikP . (6.9) 

    (6.6)  (6.8),      

 (6.9)    
 

 ),(),()),(()( txPtxf
x

ttxfeik tikx  (6.10) 

   (6.7)      
 

 ),(1)()1( ),(
)()),(()( tyPpdyeee tykg

ikytttxikgtikx  (6.11) 

 pk( ) = {p(x, )} = exp[ – ik (t)]     

(t). 

  (6.10)  (6.11)   (6.9),      -

 ,     
 

 ),(),(),()( ),( yxPdyetxPtxf
x

FtP
t tykg

iky
k , (6.12) 

  

 1)(1lim
0 kk p  (6.13) 

    p( , ) , . . 

p0( ) = 1,   (6.13)    0 = 0.  k  0,  

   ,   ,    

pk( ) – 1   0    0. ,  pk( ) – 1 = o( ),  k = 0   

     . ,  pk( ) – 1 = o( )  

    ,  | k| = , . .    ,  

     . , , 

  ,   pk( ) – 1 = O( ), . . 0 < | k| < ,  -
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      . 

   ,    
 

 k
ikx

k udkexuu
2
1)(1  (6.14) 

  (6.12).   (6.13)   
 

 
),(),(

1
),(

1

tyg
yx

tyg
e tykg

iky  (6.15) 

   

  )(),(1lim)(
0

xxpx  (6.16) 

    p( , )    0, -

      .    

 P(x, t),       -

  ,   
 

 
),(|),(|

),(),(),(),(
tyg
yx

tyg
tyPdytxPtxf

x
txP

t
 (6.17) 

    (6.5),    -

       P(x, 0) = (x).  

,        

 -   - ,    

     , -

[19].  ,       -

. 

         -

-     ,    -

 Sk = exp(– ik (1))      (t)  t = 1.  

 1]/1[
00 )(lim)1( j j ,     Sk =  

= lim   0(pk( ))[1/ ].   pk( )  1 + k     
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 lim   0(1 + ) 1/ ,   Sk =  exp( k), . . k =  lnSk. . .   

(6.12)      - , 
 

 ),(
1 ln),(),(),(),( tykg

iky StyPdyetxPtxf
x

txP
t

. (6.18) 

       -

  ,       Sk, -

    (t)  t = 1.     , 

 g(x, t) = 1,  (6.12)  
 

 kkk tPtxPtxf
x

tP
t

)(),(),()(  (6.19) 

   -  (6.18)   [176] 
 

 kk StPtxPtxf
x

txP
t

ln)(),(),(),( 1  (6.20) 

,      - , -

   (6.1)     

   [183, 181 - 184].    ,  (6.20)  

(6.18),  ,     Sk -

   t = 1.      

  , lnSk     

- ,       

.  ,        

 - .       -

     .   ,  -

         -

  (6.17)  Sk = exp( k)     Sk.  

   ,   -     

     Sk,   -

. [185] 



 
125 

5.4       

-  

 

 ,     (6.17)  (6.20)  

  ,    -

  ,    -   (6.1) . 

 

5.4.1    

 

   p( , )     

   (6.3). , pk( ) = exp( – D k2), k = – Dk2   

Sk = exp( – Dk2).   – 1{Pk(t)k2} = – 2P(x, t)/ x2,  (6.20) -

    -  [168]    

  [2, 69], 

 ),(),(),(),( 2

2

txP
x

DtxPtxf
x

txP
t

 (6.21) 

   ,  kg(y, t)= – Dk2g2(y, t)  
 

 ),(),(),( 221
),(

1 txPtxgFkDtyPdye tykg
iky   

 ),(),(2
2

2
txPtxg

x
D  (6.22) 

      (6.12),   

   -  [2, 69] 
 

 ),(),(),(),(),( 2
2

2

txPtxg
x

DtxPtxf
x

txP
t

 (6.23) 

        

   . ,   -

      (6.17)   ,   

(·) = D 2 (·)/ x2. 
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5.4.2    

 

        , 

. .   - ,    

[186, 187] 
 

 
)(

1
)()(

tn

i
ii ttzt  (6.24) 

 n(t) –       

P(n(t) = n) = ( t)nexp( – t)/n!  n  0     -

 (0, t],  –  , ti –     -

,  zi
 -       

,      q(z).   

,  (t) = 0,  n(t) = 0.     (t) 

    ,  -

 t

t
ttdt )()(   

 

 
1)(

0)(,0
)( )(

1 nz

n
t n

i i
 (6.25) 

     p( , ),  -

 p( , ) = (  – (t)) ,     (6.25)  

  
 

 ),()()(),( 0 WPp  (6.26) 

      (6.26)   -

 (t)  ,     -      

  .   

 
n

i

n

j
jji

n
n dzzqzPW

1 11
)()(...)(),(  (6.27) 
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   (t)  ,    

      .  -

 Pn( ) = P(n( ) = n)     , . . P0( ) =  

= 1 – , P1( ) = ,  Pn 2( ) = 0,     (6.26)  (6.27)  
 

 )()()1(),( qp  (6.28) 

    (6.16),     

(x) = [q(x) – (x)],    -  (6.17)  

 
 

 
),(|),(|

),(),(),(),(),(
tyg
yxq

tyg
tyPdytxPtxPtxf

x
txP

t
 (6.29) 

 g(x, t) = 1, . .      , 

      [186 - 189]. , -

 Sk = exp[ – (1 – qk)], q(x) = -1{gk}  (x) = -1{1},    -

 (6.29) (  g(x, y) = 1)    (6.20). ,   

  ,    -

 -        , -

     (6.28).  ,   

-  (6.29)     . 

 

5.4.3    

 

    M
m m tt 1 )()( ,   -

   m(t).   ,    

      
 

 
M

m

t

j
m jt

1

1/

00
)()( lim  (6.30) 

     (j )  
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 m(t),   Sk = exp[ – ik (1)]   (1) -

    Smk = exp[ – ik m(1)] ,  m(1) 

   : M
m mkk SS 1 . ,   -

      -  (6.20) 

 : 
 

 
M

m
mkk StPtxPtxf

x
txP

t 1

1 ln)(),(),(),(  (6.31) 

 ,   = 2  1(t)  2(t)     

  ,      

 [19]  
 

 ),(),(),(),(),(
2

2
txPtxP

x
DtxPtxf

x
txP

t
  

 )(),( yxqtydyP  (6.32) 

 
 
5.4.4    

 

   [38] ,     

      

p( , ),   Sk   -

  Sk = Sk ( , , , ).   [190],  Sk( , , , )  

  :     (0, 2],   

  [ – 1, 1],     (0, )      ( – ; 

). ,       

P(x,  0)  =  (x),   = 0      ,   

 = 1    0  (   | k| = ),   Sk = Sk( , , ),  

[190] 

 
2

tg)sgn(1exp),,( kikSk  (6.33) 
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   ,   g(y, t) > 0   

 y  t.    
 

 ),,(ln),(ln ),( k
a

tykg StygS  (6.34) 

     (6.12)  (6.14)   
 

 ),,(ln)(),(),(),( 1
kk StGtxPtxf

x
txP

t
 (6.35) 

 
 

 ),(),()( txPtxgFtGk  (6.36) 

 (6.35)     ,  -

 - ,   [191] 
 

 
xs

n
n

nn

s yyxdyh
dx
d

n
xhD

0

1)(
)(

)1()(  (6.37) 

 sD+   sD–         

 (0  <   < ), .  h(x)     

[– s, s], n =  1  +  [ ],  (z) –  .   

 (6.33),         

: 
 

 
)2/cos(2

))(1())(1(),,(ln ikikS
a

k  (6.38) 

     (6.37) ,   

h(x) = g (x, t)P(x, t),  
 

 ),(),()()( txPtxgDFtGik a
k  (6.39) 

     (6.38)     

-  
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 DDtxPtxf
x

txP
t

)1()1(
)2/cos(2

),(),(),(   

 ),(),( txPtxg  (6.40) 

 (6.40)       

- ,        -

  .       ,  -

 ,    [191] 

 

 k
a hkFxh

x
||)(

||
1  (6.41) 

      

 khkFxhDD ||
2

cos2)()( 1  (6.42) 

 

 khkF
x

xhDD 11 ||
2

sin2)()(  (6.43) 

      D± h(x)  =  –  1{(± ik)  hk} 

  - ,  (6.40)     
 

 ),(),(
||

),(),(),( txPtxg
xd

txPtxf
x

txP
t

  

 ),(),(
||2

tan
1

txPtxg
xx

a  (6.44) 

,    = 2      

 -  (6.23)  D = .   < 2,   -

     [170 - 175]. 

  ,      

,   (6.40)  (6.44)    

 ,      . -
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,        -

         -

,    « » .   ,   -

       , 

       ,     

    p( , ). ,    -

 . 

 
 
5.4.5       

 

  (6.44)       

   .  ,   

f(x, t) = 0,   – . .   [– l, l],     x = ± l -

   – . ., P(x, t) = 0  |x| > l .   ,  (6.44) 

    Pst(x)    
 

0)()1()()1( xPDxPD stlstl . 

    dJ(x)/dx = 0,   J(x) –   -

,     J( l) = 0 [168],    

J(x) = 0  0 <  < 1   
 

 l

x
stx

l
st

xy
yPdy

yx
yPdy .0

)(
)()1(

)(
)()1(  (6.45) 

 ,  0)( 1xlDl  [191] ,    

  (6.45)   Pst(x) = (l + x) – (l – x) ,   – -

 .       
 

 
).;2;,1()1,1()1(
);2;,1()1,1()1(

1

1

zFB
zFzB

 (6.46) 

 z = (l + x)/(l – x), B(a, b) = (a) (b)/ (a + b)  -
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,  F(a, b; c; y) –    . -

 (6.46)     x,   ,        x.  

     +  +  = 2.   F(a, b; c; – 

y) = (1 + y) –  [193],   (6.46)   
 

 .0)1,1()1()1,1()1( BB  (6.47) 

   +  +  = 2  (6.47)    ,  
 

 ,
2

tgarctg1
2

1  (6.48) 

 arctg(x),      . -

    1 <   2      ,   

 (6.48)       (0, 2] (  ,   = 

1   0). ,    ,  
 

 .
)1,1(

)()()2()( 1

B
xlxllxPst  (6.49) 

 (6.48)  (6.49)     . 

,        -

      ( . 6.1).  -

       Pst(x)  |x|  l  

 < 2    ± 1.   ,    ,  < 2   -

     .   ,   -

,         

 .  ,   = 0,  (6.48)  (6.49)   
 

Pst(x) = (2l) 1 – ( )(l 2 – x 2) ) /2 – 1/ 2( /2). 

  ,   = ± 1,     

     .  ,  
 

Pst(x) = (l – sgn( )x), 
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 6.1 – (  )     

(6.49)          l = 0 

 

 0 <   1,   

Pst(x) = (2l) 1 –  (1 – )[l + sgn( )x]  – 2, 

 

 1 <   2. ,    = 2  x(t)   -

   – . ., Pst(x) = 1/(2l). ( .  6.1) 

 

5.4.6      Sk 

 

  ( , , [169, 185]),    

   ,     , 

  .  ,   Sk = [Sk
(n)]n  Sk

(n) – -

 ,      n.  
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 , lnSk      [185]: 
 

 ,sin1exp)(ln
2z

zikikzzpdzSk  (6.50) 

 (z) –     (1)..     

 -  )()2/1()( ikedk ,   -

 (6.18)     : 

 

 
.)(),()(

ln),(

2

),(
1

yxtyzgyxdy
z

zdz

StyPedy tykg
iky

  

 ),()(),(sin tyPyxtxg
x

z . (6.51) 

 
    (6.51)    

 

 
0 2

2
),(),()(),(),(

n

nn txPtxg
x

ztyPtyzgyxdy   

 ),(),(exp txPtxg
x

z , (6.52) 

     [x – y – zg(y, t)] = n = 0 (–1)n  gn(y, 

t)( / x)n (x – y),     - : 

 
2

)(),(),(),(
z

zdztxPtxf
t

txP
t

  

 ),(),(sin1),(exp txPtxg
t

ztxg
x

z , (6.53) 

    [183]    . 
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5.5     -  

 

    -  (6.20), -

   (6.1),  ,    -

        Sk,     

 ,        

 .       -

         .   -

        -

.        

-  (6.40)        -

  . 

 

5.5.1   

 

   U(x, t) = U(x) = – f0x (f0 –  ,  

 ) ,   { f(x, t)P(x, t)/ x} = ikf0Pk(t),  (6.12) -

   

 ).()()( 0 tPikftP
t kkk  (6.54) 

  ,     

Pk(0) = 1,     P(x, 0) = ( ),   
 

 ).exp()( 0 kk tikftP  (6.55) 

 ,    Sk = exp( k),   

  (6.20)   
 

 .exp),( 0
1 iktfStxP t

k  (6.56) 

   ,     ,    

f0 = 0,      ,     
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),()( 22 txPxdxtx    x(t).   (6.56)  

  ikxexdxk 2'' )2/1()( ,   

 

 .)( 02

2
2

k
t
kS

dk
dtx  (6.57) 

      x(t) = (t),   Sk = Pk(1),  

 P(x, t)  S0  = 1.  ,    x(t) , 

   , . . dSk/dk|k = 0.   ,  (6.57)  

  
 

 x2(t)  = x2(1) t. (6.58) 

   x2(1) ,       
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  x2(t)  =  2Dt    ,  

)()0( 22 yqydyt     .   -

  p( , )  . . «  », . ., 2(0)   ,   

P(x, t)   ,  x2(t)   .   -

, ,    P(x, t) =  –1 {Sk
t( , , )}  

,         

 < 2 [170].   ,      -

     [114], ,   

   ,     

  (  2(0)  < ),   ,  -

  ,     P(x, t) 

    (  2(0)  = ).  
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5.5.2   

 

   ,  U(x, t) = U(x) = bx2/2  (b >  0),  

 (6.19)   
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k z
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 (6.20), P(x, t) =  – {Pk(t)},      
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1 k

z

ze

S
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z
dz
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FtxP bt  (6.64) 

,  ln(Szexp(– bt)/Sz) ~ – btzd·lnSz/dz  b  0.  
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    , . ., b = 0,   (6.64)   

P(x, t) =  – 1{Sk
t}.     (6.56)  f0 = 0. 
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      , -
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qq

dz
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Pst(x, t) =  – 1{Pk( )}.   [164] 
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(x = 0)  : Pst(x, t) ~ 1/|x| 1 – 2s  0 < s < 1/2,  Pst(x, t) ~ ln|x|, 

 s = 1/2. 
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5.5.2.3    

       -
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 x yygdycxU 0 )()(  (6.75) 
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(6.76),      
 

 ,0),,(ln kkk SGG
dx
dck  (6.77) 

    
 

 .),,(ln11ln 0
0

k
k

k S
z

dz
cG

G  (6.78) 

  (6.33)    (6.72),  
 

 )/,,(0 cSGG kk . (6.79) 

 , 
 

 .)/,,()()( 1
0 cSFxgGxP kst  (6.80) 

  G0 = g (x(t))    (6.80),   -

  1)(xdxPst ,      

 

 .
)/,,()(

)/,,()()(
1

1

cSFxgdx
cSFxgxP

k

k
st  (6.81) 



 
141 
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