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Caputo and Fabrizio have recently proposed a new fractional order derivative without singular kernel,
which is suitable for the Laplace transform and has many interesting properties that motivated its use to
solve and model many phenomena in various branches of science. In our work, we have treated the frac-
tional differential equations of nonlinear electrical circuits by using the definition of Caputo-Fabrizio de-
rivative. Indeed, we have transformed the fractional differential equations, describing RC, RL and LC cir-
cuits, into an ordinary order differential equation. Then we have determined explicit solutions to these dif-
ferential equations. For the RC circuit, we studied changes in charge with time and with derivative order
and we found that for all values, the curve retains its general shape. In contrast to the time constant,
which increases as alpha increases, we established that go has no relationship to. For the RL circuit, time
variations of electric current are investigated for various alpha values, and we found that the maximum
current Iy does not change with derivative order. Also, for the LC circuit, we studied charge changes for
various alpha values, and we showed that the shape of the LC vibration is related to the derivative order.
For the LC circuit, the vibration is a sine wave, and the RC circuit vibration is a damped vibration. To val-
idate our obtained results, we found the familiar results.

Keywords: Fractional differential equations, Fractional derivative, Caputo-Fabrizio fractional derivative,

Fractional electrical circuits.

DOI: 10.21272/jnep.14(4).04014

1. INTRODUCTION

The fractional derivative is a branch of mathemati-
cal analysis that studies the generalization of notions of
derivation to arbitrary orders. The theory of this con-
cept is not new, but it is considered an old and its ori-
gins dates back to the end of the 17th century [1].

The fractional calculus has several definitions,
which do not generally coincide. The Grunwald-
Letnikov, Riesz, Riemann-Liouville, and Caputo defini-
tions are the most often used [2, 3].

In the last few years, the concept of the fractional
derivative has been getting a lot of attention. It has
been used in many different fields of physics, such as
classical and quantum physics, plasma physics, ther-
modynamics, statistical mechanics, and so forth [3-14].

In general, the fractional calculus is used to describe
processes that are spatially and temporally nonlocal,
especially in electrical circuits, and many authors stud-
ied fractional electrical circuits, such as Rousanet et al.
[15] proposed using a fractional differential equation to
investigate LC and RC circuits. Ertiket et al. [16]
showed how different capacitors are charged and dis-
charged within the framework of fractional calculus,
and [17] proposed a number of electrical circuits using
the Caputo-Fabrizio fractional operator.

The aim of our work is to study RC, RL and LC cir-
cuits by using Caputo-Fabrizio fractional derivative and
find solutions to the differential equations of these elec-
trical circuits.

This paper is organized as follows. In section 2, we
present the Caputo-Fabrizio derivative and propose a
solution to the fractional differential equation using the
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Laplace transform. In Section 3, RC fractional electrical
circuit is studied. In Section 4, we solve a fractional
differential equation for the RL circuit. In Section 5, we
study an oscillating system consisting of a coil and a
capacitor. Conclusion is given in Section 6.

2. CAPUTO-FABRIZIO DERIVATIVE

Recently Caputo and Fabrizio [18] redefined the Ca-
puto derivative and proposed the following new frac-
tional derivative for the function g(x) belonging to the
Sobolev space:

Dig(x)=

(2-a)M(a)

2(1-a)

where « represents the derivation degree 0 < <1, and
M(a) is a constant of normalization that varies accord-
ing to a.

Using the Laplace transform and the definition of
Fabrizio and Caputo, which is presented in equation
(2.1), Losada and Nieto [19] proposed a solution to the
following fractional differential equation:

[Fg (p)exp[ a%}dp,@.n

Dig(x)=u(x), (2.2)
and they deduced that
1 M
o(x) = M@ (;) ] ) - uw)]
o0 (2.3)
m Io u(s)ds + g(0).
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Taking the normalization condition [19]:

2M () _

(2-a)

So, the solution of equation (2.2) is given by:

(2.4)

g(x)=(1-a)[u(x) —ux) |+ af, u(s)ds + g(0) . (2.5)

3. FRACTIONAL RC ELECTRICAL CIRCUIT

Consider an electrical circuit consisting of a capaci-
tor C, a resistor R and a generator.

2 i

Fig. 1 — RC electrical circuit

Using Kirchhoff’'s laws, we find that the differential
equation for Q(7) takes the form:
dq(t) 1

— 4

1 E
dt RC '

q@t) = 7 (3.1

This first-order differential equation has the solution:

qt)=q, [1 - eXp(RtCD )

Gémez et al. [20] proposed a fractional differential
equation for this circuit:

(3.2)

R_dq®) 1
o (1-a) dt® C

R

qt)=FE, (3.3

where or is the parameter that determines the frac-
tional structures of R.

It is easy to see that equation (3.3) can be rewritten
as:

d’qt) o E o,

3.4
de” R RC @4

q(t) .

We will now try to solve this fractional differential
equation using the Caputo-Fabrizio derivative. Accord-
ing to equation (2.5), the solution of equation (3.4) is
derived from:

(1-a)
4) =~(1-a) 2 [ a(®)-q(0) ]+ .
(l—a)E (1-a) .
t| Or _Op
al, 7 RC q(s) |ds+q(0).

By calculating the derivative of the above equation,
we can immediately obtain the solution by solving the
following ordinary differential equation:
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(1-a) (1-2) (1-2)

o dq(t) o} o E
1+(1-a)-£ R t)=a—-L . (3.6
[+( “)Rcht”ch()O’R .6)
The last equation has the solution:

4
q@)=q, (IGXP[J] ; (3.7
where
RC|1+Q op
+(1—-a) RC
T= 3.8)

aO_R(lﬂz)

is a fractional time constant.
Substituting charge expression (3.8) into equation
(3.6), we get

9 = CE. 3.9)

Fig. 2 shows how the charge in the RC circuit
changes over time for a= {1, 0.8, 0.6, 0.4}.

1.00+

0.754

alq,

0.50 4

0254

0.00 . ; . ; . ;

Fig. 2 — Plots of g/qo with parameters a = {1, 0.8, 0.6, 0.4} and
RC=1

For all a values, the curve retains its general shape,
and it is identical to the non-fractional case.

qo has no relation to « and it relates only to E and C.
The degree of derivation « has an effect on the time
constant =

There is an inverse relationship between the degree
of derivation « and the time constant z.

4. FRACTIONAL RL ELECTRICAL CIRCUIT

Consider a RL circuit (resistor-inductor circuit) con-
sisting of an inductor L and a resistor R, which will be
connected in series.

JLNI\I-"L

Fig. 3 — RL electrical circuit
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According to Kirchhoff's voltage law, the sum of the
voltages in a circuit must be zero. As a result, the dif-
ferential equation shown below is generated:

d’(tt) +Ri(t)=E . (4.1)
The solution of this differential equation is:
i(t) = [1 exp [—?tn (4.2)

For this circuit, the fractional differential equation
takes the form:
L d*i@)
O_L(l—a) dt®

+Rit)=E. (4.3)

In order to solve the above fractional differential
equation with the Fabrizio derivative, we use the same
method that we used in the previous section to solve the
previous differential equation.

So,

(1) =-1- a)
(1-a) ( -
o E Ro
L{ ‘ L LL

When we take the first derivative of the last equa-
tion with respect to ¢, we get:

(1-a) .
[m_a)%ywm

[l(t) - l(O):|+
(4.4)

a)
i(s)} ds +1(0).

L
dt (4.5)
(1-0) (1-0)
o o, HOEL op E .
L L

The solution of equation (4.5) is written in the form:

it) = I, [l—exp(—tﬁ, (4.6)
T
where
(1-a)
T=a Ro, - 4.7
L (1 +(1-a) RULLJ

In order to find lo, we can use equations (4.5) and
(4.6). We obtain:

I,==.

& (4.8)

The electric current variations in the RL circuit are
shown in Fig. 4 in terms of time.

The graphs above show that the maximum current
value io does not change with the degree of derivation a.
Whereas, as a increases, the time constant reduces =
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Fig. 4 — Plots of I/l with parameters «={1, 0.8, 0.6, 0.4} and
R/IL=1

5. FRACTIONAL LC CIRCUIT

Consider an electrical circuit containing a capacitor
of capacitance C, which stores electric charge qo, and a
coil of inductance L. The circuit is closed at ¢ = 0.

L Cc

Fig. 5 — LC electrical circuit

The differential equation for the charge evolution ¢
is given by:

d’q(t) ,

—qt)=0. 5.1
dt® LC 90 = 6.1

The solution of equation (5.1) is:
q(t) =g, cos(ayt) , (5.2)

where a)oz =1/LC.

For a fractal element, the fractional differential
equation for the LC circuit is [30]:
L d*q@)

O_LZ(I—LZ) dt 2a

+7 q(t) = (5.3)

where or is the parameter that determines the frac-
tional structures of L.
Equation (5.3) can be written as:

2(1-a)

L
LC

q(), (5.4)

where:

(5.5)

The solution of the fractional equation (5.4) with the
Caputo-Fabrizio fractional derivative is derived from
equation (2.5):
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O_LZ(I—a)
LC

fO)=-1-a) [q(®)—q(0)]-
(5.6)
O_LZ(I—a)

C [ya(s)ds + £(0).

[

The expression of q(¢) can be obtained via solving
the following equation:

dq(t
fi =98 5.7)
dt
Then
q(®)=A-a) f@)-f(0) |+
, [ ] . (5.8)
af, f(s)ds +q(0)
The second derivative of the last equation gives:
d’q(t) d’f@t)  df)
=(1- B :
ar T g T 69
2
When we replace dd{t gt) and % by their expressions
df(t) ULZ(I*[Z) dq(t) ULZ(I*[Z)
2 - (1- - t 1
o (1-a) c @ % Ic q(®) ,(5.10)
2 2(1-a) 2
IO gy da0)
dt y LC dt ’ (5.11)
10
LC dt
we find

2
(zC+a-aye, ) dd‘igt) " -
5.12

2a(1-a)o, ) dgiit) +a%0, (1) = 0.

The last equation has a specific solution of the fol-

lowing form:

q(t) = Aexp(rt) . (5.13)
So, equation (5.12) becomes
(LC+a-a?e, )+
(5.14)

2a(1-a)o, "+ a’c, 17 = 0.

It is easy to see that the last equation has the fol-

lowing solutions:

= Jd-io,
{rl " (5.15)
T, =—-A+io,
where
_ 2(1-a)
P Gl (5.16)

(LC (1 a)zo—f(l*”)
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and
(1-a) /
o= L (j . (5.17)
(LC +(1-a)o, (1'“))
So,
q(t) = Aexp(—At) cos(at + @) . (5.18)
By taking the following initial conditions:
qt)=q, ;t=0, (5.19)
M:o;tzo, (5.20)
dt
we get
=% | (5.21)
cos(¢)
Q= atan[—il. (5.22)
10)

It is worth noting here that when a =1, we find the
familiar results.

Fig. 6 shows time changes of charge for a=1,
a=0.8, and a=0.6.

154

15

t

Fig. 6— Plots of g/qo with parameters «= {1, 0.8, 0.6, 0.4} and
LC=1

For =1, it can be clearly seen that the LC cir-
cuit's vibration is a sinusoidal oscillation.

For a <1, vibration of the LC circuit is a damped
vibration that eventually reaches 0.

6. CONCLUSIONS

In this work, we have applied the Caputo-Fabrizio
fractional derivative to RC, RL and LC electrical cir-
cuits equations. First, we have transformed the frac-
tional differential equations into a linear integral
equation. Then, the solutions of RC, RL and LC frac-
tional equations have been systematically established.
When we limit our results to @ — 1, we obtain the
standard ones.
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OGpoOra He/IIHINHNX eJIEKTPUYHHUX Kija 3a mqomomoromw noxigaoi Kanyro-®adpinio

Z. Korichi?, A. Souigat!, Y. Benkrimal, M.T. Meftah?

1 Ecole Normale Supérieure de Ouargla, 30000 Ouargla, Algeria
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Kamyro Ta @abpinio HEIOIABHO 3AIIPOIOHYBAIN HOBY IOXITHY JAPOOOBOIO MOPSAAKY 0€3 CHHIYJISPHOIO
spa, SKa MIXOTUTh JJId mepeTBopenHs Jlammaca Ta Mae 6araTo IIKABUX BJIACTUBOCTEH, SIK1 CIIOHYKAJIH J0
1l BUKOPUCTAHHS JJIS BHPIIIEHHS Ta MOJE/IIOBAHHS 0araThoxX SBUIL y PI3HUX TayIy3sax HayKu. Y poOoTi Mu
00po6mIH APo6oBI TudepeHITiaIbHI PIBHAHHSA HEJIHIMHAX eJIEKTPUYHUX KiJI, BAKOPHUCTOBYIOUN BU3HAYECHHS
moxiguoi KamyTo-®abpimio. [ilicHo, Mu mepeTBOpmIn Ipo0oBi AudepeHITiaabHl PIBHAHHS, IO OMIHCYIOTH
RC, RL ta LC xona, y nudepeHIiaJgbHe PIBHAHHS 3BHYAWHOrO IOPAAKy. [loTiM MM BU3HAYMIN ABHI
PO3B’A3KH IuX IudepeHItiaJIbHnX pPiBHAHD. [y RC-naHIora Mu J0CTIIKyBAIA 3MIHH 3apsaay 3 94acoM 1 3
HOPAAKOM IIOXITHWX 1 BUABWJIM, IO JIJIA BCIX 3HAUEHb KpHMBA 30epirae cBoio 3arajbHy dopmy. Ha Bimmimy
BIJ OCTIAHOI Yacy, Ka 3pocTae 3i 30LIbIIeHHIM aJIba, MU BCTAHOBIIIH, IO @o HE MAa€ BIIHOIIEHHS 10 Hel.
Jns maumora RL nocsiaReHo 3MIHM eJIEKTPUYHOTO CTPYMY 3 4acOM JUIS PI3HHX 3HA4YeHb ajabda, 1 MU BU-
SIBUJIN, 110 MAKCUMAaJIbHUM cTpyM lo He 3MiHIOETBCA 3 mopsakoM moxinuoi. Kpim Toro, mis LC-naumora Mmu
JIOCITIPKYBAJIA 3MIHU 3apsy IS PI3HUX 3HAYEHb ajb@da Ta moxasanu, mo gopma sioparnii LC nos’ssana 3
nopsarom noxigaoi. s LC-naniora Bibpallis e cuHycoinaabHomw0, a Bibpaiis RC-naHIora € 3aTyxamndon
Bibparriewo. [I[06 miaTBepIUTH OTPUMAaHI PEe3yJIBTATHA, MU SHAUIILIA CX0K]1 Pe3yJIbTaTH B JITEPATypi.

Kmiouosi cmosa: JlpoGosi mudepenmianbai piBHaHHA, JpoGoa moximHa, Jpo6osa moximma Kamyro-

®aopirrio, JIpoOoBi esleKTprYHI KoJIa.
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