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Fractional calculation methods and their applications in various scientific fields have aroused great in-
terest in recent years. They have been used in the modeling of many physical problems, chemical processes
and engineering. Recently, Caputo-Fabrizio proposed a new fractional order derivative without singular
kernel, this new operator is suitable for the Laplace transformation and capable of describing physical be-
havior at different scales. In order to further investigate the possible application of this new operator, we
used it to study the effect of fractional order time derivative on the out-diffusion profiles during degassing
a thin plate in vacuum. In this work we modulate the impurity transport in the material during degassing
by the time fractional diffusion equation, taking into account the Caputo-Fabrizio derivative, and we treat-
ed it by using the separation of variables method. An exact solution was obtained, depends on the time
fractional-order derivative alpha. We observed that alpha plays an important role in the numerical simula-
tions and it has an effect on the out-diffusion profiles, where the degassing is faster as alpha approaches 1,
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and the degassing is slow as alpha approaches zero.
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1. INTRODUCTION

In recent years, there has been a great deal of inter-
est in fractional calculus techniques and their applica-
tions in a wide range of scientific domains to modeling
numerous physical problem, chemical processes, and
engineering challenges, see for example [1-4]. The idea
of fractional order derivatives is based on various
methods of non-integer order derivation, especially,
Riemann-Liouville [5,6], Caputo [7,8] and others
[9, 11]. Caputo and Fabrizio recently proposed a new
fractional order derivative without a singular kernel
[12, 13]. The modern fractional derivative approach
established by Caputo and Fabrizio is suitable for the
Laplace transformation, and has several interesting
properties stimulated some authors to use it to solve
various equations and modeling many phenomena in
various branches of science, for instance analysis of
logistic equation [14], Korteweg-de Vries-Burgers
Equation [15], nonlinear Fisher's reaction diffusion
equation [16], the modeling of the electrical flow in a
series RLC circuit [17], heat transfer in magnetohydro-
dynamic [18] and other works see [19-21]. For a func-
tion C(t) belongs to the Sobolev space, Caputo and Fab-
rizio [13] proposed the following fractional derivative.

@2-a)M

o t v t—
D7C(t) = 20 —aga) o C'(p) exp{—a ﬁ} dp ,(1.1)

where M(«) is a normalization constant depending on
a (0<a<l)

Nieto and Losada [13] suggested a particular meth-
od enables to find the normalized function. This method
depends on that the fractional integral in equation (1.1)
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is the average of the function and its anti-derivative for
0 <a <1. Therefore the normalized function by using
this way, takes the following form:

M(x) = 2 (1.2)
2—-a
So what the fractional Caputo-Fabrizio derivative of
a function c(¢) can redefined as:

DEC(t) = i [:C'(p) exp{fa i:—ft}dp , (1.3)

The main aim of this work is to investigate the possi-
bility of applying this new derivative with fractional or-
der to solve the time fractional diffusion equation, and
study the effect of fractional order time derivative on the
out-diffusion profiles for degassing a thin plate in a vac-
uum,

2. THEORETICAL IMPLEMENTATION AND
CALCULATIONS

Vacuum degassing is a process that enables to ob-
tain a high-strength component by reducing the impu-
rities, like hydrogen, content in the material by being
removed in gas form. During this process the impurity
captured by traps escapes out of specimen [22, 23]. The
impurity transport in the material during degassing
can be modeled by the time fractional diffusion equa-
tion, this equation is referred to as

DFC(x,t) = uD?C(x,t) (2.1)

where the positive constant x is the diffusion coefficient
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of impurity through the material and 0 <a <1.

Consider the case of degassing a thin plate of thick-
ness L in a vacuum, whose surfaces, x =0, x =L, are
maintained at Zero concentration of impurity. The ini-
tial concentration C,of impurity is constant at all
points of the plate. Therefore, the initial and boundary
conditions can be written as:

C(x,00=C,, 0<x <L, (2.2)
C0,t)=C(L,t)=0 , (2.3)

As u is time-independent, we use the separation of

variables
C(x,t) = C,(t)Cy(x), (2.4)
then
C,(x)DC,(t) = uC,t)D*Cy(x) , (2.5)
DiC(t) _ DiCy(x) 2.6)

HCi(t)  Cy(x)

The left hand side of equation (2.6) is a function of t
only, the right hand side is a function of x only. The
only way that this can be correct is if both sides equal a
constant. In order to simplify the solution, we choose the

constant to be equal to —&2

DIC(®) _ DiCy(x) _ 4o (2.7)
1Ct)  Cyx) ’

we have the following two equations to solve

DFC,(t) = —k*uC, (t) (2.8
D2Cy(x) = —k*Cy(x) , (2.9

Applying the Laplace transform to (2.8), we obtain:

L[D;’Cl(t)] = —k2uL[C,®)], (2.10)
From (1.3) we have
s[CO]-GO) ~R*uL[C,®)], (2.11)

s+a(l-s)
or equivalently,

1 R
£[G®]=-G0) —%L[Cl(t)} (a -DE*uL[C, (5] ,(2.12)
Using the properties of inverse Laplace transform,
we deduce that

C,(t) = (@ =K uC,(t) — akuf!. C,(s)ds + C, (0) (2.13)

the first derivative of the last equation gives

960 __okruc,v),

(1-(a-Dk’u) (2.14)
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C,(t) = C,(0) exp{(l(_;ki;lkz)t], (2.15)
—\a—- H

The solution of the equation (2.9) is

C,(x) = acos(kx) +bsin(kx) , (2.16)
therefore, the solution can be written as
—ak? A k
C(x,t) = exp %t ( C?S( %) +j ,(2.17)
(1 —(a- 1)k2y) Bsin(kx)
Using the boundary condition we observe that
A=0, (2.18)
and
nr
g="7 2.19
L (2.19)

we can therefore generalize the solution to the form

C(x,t) = i B, exp 5
" [1 —(a-1) (%) ,u]

Using the initial conditions we have

¢ sin(nfﬁ x) »(2.20)

C,=3 B, sin(nfﬁx) , (2.21)
n=1

We multiply The both sides of equation (2.21) by
sin [%x} , where m is another integer, and integrate

both sides of the resulting equation from a zero to L we
get the following result.

j'OLCO sin| %% « dx:BnijoLsin D7 lsin| 22 |dx ,(2.22)
L n=1 L L

We then recognize that the integrals in the summa-
tion all vanish except for the one where n = m, because

the eigenfunctions, sin(% xj are orthogonal.

Therefore we have
[rc, sin[%”x)dx = B, |} sin® (”T” xjdx . (2.23)

Solving for and evaluating the last integral in equa-
tion (2.23) gives the following result

2 L . (nx
B, = ZIO C, s1n[Tdex, (2.24)
2C,
B ==9%1- , 2.25
X n;r[ cos(n;r)] (2.25)

Since [1 — cos(nn)] is zero when n is even and 2 when
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n is odd. Then our general solution for C(x, t) becomes

4Cy = 1 . [(2j+1)7
Clx,t)y=—2-> —— —At —— x|, (2.26
(x,t) . Elzj_’_lexp( )sm( 7 xj ( )
where:
2
2j+1)x

{2,

A= , (2.27)

(2j+1)xY

1-(a 1)( I Y7

Implication of this solution is that provide estima-

tion of the concentration of impurity in the sample after

degassing. Equation (2.26) shows that the C(x, t) de-

pends on the fractional order derivative. In the case of

a=1 the concentration is given by the following rela-
tionship

C(x,t) = & i ! exp{[(zj +1)”] ,ut]sin[@jzl)ﬂx] (2.28)

7 ja2j+1 L

This equation represents the solution of standard
diffusion equation for degassing a thin plate in a vacu-
um, see [24].

3. RESULTS AND DISCUSSIONS

The out-diffusion profiles during degassing with dif-
ferent orders a = {0.6, 0.8, 1}, Co = 1 are shown in Fig. 1.
From the Fig. 1, one can see that the out-diffusion
profiles depends heavily on the order of the derivative
alpha. We observe that degassing is faster as alpha ap-
proaches 1, and we have slow degassing as alpha ap-
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proaches zero. It is clear from the figure.1 that the frac-
tional-order derivative plays an important role in the
numerical simulations and it has an effect on the out-
diffusion profiles during degassing a thin plate in vac-
uum.
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Fig. 1 — The out-diffusion profiles C(x, {) with the parameters
a=1{0.6,0.8,1}, Co=1, L=10-5¢=105 and u= 10-16

4. CONCLUSION

In this work the time fractional diffusion equation
was treated for degassing a thin plate in a vacuum by
using the new fractional order derivative approach
without singular kernel has been established by Ca-
puto and Fabrizio. An exact solution was obtained and
we observed that the fractional-order derivative plays
an important role in the numerical simulations and it
has an effect on the out-diffusion profiles during degas-
sing, where the degassing is faster as alpha approaches
1, and the degassing is slow as alpha approaches zero.
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Bruiue npo6oBoi moximHOol 3a yacoMm HA npodiai 3oBHimEBOI mudyaii mig yac gerasaiii TOHKOI
IUIACTUHH y BaKyyMi
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MeTomu mpoboBux 00YMCIEHD TA IX 3ACTOCYBAHHS B PISHUX HAYKOBUX I'aJIy3siX BUKJIUKAIOTH BEJIMKUH 1H-
Tepec B OCTaHHI POoKU. BOHM BHKOPHUCTOBYIOTHCS B MOJEJIOBAHHI 0araTtboxX (pisWyHUX 34744, XIMIYHHX IIPO-
meciB Ta imkenepii. Hemomasuo Karyro-Dabpiirio 3ampomoHyBaB HOBY MOXIIHY JApo6OBOro MOPSIAKY 6e3 cu-
HIYyJIIpHOTO simpa. Lleit HOBHH ommepaTop IiIXOMUThH IJIsA IepeTBopeHHs Jlammaca 1 smaTHuit omucysatu i-
3WYHY HOBEIIHKY HA PI3HMX Macmrabax. 3 MeTOI II0JaJIBbIINOr0 JOC/IIKeHHS] MOMKJIMBOTO 3aCTOCYBAaHHS
IIFOT0 HOBOTO OIepaTOpa MU BHKOPHCTAJIM HMOr0 JJIsi BUBUEHHS BILIMBY IIOXLIHOI TPOOOBOrO IOPSIAKY 34 4a-
coM Ha mpodi BUXTHOL audy3ii i yac merasariil TOHKOI IJIACTUHU ¥ Bakyymi. ¥ 1iiif poOoTi 3M0/1e,Th0BAa-
HUN TPAHCIIOPT JOMIIIOK ¥ MaTepiaJl i Jyac gerasariii 3 JOIIOMOr00 PIBHSIHHS Au@y3il poOOBOro HOPSIIKY
3a yacom, BpaxyBaBmm mnoxigHy HKamyrto-®abpiiio, i ompamboBaHmii 3a JOIOMOIOK METOIY PO3IiJIeHHS
aminauX. OTpUMAaHO TOUHUHN PO3B'SI30K, AKUU 3aJI€KUTh Bl IOXimHOI anbda ApoGOBOro MOPSAKY 3a 4aCOM.
BminHa anbda Bimirpae BasKJIMBY POJIb y YUCEIHHOMY MOZEJIIOBAHHI 1 Mae BILIUB Ha mpodim nudysii. dera-
3aIris BIIOYBAETHCS IIBUIINE, KOJIU ajbda HAOIMIKAETHCA 10 1, 1 eras3arfisi CIIOBLIHHIOETHCS, KOJIU aibda
HAOIMKAETHCSA 0 HYJIA.

Kmiouosi cnosa: JIpo6osa moxigua, Kamyro-®abpirio, Pisaannua nudyaii, Jlerasaiiis TOHKOI I1J1aCTHHMA.
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