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Abstract. Non-stationary loading of a mechanical system consisting of a hinged beam and additional support
installed in the beam span was studied using a model of the beam deformation based on the Timoshenko hypothesis
with considering rotatory inertia and shear. The system of partial differential equations describing the beam
deformation was solved by expanding the unknown functions in the Fourier series with subsequent application of the
integral Laplace transform. The additional support was assumed to be realistic rather than rigid. Thus it has linearly
elastic, viscous, and inertial components. This means that the effect of a part of the support vibrating with the beam
was considered such that their displacements coincide. The beam and additional support reaction were replaced by an
unknown concentrated external force applied to the beam. This unknown reaction was assumed to be time-dependent.
The time law was determined by solving the first kind of Volterra integral equation. The methodology of deriving the
integral equation for the unknown reaction was explained. Analytic formulae and results of computations for specific
numerical parameters were given. The impact of the mass value on the additional viscoelastic support reaction and
the beam deflection at arbitrary points were determined. The research results of this paper can be helpful for
engineers in designing multi-span bridges.

Keywords: Timoshenko multi-span beam, additional viscoelastic support, non-stationary vibration, concentrated
mass, Volterra integral equation.

1 Introduction

In engineering and construction, there are many
complex mechanical systems consisting of a large
number of elements. The approach based on the choice of
the central element of the study and taking into account
the influence of objects interacting with it using
concentrated or distributed forces can be used to build a
model of the system in this case.

It is not always known in advance which system
parameters significantly influence the stress-strain state,
especially under dynamic loading [1]. Therefore, the
maximum number of parameters, which at the same time
do not overcomplicate the model, should be taken into
account.

Thus, in this paper, the Timoshenko-type beam model,
taking into account the viscoelastic and mass parameters
of intermediate supports, is proposed to study the
deformed state of widespread multi-span beams.

2 Literature Review

Beam-like structural elements are widely applied for
engineering purposes of mankind. From experience, the
Timoshenko  hypothesis-based models considering
rotatory inertia and shear provide good results for beams
[2, 3]. Nevertheless, the classical models, i.e., Euler-
Bernoulli beams, are still used for simplification when
solving problems involving modeling nonlinear
properties of the beam material [4] or in complex
identification problems [5].
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The paper [4] presents vibration analysis of a simply
supported beam with a fractional order viscoelastic
material model. The studies show that the selection of
appropriate damping coefficients and fractional derivative
order of the damping model enables us to fit more
accurately the dynamic characteristics of the beam in
comparison with using the integer order derivative
damping model.

A new method to identify the viscoelastic boundary
conditions of Euler—Bernoulli beams under forced
response is presented in [5]. The capability of identifying
complex boundary conditions under high levels of noise
might open the door for the proposed method to be
considered in real-life applications of structural health
monitoring and model updating with boundary conditions
of beam-like structures such as bridges.

For mechanical systems, including structural elements
in the form of beams under non-stationary loads,
auxiliary restrictions are sometimes imposed on the
displacements of specific beam parts (e.g., displacement
magnitude) in addition to the robustness requirements. In
such cases (i.e., bridges), using additional supports for
beams is advisable.

Vibrations of multi-span beams with additional elastic
supports under pulse and traveling loads are considered in
[6].

Non-stationary direct and inverse problems for multi-
span beams with additional elastic supports are solved in
[7]. Similar problems in viscoelastic settings are studied
in [8].

Implementation of the time-weighted residual method
for simulation of flexural waves in multi-span
Timoshenko beams subjected to various external loads:
from stationary loads to accelerating moving masses
considered in [9]. Experimental studies of the dynamic
response of multi-span beams under the action of moving
masses, among which is [10], is also known.

The paper [11] study extends a frequency domain
modified spectral element method (SEM) from single-
span beams to multi-span beams subjected to moving
point forces. The Timoshenko beam model represents
each span. The time history of the moving point force is
transformed to the frequency domain as a series of quasi-
static or stationary point forces acting on the beam
simultaneously. The dynamic responses are obtained by
superposing the individual dynamic responses excited by
each quasi-static point force. Note that in this work, a
similar problem has already been solved at a high level,
but each additional support is, in fact, absolutely rigid.

The assumption about the absolute rigidity of the
supports is also used by authors in [12] in the analysis of
the dynamic behavior of a Rayleigh multi-span uniform
continuous beam system traversed by a constant moving
force or uniformly distributed loads.

Manipulating the dynamic response of a multi-span
bridge due to organizational arrangements is considered
in the article [13], namely by managing the entry time of
the crossing trains (in other words, moving loads).

The analytical solution uses the Euler—Bernoulli beam
model. For comparisons, a two-dimensional numerical
finite element modeling based on the Timoshenko beam
element that includes the effect of the shear force is also
presented there.

This solution is more complex because of the number
of pavement bridge layers. However, it does not consider
the properties of additional supports, is the model
considered in [14].

In paper [15], the multi-span Timoshenko beams are
investigated, and the interpolation modifies the mode
shapes of the beams functions to model the vibration
modes of the multi-span beams. Hamilton’s principle is
applied to establish the equation of motion of the
structure, and the natural circular frequencies and the free
vibration responses of the multi-span beams are obtained.
Note that in this work, only free vibrations are
considered.

The uniform formulation of dynamic vibration analysis
of multi-span beams is presented by using an efficient
domain decomposition method in the paper [16]. The
domain decomposition method divides the structure into
several equal sections. Next, the artificial spring is used
to simulate the multi-span beam’s complex boundaries
and continuity conditions. Finally, the admissible
displacement functions are expanded through Jacobi
orthogonal polynomials, and the free and forced vibration
characteristics of multi-span beam structures can be
obtained using Rayleigh—Ritz method.

The paper [17] investigates multi-step Timoshenko
beams coupled with rigid bodies on springs. Additional
purely elastic supports are considered when In works
[16, 17].

Note that in the case of modeling complex multilayer
objects, along with beams, more complex objects are
used, called strips or strip plates [18]. However, using an
object as a strip significantly complicates the model and,
in our case, will not give visible refinements of the
solution.

The results of the present paper are based on those for
non-stationary  deforming of mechanical systems
consisting of beams and plates having concentrated
viscoelastic supports additional to the main support along
its edge. Solutions to direct problems for beams and
plates with additional supports are found in [19, 20].

After analyzing the existing publications, we conclude
that the problem of studying non-stationary oscillations
of multi-span beams is quite relevant. At the same time,
absolutely rigid supports are most often considered in
well-known publications. The proposed model makes it
possible to describe the behavior of real mechanical
objects more accurately. In addition, introducing
additional supports, considering their characteristics can
be used to reduce unwanted vibrations, such as in
[21, 22].
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3 Research Methodology

3.1  Problem settings

A mechanical system consists of a hinged elastic
isotropic beam and an additional concentrated
viscoelastic support contacting the beam at some point
(Figure 1).

£ P(t)

o
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1

Figure 1 — Beam with additional support loading scheme

The additional support is assumed to be installed
transversally to the beam, and its lower end is hinged.
The stiffness and damping ratios are considered constant.
Transverse pulse load P(t) is applied to the beam at some
point, which excites non-stationary vibrations of the
beam and additional support.

The impact of the additional viscoelastic support on
the beam is modeled by a non-stationary external
unknown force (the beam and additional support reaction
taken with the opposite sign) applied to the beam at the
point of its contact with the support. When solving the
problem, we assume the point of the load application as
well as the point of contact with the additional support to
be arbitrary, i.e., they can be any points of the beam
except for its ends.

The displacements of the points of the beam under the
simultaneous action of the system of two forces (i.e., the
given function P(t) and the unknown function R(t), which
is the time-dependent reaction of the beam and additional
support considering its mass-inertia characteristics) are to
be determined.

3.2 Analytical solution

The system of Timoshenko beam partial differential
equations, which considers the appropriately chosen
initial and boundary conditions that describes non-
stationary deformation processes, is of the form (see [2]):

o’w Ay o*w
G'b,h b.h, —— —P(x,t)+ R~ (X,1);
[ o 6X] pbbatz (X, 1)+ R (x,1)

)

oty oy
E1 ¥ 1 G'h,h N ,
ox? (6 \Vj P e

where h, is the beam thickness; b, is the beam width;
| is the beam length; G'=k“G; k' is the shear

coefficient; 1 =h,h®/12; w describes the beam middle
plane deflection; y stands for the rotation angle; p, E,
v are the elastic constants of the beam material; t is the
time. We also remind that P(x,t) and R.(x,t) are the

exciting load and the reaction of the beam and additional
support interaction, respectively.

The system is solved by expanding the unknown
functions, namely the displacements and rotation angles,
into corresponding Fourier series with time-dependent
coefficients. Then a system of ordinary differential
equations can be derived for the expansion coefficients,
which can be solved, for instance, by using the integral
Laplace transform [23]. In this case, after applying the
inverse transform, the solutions can be written as
convolution-type Duhamel’s integrals, which allows for
obtaining analytic representations for the kernels of
integral equations.

By solving the system of differential equation (1) for
zero initial and hinge boundary conditions, we arrive at
the following analytic formula for the deflection
functions:

w(x,t)= Yx,t-t)dt, (2

O t—

PO (x,t - )~ [ R

where K} (x,t) are the corresponding kernels of

Duhamel’s integrals (i.e., convolutions):
= C X .

K" (xt)=Y =% si nXm XZka~Slnwpkt.
k=1 Ak p=1

In the equalities above, we adopt the following
notations:

. 2
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The eigenfrequencies are given by the formula:

o =v05[02 (@+d) +b) + A, |

oo = V0502 (a+d)+b) - A, ].

Similar relations can be derived for total
displacements, normal rotation angles, and deformation.

In the general case, the additional support can be
represented as a combination of mass, stiffness, and
damping impact (Figure 1). The formula gives the beam
and additional viscoelastic support reaction considering
inertia phenomena:
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R, (t)=m

d'w() , dvgt(t) fow (), (3)

dt?

where ¢ is the additional support stiffness ratio, N/m;
k is the damping, N-s/m; m stands for the mass-inertia
characteristic of the additional viscoelastic support, kg;
W, (t) describes the beam deflection at the point of the
contact with the additional support, m.

For the case under consideration, the functions of
deflections at a point are to be derived. Applying the
direct Laplace integral transform to (3) for the zero initial
condition, we get the formula:

Ri(s)=m, 'SZ'V"i(S)+Ki S W(S)+C-wi(s).  (4)

From (4), the Laplace transform of the deflection
functions can be easily found:

RO -

Applying the inverse Laplace transform by the
convolution theorem, we arrive at the following
expression for the deflection at the point of application of
the viscoelastic support reaction considering its mass:

w, (t) = _t[ Kj (t - T)R(T)dt ' (6)

11 5ut :
Kﬁ(t)zmm e ™M .sin(oep, ) is the
i CDj

where

finite difference kernel of the convolution type integral
accounting for viscous, elastic, and mass-inertia
characteristics of the additional support at the i-th point,

and o, :\/ci/mi ~0.25-x?/m? is the eigenfrequency
corresponding to the i-th additional viscoelastic support
considering its mass.

Below is an example of solving the problem for one
additional support.

Note that (6) is similar to (2) in its structure.
Substituting the coordinate of the point of contact with
the additional support x. for the variable x in the beam

deflection w(x,t), we can equate the deflections obtained
by the two formula: w(x.,t)=w(t).

Hence the right-hand parts of relations (2) and (6) are
also equal for x =X, . Then after gathering all the known

summands in the right-hand part of the equality and
keeping all the unknown ones in its left-hand part, we
arrive at a first-kind Volterra equation with respect to the
unknown reaction R(t) :

j[K;V (t-17)+K, (t-1)R(x)de =jK;V (t—)P, (. (7)

By discretization, integral equation (7) is transformed
into a system of linear algebraic equations (SLAE) [24],
which can be written in the form:

ALR=w,, (8)

where the vector R corresponds to the change of the
reaction R(t) in time; the vector w, is the change in

deflection time at the point of contact with the additional
support excited solely by the external force P(t)

t
W, = j K (t—t)P(t)dt; the matrix A, corresponds to
0

the sum of the kernels K¥ (t—t) + K, (t—1).

Finally, the beam and additional support reaction force
R(t) is found taking into account the support mass-

inertia characteristics, which allows determining the
components of the deflection of the beam at all points in
time considering the impact of two independent loads
P(t) and R(t) rather than the presence of additional

supports.
4 Results and Discussion

Consider a specific example of modeling non-
stationary transverse vibrations of a beam with additional
support. Let, for simplicity purposes, the beam be hinged
at its ends and have only additional support attached to
the downward side of the beam at an arbitrary point
between its ends. The additional support is modeled to be
realistic, considering elastic, viscous, and various mass-
inertia characteristics.

When undeformed, the midline of the beam is assumed
to coincide with the Ox axis of the cartesian coordinate
system. The computations are carried out for the
following parameters: p =7890 kg/m3, v=0.3, and
E =2.07-10 Pa, which corresponds to the alloy steel
beam mechanical constants; the beam length | =0.80 m;
the beam thickness hy,=0.04 m; the beam width
by = 0.05 m.

The coordinates of the point of the exciting load
application xo=0.50m, of the point at which the
additional viscoelastic support is attached to the beam
Xc =0.40 m (i.e., the middle of the beam), the point at
which the change of the deflection in time is studied
Xs1 = 0.20 m.

The additional  support  stiffness ratio s
€1 =1.0-10" N/m, and the ratio of the linear viscous
damping is assumed to be #; =1.0-10° N-s/m; the
number of the terms in the corresponding Fourie series
is 100.

The general scheme of the geometry chosen for the
computational example is shown in Figure. 1.
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The computations are carried out for three cases,
namely:

1) the minimal possible value of the mass-inertia
characteristic, since in the case of the mass less than the

value m_ =«’/(4-c)), the natural frequency
corresponding to the additional viscoelastic support

considering its mass gy = \/ci/mi -0.25-k?/m?

becomes complex. For the values of the parameters
(¢, k,) adopted above we have m,, =0.025kg. We

choose m, =0.0251kg for our computations;

2) the mass m; = 1.0 kg;

3) the mass m3 = 2.5 kg.

Figure 2 shows the external force P(t) exiting the
deformations (i.e., non-stationary vibrations) of the beam
with additional support. We point out that in Figure 2, the
force (in N) is plotted along the vertical axis, and time in
seconds is plotted along the horizontal axis.

1501
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Figure 2 — Exiting load P(t)

In Figure 3, the beam deflections W(xg,,t), W(xs,,t)
and W(xy,,t) are caused by the influence of only an

external perturbing force (illustrate the case — a beam
without additional support).

We point out that in Figure 3 the deflection in meters
is plotted along the vertical axis, and time in seconds is
plotted along the horizontal axis.
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Figure 3 — Deflection of beam point are caused
by the influence only of P(t)

In Figure 4, the external force P(t) and the reaction of
the additional support R(t) determined by solving matrix
equation (8) are shown for the masses m, =0.0251 kg,
m,=1kg, and m,=25kg. We point out that in

Figure 4, the force (in N) is plotted along the vertical
axis, and time in seconds is plotted along the horizontal
axis.
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Figure 4 — Exiting load P(t) and reaction determined R(t)

In Figure 5, the beam deflections w(xg,,t), W(xs,,t)
and W(xg,,t) are shown for the four cases, namely, for

the case when the impact of the additional support is not
considered and for the three cases of mass-inertia
characteristics of the additional support listed above.
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Figure 5 — Deflection of beam point are caused
by the influence of P(t) and R(t)

We point out that in Figure 5, the deflection in meters
is plotted along the vertical axis, and time in seconds is
plotted along the horizontal axis. Also, we can see that
the impact of the mass on the deflection amplitudes is
insignificant (there is a strong dependence of the
amplitudes on the elastic and viscous component
parameters). Nevertheless, changing the mass results in
an essential change in the curve phase characteristics.
Increasing the mass leads to increasing the vibration
period, which is logical since the system inertia grows
with its mass.
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5 Conclusions

The article proposes an original approach to model the
impact of additional viscoelastic support considering its
mass-inertia characteristics by an independent non-
stationary external force: the beam and additional support
reaction.

Solving the first-kind integral Volterra equation
determines the unknown non-stationary load. Modeling
non-stationary vibrations of beams with additional sup-
ports based on the approach developed in the paper

allows obtaining stable analytic and numerical solutions
to the problems of mechanics of deformable solids
without using iteration schemes.

The impact of the mass on the deflection amplitudes is
insignificant (if the mass is not very large). The phase
characteristics of the vibrations are changed when the
additional support’s mass is considered. Increasing the
mass leads to increasing the vibration period.
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