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Ultracold atoms in the atomic Bose-Einstein condensate (ABEC) state can form molecular Bose-Einstein
condensate (MBEC) through photoassociation. In the atom-molecule Bose-Einstein condensates (BECs), two
or more atoms in the ABEC can combine to form a molecule in the MBEC and again a molecule from a MBEC
can decompose to atoms in the ABEC. The Bose-stimulated Raman adiabatic passage is an efficient mecha-
nism for conversion of an atomic BEC to a molecular BEC. A three-mode atom-molecule Bose-Einstein con-
densates system can be prepared through the photoassociative Bose-stimulated Raman adiabatic passage.
In our system, three modes are one ABEC, one excited MBEC, and one stable MBEC. The intramodal inter-
actions due to the »® nonlinearity is present in all three BEC modes along with ABEC-excited MBEC and
excited MBEC-stable MBEC intermodal couplings. The quantum mechanical Hamiltonian of the system is
constructed considering all three intraspecies interactions and intermodal couplings among the modes. The
Hamiltonian of the system is solved analytically using a special intuitive approach which is more general
and gives more accurate result than the well-known short time approximation method. The correctness of
the solution is verified through the equal time commutation relation. Staring from a three-mode composite
coherent state we compute the time evolution of the field annihilation operators of all three modes in pres-
ence of all possible interactions and couplings. Using these solutions, we investigate the quantum entangle-
ment properties of the system for all three two-mode combinations. Entanglement is found for two combina-
tions of modes, where as one combination is always separable. Also, we study the dependence of the entan-
glement properties of the system with the interaction and coupling constants.
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1. INTRODUCTION

The basic resource for realization of quantum compu-
tation, quantum communication is the quantum entan-
glement. There are different physical systems that can
generate quantum entanglement which have practical
importance. Such as, quantum dots, cavity quantum elec-
trodynamics, nuclear magnetic resonance, ion trap, BEC
of dilute gas. The BEC system may be an ABEC system,
may be a MBEC system, or may be an atom-molecule
BEC system [1]. The entangled states of BECs of weakly
interacting gas have tremendous applications in quan-
tum communication and quantum computation [2, 3]. A
two mode BEC system can be used to realize qubit which
is the basic building block of quantum communication,
quantum information processing [4]. Two weakly coupled
BECs can produce the Josephson charged qubits [4],
quantum algorithm can be implemented using BECs [5],
two-component BECs coupled via optical fibre can trans-
fer quantum states [6], and Quantum entanglement is
the only way to achieve the Heisenberg-limited sensitiv-
ity. BEC can be used as a quantum probe to enhance
measurement sensitivity in quantum metrology [7]. To
use the atoms in the BEC as a quantum probe, we require
two-mode BEC which will act as qubit. The BEC qubits
are macroscopic as in a BEC large numbers of bosons oc-
cupy the same state. A three-mode BEC system may be
considered as a three qubits quantum system [8].

In this study, we consider a three-mode atom-mole-
cule BECs system. One mode is atomic BEC and the
other two are molecular BECs. This is an isolated three-
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mode system, involving no decaying terms, any irre-
versible loss to the environment. Such system can be
formed through the two-colour free-bound-bound pho-
toassociation, where the first laser initially prepares a
molecular BEC in the exited state, then the second laser
removes the molecule from the excited molecular BEC
state to a stable molecular BEC state [1]. The atom-atom
and the molecule-molecule elastic interactions give raise
the intramodal interactions via »® nonlinearity in all
three modes [9].

This paper is organized as follows. In Sec. 2, we write
the model Hamiltonian of the system and solve it ana-
Iytically to study the time evaluation of the system. Sec.
3 is devoted to study the bipartite entanglement proper-
ties of the system. Finally, we concluded in Sec. 4.

2. THE SYSTEM HAMILTONIAN

In this three-mode BEC system, the modes are in a A
configuration as shown Fig. 1.

12)

(1) 13>

Fig. 1 — Energy level scheme of a three-mode atom-molecule
BECs system
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The electronic states of atomic BEC, excited molecu-
lar BEC, and the stable molecular BEC are leveled as
H =38b"b- ( b+ a’') -

2
where we have considered that the atomic BEC and the
stable molecular BEC are in the same electronic state.
The boson annihilation operators for ABEC mode | 1>,
excited MBEC mode |2>, and stable MBEC mode | 3>,
are a, b, and ¢, respectively. The intermediate detuning

is 0, the effective strength of intermodal coupling be-
tween atomic and excited molecular modes is o, and

d(t) =iwa’ (t)b(t)—Zi;(anr
b(t) = ~isb(t)+i a* (t) +i7 e(t)-2izb! ()0 (1),

5 (b*c + bcT) + y,a2a® + b1 + g cti?
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1>, |2>, and | 3>, respectively. The interaction Hamil-
tonian of this system can be written as [1, 9]

2.1)

that between the excited MBEC and stable MBEC
modes is & The strength of the intramodal interaction
constants in the ABEC, excited MBEC, and the stable
MBEC are ya, b, and y., respectively. Throughout the
paper, we have taken A=1.

The time evolution of the field operators is given by
the Heisenberg equations of motion, which are

(t)a(2),

2.2)

é(t)= i%b(t)—zi;(ccT () ().

Above equations are the coupled nonlinear equations
of the ladder operators associated with the three modes.
The exact analytic solution for the time evaluation of the
field operators is until unknown. We have to proceed
through some approximations. Here we used a special

a(t) = fa(0)+£a" (0)6(0) + fia' (0)a
+ha'(0)a*(0)
+£a" (0)b7(0)b

approximation method [10]. In a previous work, we al-
ready established that this solution method gives more
accurate result than the usual short time approximation
[11]. Using this solution method, the time evaluation of
the field operators in Heisenberg picture is derived as

2(0)+f,a" (0)b(0)+ fsa’ (0)c(0)
+1a(0)b'(0)b(0) + fia™(0)a(0)5(0)
(0)+ figa® (0)07 (0) + fua™ (0)a* (0).

b(t) =g (0)+g,a*(0)+g,c(0)+g,b"(0)6%(0)+g5b(0)+ gga’ (0)

+g,a (O)a(O)b(O)+g8 T(0) *(0 )+gc (0)c?(0 )+gma (0)6?(0) (2.3)
+8ua”(0)b'(0)b(0) + g,,b" (0)5(0)c(0) + &350 (0) <’ (0)
+8,b"(0)b° (0)+g,56"% (0)5°(0),
c(t) = he(0)+hyb(0)+haet (0)c?(0)+ hye(0)+hsa® (0)+heb" (0)b° (0)+
+h,c’(0)c?(0)+hgb" (0)c? (0)+hgb (0) ™ (0)c(0) + Ayye™(0)c*(0),
where the parameters fi(t) are g —c g = };2 P 5 ( ) g, = ~2iyge ™,
fi=L5=2G(t), f,=2izt, 202 4 £2 .
2 g5 = (LlTJ;)[—iéte“” +G(t)},g6 = f—z“
f, =—%[i6t—G(t)J,G(t)zl—e‘i‘”, ,
e g, = %[—iéte’i‘” +G(t)},g8 =2g,,
f, :272[1'&—0@)], o
g =25 [-iot+G(1)], (2.5)

f,= %;[i&t—G(t)}—Z;(aztz

f, =-2(f+22,),

o= 2? [36(1) +ist{G (1)-3} .
f, = 2?“’ [iste™ -G ()],

[5t+G (t )J,fll:—z;(aztz

(.4)

fio =2

the parameters g;() are

g0 =27 e M i01-G(1)], gu =1,
2 R
8= ;’;{b [zéte ””—G(t)]
Ely _isiT-
g13=%e é’[z&t—G(t)],

2 -ist

14 =—2X 22"

815 = 814>

and the parameters hi(t) are
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h=1
h, = %G(t),

hy = -2ixt,

h, =4‘9Tzz[i§t—G(t)],

hy = %[i&t—G(t)], 2.6)

hg = %[i&te'i& -6(1)),
h, = by =274,

hy = —%f[i& +G ()],
hy = ch‘g [-ist+G(t)].

2

In deriving the above equations, all the interaction
constants are approximated up to the second order. The
field operators satisfy the bosonic commutation relation
and commute with each other’s, i.e.

[a(O),a’L (O)J =1
[6(0).5"(0)]=1 2.7)
[0(0) et (O)J =1

and
0
[6(0),¢(0)] =0, 2.9)

In this system the total number of bosons is not con-
served, since two bosons in the atomic mode can combine
to form one boson in the molecular mode which can also
decompose to two atomic bosons. But as the system is
isolated from the environment, the total number of at-
oms (may be in atomic or molecular form) which is

af (t)a(t) +2b" (t)b(t) +2¢f (t)c(t) of the system is a con-
served quantity. Also, the boson annihilation operators

satisfy the equal time commutation relations (ETCR),
which are

[6(2).b"(¢)] =1 (2.9)
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Our solutions for the time evaluation of the field op-
erators satisfy the conservation of particle numbers and
ETCR at any instant. That establishes the correctness
of our solutions.

3. TWO MODE ENTANGLEMENT

The two-mode entanglement properties of two-mode
atom-molecule BECs system is well studied [12]. Such
two-mode entangled state can be used as qubit in quan-
tum computation and quantum communications [4].
There is no such work on the two-mode entanglement
properties of a three-mode BECs system considering the
intramodal interactions of all three modes. In the three-
mode BEC system, the entangled states of any two
modes can be a qubit. So, there is a possibility of getting
three qubits from three entangled two-mode combina-
tions (ab, bc, and ca).

To study the entanglement properties of the system,
we consider the system initially in a composite coherent
state [13]. So, the initial state can be written as

lw(0) =|1)®|2)®|3). (3.1)

The eigen value equations for operations of a, b, and ¢ on
the state |l//(0)> are

a(0)|w(0)) = a|w(0)),
b0)|y(0) = B|w(0)), 3.2)
0|y (0)) = 7|w(0)),

where @, f and y, are the eigen values for ABEC mode
| 1>, excited MBEC mode |2>, and stable MBEC mode
| 3>, respectively. There are several sufficient criteria to
detect the quantum entanglement. Here we use one of
the most useful inseparability criteria known as Hillery-
Zubairy criterion-1 (HZ-1) [14, 15]. As per the HZ-1 cri-
terion, two modes represented by their annihilation op-
erators i, and j is entangled at an instant ¢ if

(N ()N, ()~ [i(0) " (1) <o, 3.3)

where Ni(t):if(t)i(t) is the number operators of the

mode i. Now we check the above criterion for all three
two-mode combinations, which are ABEC-excited
MBEC, excited MBEC-stable MBEC, and ABEC-stable
MBEC. After a rigorous calculation, we get

(N ON0) a0 Of =[5 3laf'+ |5 +161" el 18 | 6 o + e o

(3.4)

(fzf:: - 2g1gfo - 2g1g;l - fzglg:)lﬂlz a’p
+
+(fo=£fy)

21 2
a| |ﬂ| a?p+c.c.

2 .
a| a f-g8n
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(NN, (@) —|b<t)c*(t)|z =118 + e 1B I + .
+ [(ha + gfgshs)|7|z Br+ (gfg4h2 + gfg13)|ﬂ|2 By + c.c} , '
(NON.©)-Jatr O =|5F 1B+ e [+l o 1+ [fzf; o a2p+ c.c.] (3.6)
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Fig. 2 —Plot of <Ni (t) Nj (t)> — |i (t)j" (t)| with dimensionless time 7 = wt for ABEC-excited MBEC mode for «=10, =5, =100,
6= 1 KHz (a), for exited MBEC-stable MBEC mode for o= 0.01, #=0.001, y= 10, §= 10 KHz (b), for ABEC-stable MBEC mode for

a=10, =5, =100, 5= 1 KHz (0)

To study the nature of the above equations, we plot
them with rescaled time 7=wt in Fig. 2 for
@,€, Xo» Xps X. =10 Hz considering the eigen values a, B,

and, y all are reals. These plots predict the entanglement
between the atomic BEC-excited MBEC (Fig. 2a) and ex-
cited MBEC-stable MBEC modes (Fig. 2b), whereas the

atomic BEC-stable MBEC mode is always separable
(Fig. 2c¢). Stable entanglement is present between the
atomic BEC and excited MBEC. The collapse and revival
of entanglement with time is found between two molec-
ular BECs.

(N,N3)—lab'1? (NaNy)—lab'? (N,Np)—|ab'?
2
200 100 it
50 |
100 Yé ! w
3 10 15 T t 5 10 15 20
-50 I
~100}
5 10 15 20 77 —100 {
~100 -150 -200
-200 !
200 250 3007
a b c

Fig. 3— Plot of <Na(t)Nb(t)> - |a(t)b+(t)|2 with y, for y,,0=10Hz (a), with y, for y,,® =10 Hz (b), with wfor y_,y, =10 Hz (c)

To study the dependence of the depth of entangle-
ment and the requirements for signature of entangle-
ment of two modes with the intramodal interaction con-
stant of each mode and also on their intermodal cou-
pling, we plot the entanglement properties between the
ABEC and excited MBEC modes with y. (Fig. 3a), with
o (Fig. 3b), and with o (Fig. 3c) for
a=10,4=5,7=100,t =0.001s, 5=1KHz, y,,&=10Hz.

All three plots show that there is a critical value of each
interaction constant for signature of entanglement and
the depth of entanglement depends on the magnitudes
of ya, b, and o. It is interesting to note that the entan-
glement properties of two modes depend not only on the
intermodal coupling between the modes but also on the
intramodal interactions present in each mode. Fig. 3a
shows that less the value of y, more the depth of entan-
glement which is just opposite for y» (Fig. 3b). So, the
intramodal interactions in atomic BEC mode suppress
the depth of entanglement whereas that of the molecu-

lar mode boosts the depth of entanglement. The inter-
modal coupling between the ABEC and excited molecu-
lar BEC modes enhances the depth of entanglement
(Fig. 3c). Equation (3.4) shows that the entanglement
properties of atomic BEC-excited MBEC modes is inde-
pendent of yc and & i.e., the entanglement properties of
any two modes are independent of the interaction and
coupling constants related to other modes of the same
system. A practically useful qubit for quantum commu-
nication and quantum computation requires sustain and
deep entanglement between two BECs. To achieve this,
we need to consider such a BEC system which has the
desired values of the interaction and coupling constants.

4. CONCLUSION

We have considered a three-mode atom-molecule
BEC system which can be prepared through the Bose-
stimulated Raman adiabatic passage. The Hamiltonian
of the system is constructed considering the intraspecies
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interactions in all three modes and the intermodal cou-
plings in the ABEC-excited MBEC and excited MBEC-
stable MBEC modes. The quantum mechanical Hamil-
tonian of the system is solved analytically approximat-
ing the interaction constants beyond the second order.
The time evaluation of the system is studied starting
from a coherent superposition of all three modes. The
two-mode entanglement property of the system which is
a key resource of practically realizable qubit is studied
explicitly. Such qubit of BEC system has immense appli-
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BiiacTupocTi TPUMOIOBUX aTOM-MOJIEKYJI 003€e-eHHIITEHHIBCHKUX KOH/IEHCATIB:

cucreMa, SKa po3riisigae B3a€MO/il0 BHACTIIOK BHYTPIMTHBOMOZOBOI NPYIKHOI S-XBHIIL

S.K. Giri
Department of Physics, Panskura Banamali College (Autonomous), 721152 Panskura, India

ViIbTpaxoJIomaHi aTOMH B CTaHI aTOMAapHOTO 003e-efHIITedHIBehKkoro KoHaeHcaTy (ABEC) Moy Ts yTBOpIO-
BaTU MOJIEKYJIApHUN 0o3e-erHITeHIBchKni KoHAeHcaT (MBEC) uepes doroacoriaiio. ¥ aTroMHO-MOJIEKy-
napHuX KoHmeHcaTax bose-Ennamreiitna (BEC) gBa abo 6isbille aToMiB MOKYTH 00 €IHYBATHCS, YTBOPIOIOYH
mostexysry B8 MBEC, i1 suoBy mostexysna 3 MBEC moske posknamatuca ma aromu B ABEC. CtumysiboBanmia
Bose amiabatmunwmit mpoxin Pamana e edpertrBHIM MexaHI3MOM 1 ItepeTBopeHHs: atomapHoro BEC y mo-
nexynsapanii BEC. TpumomoBy aTomHO-MoIeKyTHY cucteMy KougeHcaTiB bose-Eitamreiina moxkHa oTpumaT
3a JIOIIOMOTO0 (POTOACOITIATUBHOTO 11a0aTHIHOTO ITePeXoay KOMOIHAIIIHOTO PO3CIIOBAHHS, CTUMYJIHOBAHOTO
Bogze. V mamriit cucremi tpu pesknvu: ABEC, 30ymrenuit MBEC 1 crabinsunit MBEC. Bayrpimss Tpazcmo-
asbHA B3AEMOJIS Yepe3 HeJIHINHICTD §@ mpucyTHs y Beix Tpbox mogax BEC pasom 13 30ymsrernumu MBEC 1
MBEC-crabispaumu inrepmonansunvu 38’siakamu MBEC. KeantoBo-mexaHIYHUI raMiJIbTOHIAH CHCTEMH
m00yI0BAHO 3 YPaXyBaHHSAM yCiX TPHOX BHYTPIINIHBOBUIOBUX B3AEMOJIIH Ta IHTEPMOIAIFHUAX 3B A3KIB MIsK MO-
namvu. ['aMUIbTOHIaH CUCTEMHU PO3B’A3YETHCSA AaHAJITHYIHO 34 JIOTIOMOTOI0 CIIEI[IaIbHOT0 IHTYITHBHOTO ITiTXO/Y,
SIKUY € OLIIBIN 3araJIbHUAM 1 1a€ OLIBIIN TOYHUM pe3ysIbTaT, HisK Jo0pe BIIOMMI MeTO ] KOPOTKOYACHOI aIlpOKCH-
wmartii. [IpaBuipHICTE PO3B'SI3KY IIepEBIPSIETHCS Yepe3 PIBHOYACOBE KOMYTAIlIMHe CIIiBBIAHOIIEHHS. Bruxosaun
3 TPUMOJIOBOT'O KOMIIO3MTHOIO KOTePEHTHOTO CTaHy, OyJia 00YKCIeHA YacoBa eBOJIIOIA OIepaToOPiB aHIT1JIAIl
IOJIA BCIX TPHOX MO 34 HASBHOCTI BCIX MOMKJIMBHX B3aeMOii 1 3B’aA3KiB. BukopucroByouu 11i pimmeHHs, Mu
JIOCITIZPKY€EMO BJIACTUBOCTI KBAHTOBOI 3aILIyTAHOCTI CHCTEMU JIJIsI BCIX TPHOX JBOMOAOBUX KoMOiHAarii. Crury-
TAHICTh BUABJIEHA IJIS OIBOX KOMOIHAIIN PERUMIB, Je OJHA KOMOIHAIISA 3aBOW PO3AiabHA. TakKos mocui-
IIPKEHO 3aJIeKHICTD BJIACTUBOCTEH 3aIJIyTAHOCTI CHCTEMH BiJl KOHCTAHT B3a€MO/Il Ta 3B A3KY.

Kimouosi cioa: Korgencatu Bose — Eitnmreitna, Bose-ctumynboBaumit agiabatuunuii mpoxin Pamana,
KpanToBa samnyranicts, KyoGit.
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