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NEW ASYMPTOTIC SOLUTIONS OF THE UNBIASED 
CONTINUOUS-TIME RANDOM WALKS 

 
Denisov S.I., professor; Bystrik Yu.S., student 

 
Asymptotic solutions of the continuous-time random walks (CTRWs), 

i.e., properly scaled probability densities of the walker’s position at long 
times, are important statistical characteristics of these walks. They have 
been found for the CTRWs characterized by different distributions of 
waiting times and jump magnitudes, including heavy-tailed distributions 
whose first and/or second moments are infinite. There also exists a class of 
superheavy-tailed distributions that do not have finite moments of an 
arbitrary (fractional) order. These distributions are useful for modeling, 
e.g., randomly interrupted processes [1,2] and superslow diffusion [3].  

The asymptotic solutions for both biased and unbiased CTRWs 
described by the superheavy-tailed distribution of waiting times and the 
jump distribution with finite second moment have been recently derived in 
Ref.  [4].  The  aim  of  this  talk  is  to  present  a  new  class  of  asymptotic  
solutions related to the unbiased CTRWs with superheavy-tailed 
distribution of waiting times and power-law distribution of jump 
magnitudes characterized by infinite second moment. Using the Montroll-
Weiss equation in the Fourier-Laplace space and the Tauberian theorem for 
the Laplace transform, we show that the desired class consists of the 
symmetric functions which can be represented in the form 
 

 
y
xydyxP

1
cos1)(

0
 (1) 

 

( 20 ). We prove that these functions are positive and normalized, i.e., 
they are in fact probability densities, derive the asymptotic formulas at 

0x  and x , and numerically investigate the dependence of these 
functions on the variable x and parameter .  

 
1. S.I. Denisov, H. Kantz, P. Hänggi, J. Phys. A: Math. Theor. 43, 285004 

(2010). 
2. S.I. Denisov, H. Kantz, Eur. Phys. J. B (2011) [arXiv: 1101.2466]. 
3. S.I. Denisov, H. Kantz, Europhys. Lett. 92, 30001 (2010). 
4. S.I. Denisov, H. Kantz, arXiv: 1102.2590. 



-2011  1:   

32 

SUPERSLOW BIASED DIFFUSION IN A RANDOM POTENTIAL 
 

Denisova E.S., associate professor; Denisova L.A., lecturer  
 
Superslow diffusion, i.e., diffusion of objects (particles) whose mean-

square displacement or variance grows slower than any power of time, has 
been  predicted  in  a  number  of  systems.  The  so-called  Sinai  diffusion  [1]  
represents the first and best known example of this type of diffusion. Other 
examples come from resistor networks, continuous-time random walks 
(CTRWs), charged polymers, iterated maps, two-dimensional lattices, etc. 
The common feature of all these examples is that the laws of superslow 
diffusion, or in other words the long-time behavior of the variance 2(t), are 
given by a power function of the logarithm of time: 
 

 tt ln)(2  (1) 
 

(t  ,  > 0). An important question in this respect is if there exist laws 
of  superslow diffusion  that  differ  from (1).  The  answer  is  positive:  It  has  
been recently shown within the decoupled CTRW [2, 3] that if the 
exceedance probability, i.e., the probability that the waiting time exceeds t, 
varies slowly at infinity then the corresponding laws of superslow diffusion 
form a broad class of slowly varying functions. Thus, the search for 
physical systems exhibiting superslow diffusion that does not follow the 
diffusion law (1) is a problem of current interest. 

In this talk, we report on the solution of the above problem for particles 
moving under a constant force in a piecewise linear random potential. It is 
shown that, in addition to other types of anomalous biased diffusion 
considered in Ref. [4], in this case the superslow biased diffusion can also 
exist. We formulate conditions for this type of diffusion, establish the 
connection between the distribution of times that a particle spends moving 
with a constant velocity and the distribution of slopes of the potential, and 
derive the laws of superslow biased diffusion. Finally, the dependence of 
the variance growth on the slope distribution is analyzed in detail. 

 
1. Ya.G. Sinai, Theory Probab. Appl. 27, 256 (1982). 
2. S.I. Denisov, H. Kantz, Europhys. Lett. 92, 30001 (2010). 
3. S.I. Denisov, H. Kantz, arXiv: 1102.2590. 
5. S.I. Denisov, E.S. Denisova, H. Kantz, Eur. Phys. J. B 76, 1 (2010). 
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THE APPLICATION OF THE MULTIFRACTAL THEORY 
WITHIN QUANTUM CALCULUS 

 
Holovchenko A.I., student 

 
The application of the fractal conception increasingly common appears 

in modern science. Fractal conception is based on characteristics of fractal 
sets. It is known that fractals are scale invariant sets, so to describe the 
multifractal  the  quantum  calculus  should  be  used.  To  describe  the  
multifractal one can use an approach, where the deformation is applied to 
the multifractal parameter to vary it by means of finite dilation instead of 
infinitesimal shift. Moreover, it can be shown that related description can 
be used for the generalization of the partial function, the averages of 
random variables on the basis of deformed expansion and the mass 
exponent. Following calculus can be used in the description of multifractal 
in mathematical physics, solid state physics and econophysics. In 
macrostructure of condensates which have been obtained as result of 
sputtering, it is obvious that porous condensates type has apparent fractal 
structure. The second example of the application for the multifractal theory 
within quantum calculus exploits the dependencies of the time series of the 
currency exchange. This restriction makes possible to visualize a difference 
between fractal characteristics of the time series intervals. Comparing the 
data that had been taken before and after the financial crisis it is possible to 
make a conclusion that effects of this process diffracted on the fractal 
dimension coefficient of the lowest order and has no influence on the 
Tsallis entropy coefficient of the first order. 

In the generalization of the multifractal theory the following 
characteristics have been used: the mass exponent, self-similarity 
coefficients, partition function. Two examples of multifractal sets in solid 
state physics and econophysics were shown. Mentioned examples 
demonstrate the areas of application of the generalized multifractal 
characteristics and the prospects of multifractal usage. 

 
Supervisor: Borisyuk V.M., seniour teacher 
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KINEMATICS OF NONEXTENSIVE STATISTICAL SYSTEMS 
 

Olemskoi A.I., professor; Yushchenko O.V., associate professor;  
Badalyan A.Yu., post-graduate student  

 
A field theory is developed for nonextensive statistical systems on the 

basis of the generating functional  
 

 1( , ) ( )q
q q qZ u t Z x e ux Z x d dt Dxr r  

 

Here, q (0, ) is deformation parameter; x(r,t) and u(r,t) are fluctuating 
order parameter and its conjugate field, respectively; eq(x):=[1+(1-q)x]1/1-q 
is the Tsallis exponential related to 1+(1-q)x 0. The generating functional 
represents a generalized Fourier-Laplace transform of the partition 
functional 
 

 2( , ) ( , ), ( , )2q qZ u t e Sx x t p t Dpqr r r  
 

being integral over generalized momentum p(r,t) conjugated to the 
generalized coordinate x(r,t). Here, the effective action S dtL  is defined 
by the Lagrangian 
 

 
2.

2 F pp(x- x + ) -
x 2

L =  
 

Equations of the system evolution within phase space is shown to be 
non-dependent of the deformation parameter, whose value determines only 
the probability to realize phase trajectories 
 

 Pq{x(r, t),p(r, t)}  eq[  Sx{x(r, t),p(r, t)}]. 
 

Within the harmonic approach, deformed partition function and 
moments of the order parameter of lower powers are found. A set of 
equations for the generating functional is obtained to take into account 
constraints and symmetry of the statistical system. 
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