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Abstract
The article is devoted to the study of reducing the technogenic load from high-dose nitrogen pollution of the soil layer by encapsulating
granules of nitrogen fertilizers in slowly soluble phosphate-containing membranes. The process of dissolving and washing out of the
primordial soil layer of the nutrients from urea, encapsulated by superphosphate shells in soil columns, was studied according to
agrochemical techniques. The purpose of the work is to determine the parameters of the investigated process, based on which
the previously developed physical model of soil washing of moving nitrogen forms, based on experimental data. The process of
changing the loss of nitrogen from the soil when using different types of fertilizers depending on the amount of washing was studied
by simulation. Mathematically, the process is described in general terms as a linear differential equation of the first order in partial
derivatives. The solution of the equation under the initial and boundary conditions allowed to calculate the parameters of the model
describing the nature of changes in the losses of nitrogen from the soil column. Comparison of calculated and experimental data
showed a coincidence of values with a correlation coefficient above 0.96 for investigated nitrogen fertilizers with different composition
of the phosphate-containing coating.
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1 Introduction
Ecological safety of nitrogen fertilizer granules encapsulated by phosphate-containing coatings when theirs
introducing into the soil is due to the necessity of ensuring the needs of agricultural crops by this type of nutrients and requires to prevent the local supersaturation of
the soil layer by nitrates and heavy metals by rapid dissolution of chemical elements of fertilizers. In this case,
the physical and chemical properties of mineral fertilizers
play an extremely important role.
On the one hand, the high solubility of nitrogen-containing fertilizers significantly increases the content of nitrates in soil ecosystems. On the other hand,
it leads to high losses of fertilizers that also adversely
impact on the environment. The presence of heavy elements in complex fertilizers in phosphate raw materials

during superphosphate manufacturing also increases
soil contamination. Consequently, the abovementioned problem becomes an urgent one in up-to-date
agricultural production.
Decreasing the time of nutrient dissolution allows
increasing the fertilizer use rate and preventing the accumulation of nitrates in the row layer. This fact can decrease
the pollution of water systems due to the premature release
of volatile nitrogen.
Thus, the purpose of the work is to create a reliable
mathematical model of the process of washing out granular fertilizers from the soil, qualitatively and quantitatively reflecting the real physical process of mass transfer based on the parametric identification by the available
experimental data. This model should allow determining
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the fertilizers concentration in soil over time, and estimating the time of the nitrogen release from soil.
2 Literature Review
The physical model of nutrients and heavy metals migration from encapsulated fertilizers can be represented
by two stages [1]. The first is characterized by penetration
of moisture from soil through the granule covering and
consequent dissolution of the nitrogen nucleus, and diffusion of the supersaturated solution through the covering to
the soil layer. In this process, the driving force is the difference between the nitrogen solution concentration inside
the encapsulated fertilizer and in the soil. Phosphatecontaining coverings significantly reduce the concentration increase rate of nitrogen solution in the soil layer and
limit the local zones with high nitrogen concentration.
The second stage begins after the complete dissolution
of the granule’s core and ends with the complete migration
of nitrogen into the soil [2]. At the same time, highly-complicated processes of nitrogen transformation occur in the
soil layer (i. e. dissolution, diffusion, migration, adsorption, and metabolism), which change the chemical composition of fertilizers and their distribution in the soil.
For the third stage, the simplified mathematical models are developed for describing the migration processes
of nutrients in the soil layer [3–5]. These models allow
predicting the kinetics of granule dissolution in the system "granule – moist porous medium". The calculation is
based on the approximate determination of the diffusion
coefficient of the dissolved substance inside the capsule
and in the porous medium.
Currently, physical and mathematical models are known
for describing the dissolution process of nitrogen-based
components from the encapsulated granular fertilizers [6].
These models are based on studying the diffusion process
through the spherical shell. However, the abovementioned
research allows solving the first-order problem related to
the definition of the mass transfer of nutrients from granule through the shell without the analytically-based methodology of estimating the time of the granule complete
dissolution and kinetics of the nitrogen release from the
capsule during the dissolution.
At the same time, in order to assess the ecological component of the process of washing out the components of
agrochemicals in a row layer, a number of researchers apply
separate mathematical models based on experimental investigations carried out in groundwater wells [7, 8]. The expediency of this method is based on the possibility of experimental

fixation of water-soluble forms of substances in washing
water. Particularly, in the research work [9], the internal spatial characteristics of the transport of substances in natural
heterogeneous soils were studied for the further development of the corresponding mathematical model.
The research works [10, 11] is devoted to using the impact
of microwave energy on the regeneration of the adsorbent.
This approach can be applied to accelerate the process of
mass transfer in fertilizers. Additionally, papers [12, 13]
allow modeling the movement of granular material during
its releasing from fertilizers.
A review of the technical approach based on the mathematical modeling and simulation of fertilizers release is
presented in the works [14–16]. Additionally, the research
paper [17] deals with modeling the diffusion process
for a single granule for modeling of the controlled nutrient release from polymer-coated fertilizers, as well as the
statistically based model for diffusion release is proposed
in the research paper [18].
It should be noted that all the recent research does
not allow developing the comprehensive mathematical model, the parameters of which can be determined
by the results of numerical experimental data using the
regression dependencies.
3 Research methodology
The analysis of experimental data obtained by the Research
Institute of Mineral Fertilizers and Pigments of Sumy State
University shows that the kinetics of washing out the nitrogen from the capsule can be described by the first-order differential equation with partial derivatives as the mass transfer equation describing the physical process of the change
in the concentration of a substance over space and time [19]:
∂C ( y, t )
∂C ( y, t )
=v
+ k [C* − C ( y, t ) ] ,
∂t
∂y

(1)

where C – concentration of nitrogen for a fertilizer dissolved in a granule, mg/kg; C* – limiting concentration of
nitrogen for a fertilizer dissolved in the granule, mg/kg;
t – time, weeks; v – velocity of nitrogen release from the
granule's cover, mm/week; y – space coordinate, mm;
k – dissolution rate [20] evaluated experimentally, week–1.
Considering the potential ecological hazards from high
fertilization rates, water-soluble nitrogen was chosen as the
main component for ensuring the safety of fertilizers.
The preliminary humidification of soil and the number of
washing cycles were simulated by the natural weather conditions within the carried out agrochemical methods. In this
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case, the rate of dissolution of granules depends on the composition of phosphate-containing covering and its thickness.
Since the time of dissolution of the phosphate-containing covering is significantly higher in comparison on the
time of nitrogen dissolution, when developing a mathematical model for the washing out nutrients from the
encapsulated granule, the following assumption was considered [21-23]: coating material is difficult to dissolve
and the physical properties remain unchanged during the
period of dissolution of a nitrogen nucleus of fertilizer.
Consequently, the amount of the dissolved active
substance in the soil is the main subject of the study.
This allows simplifying the Eq. (1) to the form:
dC (t )
= k [C* − C (t ) ].
dt

(3)

where ΔC* – limiting nitrogen loss from the soil in the process of fertilizers dissolution, mg/kg.
The general solution of the first-order linear non-homogeneous Eq. (3) for the initial condition ∆C ( 0 ) = ∆C0
takes the Eq. (4) [24]:
∆C (t ) = ∆C0 exp(−kt ) + ∆C* [1 − exp(−kt ) ] ,

(4)

where ΔC0 – initial release of nitrogen from fertilizer, mg / kg.
The physical meaning of the limiting concentration is
in the fact that the concentration C → C* when t → ∞.
It should be noted that Eq. (3) and its solution Eq. (4) satisfy this requirement.
Under the simplifying assumption that the soil washing
process out occurs relatively evenly during the fertilization
period, a number of release cycles N can be determined
in terms of the corresponding frequency f, cycles / week,
as N = f ⋅ t. In this case, introducing the dimensionless
empirical coefficient α = k f allows rewriting the general solution Eq. (4) in Eq. (5):
∆C ( N ) = ∆C0 exp(−α N ) + ∆C* [1 − exp(−α N ) ].

(6)

allows obtaining the following unified model determined
in terms of dimensionless parameters only:
(7)

∆C ( N ) = 1 − exp(−α N ).

It should be noted that the parameters α is determined
as a result of the regression analysis using the parameter
identification of the developed mathematical model by the
experimental results data [25, 26]. For this purpose, procedures of quasi-linear parameter estimation and minimizing the error function determined by the least square
method are implemented for the model Eq. (5):
2

(2)

Expressing the concentration C = 1 − ∆C by the parameter ΔC of nitrogen release from the soil during the fertilizers dissolution, the Eq. (2) after identical transformations takes the Eq. (3):
d ∆C
+ k ∆C = k ∆C* ,
dt

∆C
; 0 ≤ ∆C < 1
∆C*

∆C =

(5)

Since the limiting concentration varies considerably
for different granular fertilizers [25], there is a need
for converting the mathematical model Eq. (6) to a unified one. Thus, the choice of the initial loss ∆C0 = 0 as an
origin and introducing the dimensionless concentration:

n

ln(∆C* − ∆Ci ) 
R(α ) = ∑ α N i −
 → min,
∆C* − ∆C0 
i =1 

(8)

where i – experiment number; n – total number of the
experimental data; Ni , ΔCi – experimental values of the
parameters for the physical process of mass transfer.
Equating to zero the derivative of the error function
with respect to the unknown parameter:
n

ln(∆C* − ∆Ci ) 
dR(α )
= 2∑ α N i −
 Ni = 0
dα
∆C* − ∆C0 
i =1 

(9)

allows obtaining a quasi-linear regression model for evaluating the dimensionless coefficient:
n

α=

∑N
i =1

i

ln(∆C* − ∆Ci )
∆C* − ∆C0
n

∑N
i =1

.

(10)

2
i

For the abovementioned unified model Eq. (8),
the dependence Eq. (10) is significantly simplified:
n

α=

∑ N ln(1 − ∆C )
i =1

i

i

n

∑ Ni2

.

(11)

i =1

It should be noted that the parameter α can be determined directly by the experimental curve of soil washing
as a tangent of the initial inclination angle of the curve
"N – ΔC". This fact is precisely justified by the following
identity as a result of analytical analysis of the Eq. (7):

α = lim

N →0

d ∆C
.
dN

(12)

For each type of fertilizer, the coefficient α is determined
separately. Its value depends on the degree of soil saturation with the active substance and the maximum level of
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washout. This fact is caused by different diffusion properties of the phosphate-containing membrane and its composition. Therefore, the dissolution rate for a granule's cover
and the nitrogen release is significantly different [27].
Moreover, studies of encapsulated fertilizers [28, 29] show
a decrease in the number of mobile forms of nitrogen.
The dependence Eq. (5) allows evaluating time T of
nitrogen release from the soil in terms of the permissible
level of washout [ΔC], mg/kg:
T=

1 ∆C* − ∆C0
ln
.
k ∆C* − [ ∆C ]

(13)

Particularly, for the values ∆C0 = 0 and [ ∆C ] = 0.95C∗ ,
it can be obtained T0.95 = 3 k . This dependence allows
experimentally evaluating the dissolution rate k = 3 T0.95 ,
where T0.95 is the time of 95 % release of fertilizers
(dissolution parameter p = 0.95 ). For an arbitrary value of
the parameter p, it can be written the dependence:
k = β Tp ,

(14)

where β = − ln (1 − p ) – dimensionless parameter presented in Fig. 1 and Table 1.
Particularly, for a half-dissolution period T0.5 ( p = 0.5 ) ,
the dissolution ratio k = 0.69 t0.5 .

4 Results
In the case of zero value of the initial nitrogen release,
the results of theoretical calculations according to
the mathematical model determined by Eq. (5) are presented in Fig. 2 for different values of the parameter α
which corresponds to different types of fertilizers.
The features of the evaluated dependencies shown
in Fig. 2 confirm the lowest rate of nitrogen washout.
This fact allows resulting that the method of covering
the granules by the combination of layers from superphosphate and calcium humate is the most efficient.
Fig. 3 presents the unified dimensionless dependencies
for changes in the concentration of nitrogen washed out
from the soil for different types of fertilizers. The presented curves are determined according to the mathematical model Eq. (7).
The rate of increase in the concentration of nitrogen
in the wash solution corresponds to a higher value of
the coefficient α. This fact is characterized by an increase
in the initial angle of the curves shown in Fig. 3.
When studying the process of dissolution of the nucleus
of granules for encapsulated fertilizers and, consequently,
of nitrogen losses from the soil, the approximating
curves are built by the experimental points (Fig. 4) using
the regression model based on the physical model Eq. (10)
of mass transfer.
According to the comparison of data obtained using
the mathematical modeling and experimental research,
the carried out regression and correlation analysis proves

Fig. 1 The unified curve for evaluating the dissolution rate
Table 1 The parameter β for evaluating the dissolution rate
Percentage
level, %

Parameter β

Percentage
level, %

Parameter β

50

0.69

85

1.90

55

0.80

90

2.30

60

0.92

95

3.00

65

1.05

96

3.22

70

1.20

97

3.51

75

1.39

98

3.91

80

1.61

99

4.61

Fig. 2 Estimated curve of release of nitrogen fertilizers from a soil:
1 – carbamide; 2 – urea coated with superphosphate, plasticizer –
calcium humate; 3 – carbamide, coated with superphosphate and
zeolite, plasticizer – calcium humate; 4 – carbamide, coated with
superphosphate and zeolite, plasticizer – 50 % solution of urea and
calcium humate
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Fig. 3 A unified curve of release of nitrogen fertilizers from a soil:
1 – carbamide; 2 – urea coated with superphosphate, plasticizer –
calcium humate; 3 – carbamide, coated with superphosphate and
zeolite, plasticizer – calcium humate; 4 – carbamide, coated with
superphosphate and zeolite, plasticizer – 50 % solution of urea and
calcium humate

a close correlation between the changes in nitrogen loss
during the dissolution of the encapsulated fertilizer.
As a result, correlation coefficients for the studied fertilizers are equal to 0.964, 0.996, 0.971, and 0.981 for the cases
presented in Fig. 4.
According to the calculated mathematical model,
the use of fertilizers with the test coatings reduces the loss
of active ingredient due to leaching during natural precipitation and prolongs the use of nutrients by plants.
When using urea, the amount of washed nitrogen will
be at least 118.7 mg/kg; carbamide coated with superphosphate with a plasticizer with calcium humate - not
less than 33.7 mg/kg; urea coated with superphosphate
and zeolite with a plasticizer with calcium humate – not
less than 78 mg/kg; carbamide, coated with superphosphate and zeolite, plasticizer solution of urea and calcium
humate - not less than 80.8 mg/kg. Thus, it is possible

(a)

(b)

(c)

(d)

Fig. 4 Release of nitrogen fertilizers from a soil: (a) carbamide; (b) urea coated with superphosphate, plasticizer – calcium humate;
(c) carbamide, coated with superphosphate and zeolite, plasticizer – calcium humate; (d) carbamide, coated with superphosphate and zeolite,
plasticizer – 50 % solution of urea and calcium humate
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to reduce the loss of nitrogen from fertilizer in 1.5–3.5
times. This will allow, respectively, to reduce the number
of applied fertilizers and, as a result, the load on the soil
and the aquatic environment and to minimize the oversaturation of plants with nitrogen.
5 Conclusions
An analysis of the dissolution characteristics of the capsular granule nucleus has been performed to reduce
the amount of water-soluble nitrogen and the rate of
its accumulation in the soil layer. The problem is formulated considering environmental constraints and
solved using the proposed reliable mathematical model.
The possibility of reducing the ecological load on the
environment by applying nitrogen fertilizers having different diffusion properties of the phosphate-containing
membrane and composition is substantiated and solved by
investigating the kinetics of the washing out of water-soluble nitrogen fertilizers. As a result, the operating parameters of the process are determined. The results of the developed mathematical model allow calculating the change in
the concentration of nitrogen washed out of different types
of fertilizers over time. The carried out simulations allow
evaluating the efficiency of fertilizers of prolonged action
and environmental impact on the environment.

The scientific and practical significance of the obtained
results is in developed regression dependencies for determining the dissolution rate and time to wash out fertilizers
by the results of experimental research. The reliability of
the proposed mathematical model is justified by the relatively high correlation coefficients in a range of 0.96–0.99
for the experimentally studied fertilizers.
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