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Â ðàáîòå ðàññìîòðåíà ìàòåìàòè÷åñêàÿ ìîäåëü â âèäå äèôôåðåíöèàëüíîãî 
óðàâíåíèÿ òðåòüåãî ïîðÿäêà. Ïðîâåäåíî ïðåîáðàçîâàíèå óðàâíåíèé ïåðâîãî 
ïðèáëèæåíèÿ è ïîëó÷åíû àíàëèòè÷åñêèå ñîîòíîøåíèÿ äëÿ îïðåäåëåíèÿ 
ïàðàìåòðîâ ìîäåëè. Ñôîðìèðîâàíà ðåãðåññèîííàÿ çàâèñèìîñòü è ïîëó÷åíû 
îöåíêè ïàðàìåòðîâ ìîäåëè. Äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ è îöåíêè ïàðàìåòðîâ 
ôîðìèðóþòñÿ ðåæèìû ñâîáîäíûõ êîëåáàíèé, ðåãèñòðèðóþòñÿ âðåìåííûå 
èíòåðâàëû è ÷èñëî öèêëîâ çàòóõàþùèõ êîëåáàíèé â ýòèõ èíòåðâàëàõ ïðè 
èçìåíåíèè àìïëèòóäû êîëåáàíèé â îïðåäåëåííûõ ïðåäåëàõ. 

 

ÂÂÅÄÅÍÈÅ 
Ïðè ïðîåêòèðîâàíèè íîâîé òåõíèêè â îòðàñëÿõ êîìïðåññîðíîãî è 

ýíåðãåòè÷åñêîãî ìàøèíîñòðîåíèÿ íåîáõîäèìî ïðîâîäèòü ðàçðàáîòêó 
ìàòåìàòè÷åñêèõ ìîäåëåé â âèäå äèôôåðåíöèàëüíûõ, èíòåãðàëüíûõ, 
èíòåãðîäèôôåðåíöèàëüíûõ è äðóãîãî òèïà óðàâíåíèé ñ êîíå÷íûì ÷èñëîì 
ñòåïåíåé ñâîáîäû è ñîñðåäîòî÷åííûìè ïàðàìåòðàìè èëè â âèäå ñèñòåì 
óðàâíåíèé ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè (óðàâíåíèé â ÷àñòíûõ 
ïðîèçâîäíûõ) [1, 2, 3]. 

Ïðîâåäåíèå èññëåäîâàíèé êîíêðåòíûõ òèïîâ êîíñòðóêöèé, ìàøèí, 
àãðåãàòîâ, îòäåëüíûõ óçëîâ èëè ýëåìåíòîâ âîçìîæíî òîëüêî ïðè óñëîâèè 
çàìåíû ìåõàíè÷åñêèõ ñèñòåì ìàòåìàòè÷åñêèìè ìîäåëÿìè, â êîòîðûõ 
íàõîäÿò îòðàæåíèå îñíîâíûå õàðàêòåðèñòèêè è ïàðàìåòðû ìåõàíè÷åñêèõ 
ñèñòåì. 

Íàèáîëåå ïðîñòûìè ìîäåëÿìè ðåàëüíûõ ìåõàíè÷åñêèõ ñèñòåì 
ÿâëÿþòñÿ ëèíåéíûå ìîäåëè. Îäíàêî äëÿ çíà÷èòåëüíîé ÷àñòè 
ìåõàíè÷åñêèõ ñèñòåì ëèíåéíàÿ òðàêòîâêà ïðèâîäèò ê çíà÷èòåëüíûì 
ïîãðåøíîñòÿì  íå òîëüêî êîëè÷åñòâåííîãî, íî è êà÷åñòâåííîãî õàðàêòåðà. 
Ïîýòîìó äëÿ àíàëèçà ìåõàíè÷åñêèõ ñèñòåì íåîáõîäèìî èñïîëüçîâàòü 
íåëèíåéíûå ìàòåìàòè÷åñêèå ìîäåëè, â ÷àñòíîñòè, ìàòåìàòè÷åñêèå 
ìîäåëè, êîòîðûå îïèñûâàþòñÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè 
ïðîèçâîëüíîãî ïîðÿäêà [2]. 

 

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È 
Â ðàáîòå [2] ïðîâåäåíî äåòàëüíîå èññëåäîâàíèå êâàçèëèíåéíûõ 

êîëåáàíèé â êîëåáàòåëüíûõ ñèñòåìàõ, îïèñûâàåìûõ äèôôåðåíöèàëüíûìè 
óðàâíåíèÿìè ïðîèçâîëüíîãî ïîðÿäêà. Èññëåäîâàíû âîïðîñû óñòîé÷èâîñòè 
ðåøåíèé. Îäíàêî âîïðîñû îöåíêè ïàðàìåòðîâ ñèñòåì òàêîãî êëàññà ïðè 
òåîðåòèêî-ýêñïåðèìåíòàëüíîì ïîäõîäå îêàçàëèñü âíå ïîëÿ çðåíèÿ 
èññëåäîâàòåëåé. 

Â [2]  àñèìïòîòè÷åñêèé ìåòîä Êðûëîâà-Áîãîëþáîâà-Ìèòðîïîëüñêîãî 
(ÊÁÌ) ïðèìåí¸í äëÿ íàõîæäåíèÿ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ 
òðåòüåãî ïîðÿäêà ïðè ó÷åòå òîëüêî ñîáñòâåííûõ êîëåáàíèé: 

''' " '
2 2 3,X X X X Xξ ξ εβ+ + Ω + Ω = −                         (1) 
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ãäå ξ, Ω, β – ïîñòîÿííûå âåëè÷èíû, ïðè÷åì ξ, Ω >>ε, ε – ìàëûé 

ïîëîæèòåëüíûé ïàðàìåòð, 
dX
dt

,
2

2

d X
dt

,
3

3

d X
dt

- ïåðâàÿ, âòîðàÿ è òðåòüÿ 

ïðîèçâîäíûå X  ïî âðåìåíè t . 
Óðàâíåíèÿ ïåðâîãî ïðèáëèæåíèÿ äëÿ àìïëèòóäû è ôàçû ðåøåíèÿ 

( )cosax X tν ψ= +  èìåþò âèä [2]: 
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3
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a a

dX X
X
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X Xd
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εβ
β

ξ
β ξ εβξψ

ξ


= = 

Ω + 

= Ω + = Ω +
Ω Ω + Ω

    (2) 

 
Â ðàáîòå [2] ðàññìîòðåí âîïðîñ óñòîé÷èâîñòè ðåøåíèÿ è ïîëó÷åíà 

çàâèñèìîñòü ìåæäó ñòàöèîíàðíîé àìïëèòóäîé è ñîáñòâåííîé ÷àñòîòîé. 
Íàìè ðàññìîòðåí âîïðîñ îöåíêè ïàðàìåòðîâ èñõîäíîãî 
äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1) èíòåðâàëüíûì è ñïåêòðàëüíî – 
èíòåðâàëüíûì ìåòîäàìè. 

 
 

ÎÑÍÎÂÍÛÅ ÐÅÇÓËÜÒÀÒÛ ÈÑÑËÅÄÎÂÀÍÈß 
Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ñèñòåìû (2) óðàâíåíèé ïåðâîãî 

ïðèáëèæåíèÿ ïîëó÷èì ñîîòíîøåíèå 

                                      .a

a

dX
d dt

X
ξψ − Ω = ⋅
Ω

                                   (3) 

 
Ïðè ôîðìèðîâàíèè ðåæèìîâ ñâîáîäíûõ êîëåáàíèé, ïðèíèìàÿ âî 

âíèìàíèå ñîîòíîøåíèå =2  nψ π (n  – ÷èñëî öèêëîâ êîëåáàíèé), ïîñëå 

èíòåãðèðîâàíèÿ (3) ïîëó÷èì ñîîòíîøåíèå: 
 

                                  
( )

2

2 1

2 ln j

j

a
j j

a

X
n t

X
ξπ

−

− Ω∆ =
Ω

                                 (4) 

èëè 

                      
( )

2

2 1

12 ln ,j

j

a
j j

a

X
n t

X
π ξ

−

−− Ω∆ = Ω                              (4à) 

 
ãäå =constj  îïðåäåëåíî íà ñ÷åòíîì ìíîæåñòâå íàòóðàëüíûõ ÷èñåë 

( j =1,2,…,n); jn - ÷èñëî öèêëîâ çàòóõàþùèõ êîëåáàíèé ïðè èçìåíåíèè 

àìïëèòóäû îò çíà÷åíèÿ 
( )2 1jaX

−
 äî çíà÷åíèÿ 

2jaX ; jt∆ - âðåìåííûé 

èíòåðâàë, ñîîòâåòñòâóþùèé ÷èñëó jn öèêëîâ çàòóõàþùèõ êîëåáàíèé. 

Â óðàâíåíèè (4) íåèçâåñòíûìè âûñòóïàþò ïàðàìåòðû Ω, Ω-1ξ, ïîýòîìó 
â ïåðâîì ïðèáëèæåíèè èç (4) èìååò ìåñòî ñèñòåìà óðàâíåíèé: 

 

                           2

1

1
1 12 ln , 1,

a

a

X
n t ïðè j

X
π ξ−− Ω∆ = Ω =                           (5) 
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                           4

3

1
2 22 ln , 2,

a

a

X
n t ïðè j

X
π ξ−− Ω∆ = Ω =                         (6) 

 
ãäå 1n , 2n  – ÷èñëà öèêëîâ çàòóõàþùèõ êîëåáàíèé ïðè èçìåíåíèè 

àìïëèòóäû îò  
1aX  äî 

2aX , îò 
3aX  äî 

4aX  ñîîòâåòñòâåííî; 

1t∆ , 2t∆  – âðåìåííûå èíòåðâàëû, ñîîòâåòñòâóþùèå ÷èñëàì öèêëîâ 1n , 

2n  çàòóõàþùèõ êîëåáàíèé. 

Èç (5),(6) ïîëó÷èì óðàâíåíèÿ äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ Ω, Ω-1ξ : 
 

                                 

2
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Ω∆ + Ω =


                               (7) 

 
Èç ñèñòåìû (7) óðàâíåíèé ïîëó÷èì ñîîòíîøåíèÿ äëÿ îïðåäåëåíèÿ 

ïàðàìåòðîâ Ω , 1 1,ξ ξ ξ− −Ω = Ω ⋅ Ω : 
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n n t t
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                      ( )
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X X
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− −
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( )
1 2 1 2

4 1 4 1

3 2 3 2

2 2
2 1 1 24 ln ln

n n t t
a a a a

a a a a

X X X X
n t n t

X X X X
ξ π
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Âðåìåííûå èíòåðâàëû it∆  è àìïëèòóäíûå çíà÷åíèÿ ( )1, 2, 3, 4

iaX i =  

èçìåðÿþòñÿ ïðè íàëè÷èè îøèáîê èçìåðåíèÿ, ôèêñàöèè è çàïîìèíàíèÿ. 
Ïîýòîìó ïðè ðåøåíèè çàäà÷è ïîëó÷åíèÿ ñîîòíîøåíèé äëÿ 

îïðåäåëåíèÿ îöåíîê ïàðàìåòðîâ ξ è Ω â ñîîòâåòñòâèè ñ óðàâíåíèåì (4) 
íåîáõîäèìî ñíà÷àëà ñôîðìèðîâàòü èíôîðìàöèîííûé ìàññèâ äàííûõ, 
çàòåì ñôîðìèðîâàòü ðåãðåññèîííóþ çàâèñèìîñòü è ìåòîäîì íàèìåíüøèõ 
êâàäðàòîâ ïîëó÷èòü íîðìàëüíûå óðàâíåíèÿ. 

Â íàøåì ñëó÷àå ìèíèìèçèðóåìàÿ  ôóíêöèÿ èìååò âèä  
 

                             2

1

2
1

1

 
2 ln ,j

j

N
a

i i
ai

X
S n t

X
π ξ
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=

 
 = − Ω ∆ − Ω
 
 

∑                       (11) 

 

ãäå èíäåêñ  j  ôèêñèðîâàí è âûáèðàåòñÿ èç ïîñëåäîâàòåëüíîñòè ( )1, ;j k=     

N – êîëè÷åñòâî èçìåðÿåìûõ âðåìåííûõ èíòåðâàëîâ äëèòåëüíîñòüþ it∆ . 
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Ñôîðìèðóåì ÷àñòíûå ïðîèçâîäíûå 
1

,  
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ξ
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−∧ ∧ ∧
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∑   (13) 

 
Èç (12) è (13) ïîëó÷èì ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ îöåíîê 

1

, ,ξ ξ
−∧ ∧ ∧ ∧

Ω Ω   ïàðàìåòðîâ  1, ,ξ ξ−Ω Ω   ñîîòâåòñòâåííî:  
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= = =

Ω ∆ + Ω ∆ = ∆∑ ∑ ∑       (14) 
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∑ ∑    (15) 

 

Òàê êàê âåëè÷èíà 2

1

ln j

j

a

a

X

X
 ïðè ôèêñèðîâàííîì ïîñòîÿííîì çíà÷åíèè j 

íå èçìåíÿåòñÿ è ÿâëÿåòñÿ êîíñòàíòîé , òî óðàâíåíèå (15) çàïèøåì â áîëåå 
ïðîñòîì âèäå: 
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∑ ∑      (16) 

 

Ðåøåíèÿ  
1

, ξ
−∧ ∧ ∧

Ω Ω  ñèñòåìû óðàâíåíèé (14), (16) ïðåäñòàâèì â âèäå   
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∑ ∑
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∑ ∑ ∑ ∑
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∆ − ∆ ∆ − ∆ ∆    

  =
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∑ ∑ ∑ ∑ ∑ ∑ ∑

∑ ∑
   (19) 

 
 

Òàêèì îáðàçîì, êàê ñëåäóåò èç ñîîòíîøåíèé (17), (18), (19), äëÿ 
ïîëó÷åíèÿ îöåíîê ïàðàìåòðîâ  ,ξΩ  êîëåáàòåëüíîé ñèñòåìû äðîáíîãî 

(òðåòüåãî) ïîðÿäêà íåîáõîäèìî ïðåäñòàâèòü è âûïîëíèòü ñëåäóþùèé 
àëãîðèòì: 

1) ïðîèçâåñòè çàäàíèå äèàïàçîíà èçìåíåíèÿ àìïëèòóäû çàòóõàþùèõ 

êîëåáàíèé îò ïîñòîÿííîãî çíà÷åíèÿ 
1jaX  äî  çíà÷åíèÿ  

2jaX , ( )1, ;j k=  

2) ïðîèçâåñòè èçìåðåíèÿ ïóò¸ì N ïîâòîðåíèé ìíîæåñòâî N  
âðåìåííûõ èíòåðâàëîâ it∆ , ñîîòâåòñòâóþùèõ äèàïàçîíó èçìåíåíèÿ 

àìïëèòóäíûõ çíà÷åíèé îò  
1jaX  äî  

2jaX  ; 

3) ïðîèçâåñòè èçìåðåíèå ìíîæåñòâà N ÷èñåë öèêëîâ in , êàæäîå èç 

êîòîðûõ ñîîòâåòñòâóåò îïðåäåëåííîìó âðåìåííîìó èíòåðâàëó ( )1,it i N∆ = ; 

4) ïî ñîîòíîøåíèÿì (17), (19) îïðåäåëèòü îöåíêè ,ξ
∧ ∧
Ω  ïàðàìåòðîâ ,ξΩ  

ïðè èñïîëüçîâàíèè ìåòîäà íàèìåíüøèõ êâàäðàòîâ, ÷òî ïðèâîäèò ê 
ñãëàæèâàíèþ ïîãðåøíîñòè èçìåðåíèé. 

Èçëîæåííûé àëãîðèòì òðàêòóåòñÿ íàìè êàê ñïåêòðàëüíî – 
èíòåðâàëüíûé ìåòîä, ãäå ñïåêòðàìè ÿâëÿþòñÿ ìíîæåñòâà âðåìåííûõ 
èíòåðâàëîâ è ñîîòâåòñòâóþùèå ÷èñëà öèêëîâ. 

Ïðèâåä¸í òàêæå âàðèàíò ÷àñòíîãî ñëó÷àÿ ñïåêòðàëüíî – èíòåðâàëüíîãî 
ìåòîäà ïðè èçìåðåíèè ìèíèìàëüíîãî êîëè÷åñòâà èíòåðâàëîâ, ðàâíîãî 
äâóì, è ñîîòâåòñòâóþùèõ ÷èñåë öèêëîâ ïðè çàäàííîì èíòåðâàëå 
èçìåíåíèÿ àìïëèòóäíûõ çíà÷åíèé.  

Òàêèì îáðàçîì, â ðàáîòå ïðèâåäåí íîâûé àëãîðèòì, îñíîâàííûé íà 
ñïåêòðàëüíî – èíòåðâàëüíîì ìåòîäå, â êîòîðîì íåîáõîäèìî ñôîðìèðîâàòü 
èíôîðìàöèîííûå ìàññèâû âðåìåííûõ èíòåðâàëîâ è ñîîòâåòñòâóþùèå 
ìàññèâû ÷èñåë öèêëîâ ñèíóñîèäàëüíîãî ñèãíàëà, ñôîðìèðîâàòü 
ðåãðåññèîííóþ çàâèñèìîñòü è ïîëó÷èòü îöåíêè ïàðàìåòðîâ, 
õàðàêòåðèçóþùèõ ìàòåìàòè÷åñêóþ ìîäåëü â âèäå äèôôåðåíöèðîâàííîãî 
óðàâíåíèÿ òðåòüåãî ïîðÿäêà.   

Ïðè ïðîâåäåíèè äàëüíåéøèõ èññëåäîâàíèé íåîáõîäèìî  
âûïîëíèòü êîìïüþòåðíîå ìîäåëèðîâàíèå ðåøåíèé êâàçèëèíåéíûõ 
äèôôåðåíöèàëüíûõ óðàâíåíèé äðîáíîãî (â ÷àñòíîñòè, òðåòüåãî) ïîðÿäêà 
äëÿ îöåíêè ýôôåêòèâíîñòè è ïðèìåíèìîñòè ïðåäñòàâëåííîãî àëãîðèòìà 
îïðåäåëåíèÿ îöåíîê ïàðàìåòðîâ. 
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ÂÛÂÎÄÛ 
Ïîëó÷åíû àíàëèòè÷åñêèå ñîîòíîøåíèÿ äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ è 

îöåíîê ïàðàìåòðîâ ìàòåìàòè÷åñêîé ìîäåëè â âèäå äèôôåðåíöèàëüíîãî 
óðàâíåíèÿ òðåòüåãî ïîðÿäêà. Èñïîëüçîâàíû óðàâíåíèÿ ïåðâîãî 
ïðèáëèæåíèÿ àñèìïòîòè÷åñêîãî ìåòîäà ÊÁÌ. Ïðèâåäåí íîâûé àëãîðèòì, 
îñíîâàííûé íà ñïåêòðàëüíî-èíòåðâàëüíîì ìåòîäå äëÿ èíôîðìàöèîííîãî 
ìàññèâà âðåìåííûõ èíòåðâàëîâ è èíôîðìàöèîííîãî ìàññèâà ÷èñåë öèêëîâ 
êîëåáàíèé ïðè óñëîâèè ñîîòâåòñòâèÿ ÷èñëà öèêëîâ îïðåäåëåííîìó 
âðåìåííîìó èíòåðâàëó. 
 
SUMMARY 

 

ABOUT PARAMETRIC IDENTIFICATION OF NON-LINEAR  
OSCILLATION SYSTEMS OF FRACTIONAL ORDER 

 

Puzko I.D. 
Sumy State University 

 

In the paper a new relationship was received to define the evaluation parameters of the 
mathematical model in the form of the third-order differential equation.  

The first-order differential equations of the first approaching for amplitude and phase were 
got on the basis of the osymptotical method of Krylov-Bogoliubov-Mirtopolsky (KBM). 

A new algorithm is presented in the paper.  
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