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Abstract. A study of a simplified mathematical model for determining the grinding temperature is performed. Ac-
cording to the obtained results, the equations of this model differ slightly from the corresponding more exact solution of
the one-dimensional differential equation of heat conduction under the boundary conditions of the second kind. The
model under study is represented by a system of two equations that describe the grinding temperature at the heating and
cooling stages without the use of forced cooling. The scope of the studied model corresponds to the modern technologi-
cal operations of grinding on CNC machines for conditions where the numerical value of the Peclet number is more
than 4. This, in turn, corresponds to the Jaeger criterion for the so-called fast-moving heat source, for which the opera-
tion parameter of the workpiece velocity may be equivalently (in temperature) replaced by the action time of the heat
source. This makes it possible to use a simpler solution of the one-dimensional differential equation of heat conduction
at the boundary conditions of the second kind (one-dimensional analytical model) instead of a similar solution of the
two-dimensional one with a slight deviation of the grinding temperature calculation result. It is established that the pro-
posed simplified mathematical expression for determining the grinding temperature differs from the more accurate one-
dimensional analytical solution by no more than 11 % and 15 % at the stages of heating and cooling, respectively.
Comparison of the data on the grinding temperature change according to the conventional and developed equations has
shown that these equations are close and have two points of coincidence: on the surface and at the depth of approxi-
mately threefold decrease in temperature. It is also established that the nature of the ratio between the scales of change
of the Peclet number 0.09 and 9 and the grinding temperature depth 1 and 10 is of 100 to 10. Additionally, another unu-
sual mechanism is revealed for both compared equations: a higher temperature at the surface is accompanied by a lower
temperature at the depth.
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1 Introduction

Abrasive machining works by forcing the abrasive par-
ticles, or grains, into the surface of the workpiece so that
each particle cuts away a small bit of material. Abrasive
machining is similar to conventional machining (metal
cutting), such as milling or turning, because each of the
abrasive particles acts like a miniature cutting tool. How-
ever, unlike conventional machining, the grains are much
smaller than a cutting tool, and the geometry and orienta-
tion of individual grains are not well defined. As a result,
abrasive machining is less power efficient and generates
more heat. The grain size may be different based on the
machining. For rough grinding, coarse abrasives are used.
For fine grinding, fine grains (abrasives) are used.

Abrasive machining processes can be divided into two
categories based on how the grains are applied to the
workpiece.

In bonded abrasive processes, the particles are held to-
gether within a matrix, and their combined shape deter-
mines the geometry of the finished workpiece. For exam-
ple, in grinding the particles are bonded together in a
wheel. As the grinding wheel is fed into the part, its shape
is transferred onto the workpiece.

In loose abrasive processes, there is no structure con-
necting the grains. They may be applied without lubrica-
tion as a dry powder, or they may be mixed with a lubri-
cant to form a slurry. Since the grains can move inde-
pendently, they must be forced into the workpiece with
another object like a polishing cloth or a lapping plate.
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Common abrasive processes are listed below. Fixed
(bonded) abrasive processes: grinding, honing, superfin-
ishing, tape finishing, abrasive belt machining, abrasive
sawing, diamond wire cutting, wire saw sanding.

Loose abrasive processes: polishing, lapping, abrasive
flow machining (AFM), hydro-erosive grinding, water-jet
cutting, abrasive blasting mass finishing, tumbling, open
barrel tumbling, vibratory bowl tumbling, centrifugal disc
tumbling, centrifugal barrel tumbling.

Grinding is an abrasive machining process that uses a
grinding wheel as the cutting tool. Grinding practice is a
large and diverse area of manufacturing and tool making.
It can produce very fine finishes and very accurate di-
mensions. At the same time, in mass production, it can
also rough out large volumes of metal quite rapidly. It is
usually better suited to the machining of very hard mate-
rials than is "regular" machining (that is, cutting larger
chips with cutting tools such as tool bits or milling cut-
ters), and until recent decades it was the only practical
way to machine such materials as hardened steels. Com-
pared to “regular” machining, it is usually better suited to
taking very shallow cuts, such as reducing a shaft’s diam-
eter by half a thousandth of an inch or 12.7 pm.

Grinding is a subset of cutting, as grinding is a true
metal-cutting process. Each grain of abrasive functions as
a microscopic single-point cutting edge (although of high
negative rake angle), and shears a tiny chip that is analo-
gous to what would conventionally be called a “cut” chip
(turning, milling, drilling, tapping, etc.). However, among
people who work in the machining fields, the term cutting
is often understood to refer to the macroscopic cutting
operations, and grinding is often mentally categorized as
a "separate" process (abrasive machining). This is why
the terms (“grinding” and “metal cutting”) are usually
used separately in shop-floor practice.

The designing, monitoring and diagnosing computer
subsystems are widely used on CNC grinding machines
to adapt the grinding system to higher throughput. Abra-
sive machining compared with metal cutting is more
labor-intensive and costly. That is why the grinding sys-
tem study is caused by the search for ways to improve the
productivity of man and machine [1]. In this connection,
there is some modern knowledge to boost the grinding
system throughput. This knowledge is more important
with automated computer-controlled systems than it has
ever been before because quantitative knowledge is need-
ed to design and operate these systems [2].

By means of electrical signals from sensors, you can
judge the state of the machine under control and the envi-
ronment. Therefore, the more sensors used, the more
information you can be obtained about the grinding sys-
tem and environment. However, it should be borne in
mind that in real conditions there is such information
which is impossible directly to take off with the help of
Sensors.

This situation may occur, for example, when the
measured signal is distorted by noise or the controlled
value cannot be converted to an electrical signal as well
as when due to cost or spatial constraints you cannot use
the required sensor. If in such cases the noise properties
or dynamic characteristics of the object, which are held
observations, are known then with the help of appropriate
calculations you can evaluate the signal you are interested
in [3].

This situation fully applies to the grinding temperature
signal in the grinding zone which is located between a
grinding wheel and a workpiece to be ground. For this
reason, the development of an acceptable mathematical
model for determining the grinding temperature is an
urgent task in the grinding technology on CNC machines.
In terms of metrology, such solution to the problem is an
example of indirect measurement. This opens the way to
building “hierarchically intelligent control systems” de-
veloped by Sarid is on the basis of his principle of “in-
creasing precision with decreasing intelligence” [4]. All
this mentioned above ultimately predetermines the devel-
opment of the main industries in developed countries [5]
and corresponds to the so-called tendency of “sustainable
development”.

2 Literature Review

The state of the problem in the field of the grinding
thermo-physical theory can be considered taking into
account the following philosophical technical concepts
that predetermine the corresponding particular approach-
es to the problem solution. Firstly, it is the concept of dry
and wet grinding, which predetermines the absence or
accounting of convective heat transfer under the action of
grinding fluid. Secondly, it is the concept of macro- and
micro-grinding, which allows considering integral (due to
averaging) or local heat fluxes with and without taking
into account the effect on temperature of instantaneous
cutting elements — sections of abrasive grains separated
by pores of the grinding wheel (highly porous grinding
wheels) as well as their accidental impact on the surface
being ground. This concept involves the separation of the
grinding process into categories of continuous and dis-
continuous (with pulsed heat flux), including the grinding
with and without convective heat transfer. Thirdly, the
concept of super-micro-grinding, which involves taking
into account the effect of individual cutting grains of the
grinding wheel, with and without taking into account
convective heat transfer. The first concept most closely
corresponds to the theory of the Jaeger moving heat
source [6, 7], on the basis of which simplified formulas
for determining the maximum grinding temperature are
given in a number of sources without corresponding justi-
fications [8-10].
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3 Research Methodology

3.1 Mathematical model

In the grinding theory, the contact spot is usually con-
sidered as a certain zone on the surface to be ground,
which belongs to both the grinding wheel and the work-
piece (Figure 1).

grinding wheel

Figure 1 — Schemes of profile gear grinding (a) and flat
grinding (b) with the discrete radial feed ae of the grinding
wheel to the workpiece

From the grinding thermal physics point of view, these
schemes can be converted into the so-called moving heat
source, indicated by the numbers 1234 in Figure 2.

Figure 2 — Real (2) and equivalent (b) schemes
of thermal sources

It was previously established the general view of the
grinding temperature equations for research: three-, two-,
and one-dimension ones [11, 12]. These equations are

used when the Peclet number H =\2/—h is more than 4,
a

i.e. H>4. It is assumed here that a band heat source
with the width of 2h moves over the flat surface of a
semi-infinite body along and in the positive direction of
the z -axis and is infinitely long in the direction of the
y -axis (Figure 2). The heat flux density q (in W/m?)

over the entire surface of the moving contact is uniform,
i. e. g =const. The coordinate system is referenced to the

moving heat source. The transition from the two-
dimensional thermophysical scheme with a moving heat
source to the corresponding one-dimensional schemes
with unlimited and limited unmoving flat sources is per-
formed by replacing the velocity parameter V of the heat
source (in m/s) by the time t,, of its action. For these

conditions, we have the following general view of the
equations for research. Firstly, we have the basic grinding
temperature equation at the stages of heating (with the
index “H”) and cooling (with the index “C”):

Oy (X,H)=2n/Hierfc X

2JH

JO0<H<H,, ()

@C(X,H,HH)=2n><

. X . X (2)
X \/ﬁlerfcm—,w -Hy, mrfc(ﬁﬂ

H, <H.
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Secondly, we have the simplified equation (obtained in
the previous paper) at the stages of heating (3) and cool-

ing (4):
1o (2
o1 (X, O<H<H,, (@)

H)= ZR\F \F

)2,\/_><

Oc (X,

x \/ﬁlo_[b%J_\/ﬁlo_[z HX—HHJ , (4)

Hy <H.

From equations (1) and (3), we can find that the max-
imum dimensionless surface temperatures (i. e. at X =0)
according to these equations are the same (they are equal
to each other). They correspond to the action time of the
moving heat source which is equal to ty =2h, /V

(Figure 2). That is

®H max — ®H max — Zn\/_[TJ 2ymH . (5)
(-)',‘,. . ("P':.!, H =009
1.0 L a
2\/7{// =

1 .064

3.2 Error in calculating the grinding temperature

The dependences of the change in the dimensionless
temperature over the depth of the subsurface layer, in-
cluding the surface at X =0 for H =0.09 (Fig. 3, a),
H =9 (Figure 3b), H =90 (Figure 3¢) and H =900
(Figure 3 d) are studied.

Data in Figure 3 allows estimating practical change in-
tervals of dimensionless variablesH , X and X/(2HY?),
which, first, correspond to a change range of regime pa-
rameters for conventional operations of flat, round and
profile grinding, and secondly, at which there is a dimen-
sionless temperature field at the heating stage (Table 1).

It can be seen (Figure 3) that the error of the simplified
equation (3) compared to the original equation (1) in the
zone of a ten-fold temperature drop is alternating (first
lowering the temperature, then its overestimation) and the
lowest errors occur at high and medium temperatures.
This is just in the region of significant temperature values
that affect the nature and depth of the defective layer
during grinding.
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Figure 3 — The dimensionless temperatures ©, (X, H )and ®y; (X, H ) changes at the heating stage
vs depth of the subsurface layer X in a range of 0-1 (a), 0-5 (b), 0-30 (c), and 0-100 (d)
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Table 1 — Formal and real intervals of changing the dimension-
less parameters at the heating stage at the heating stage

Formal interval Real interval
0< X <417 O<X <14
0.047< H <104.063 4<H <20

3.3 Comparing the models

To estimate the errors of the simplified dependencies
(3) and (4) obtained, it is necessary to compare them with
the similar more exact dependencies (1) and (2) at the
heating and cooling time intervals, which were choose the
same. Expressed through a dimensionless parameter H
(Peclet number), the interval of dimensionless heating
time for a wide range of grinding modes is 0 < H <100.

The study will be carried out, for example, in the most
unfavorable case with H =0.09, since for H =4 the
coincidence of the two-dimensional solution with the
one-dimensional solution by equations (1) and (2) is most
pronounced [11-14]. As an example in Figure 4 shows
graphs of the change in the dimensionless grinding tem-
perature at H =0.09, constructed from equation (2), that
is, in the cooling stage.
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-

009 02 0.4 0.6 08 H
b
Figure 4 — The change in the dimensionless grinding tempera-
ture ®, =0 (X, H, H,)according to equation (21) at the
cooling stage depending on the Peclet number H at fixed
distances from the surface X at H,; =0.09 in the intervals

O0<H<5(@)and 0<H <1 (b)

It can be seen in Figure 4 that a change of H,, from
Hy =9 to H, =0.09 (a hundred times) leads to an in-

crease in the scale of the dimensionless cooling time by
ten times, i. e. just as it was noted in Figure 5.

Hy =009
174 _[/}:. =02=00V=011

-

(0 “ P
>

Figure 5 — The change in the dimensionless temperature de-
pending on the Peclet number H at the cooling stage (without
cooling liquid) at fixed distances from the surface X at
Hy, =0.09(@and Hy =9 (b)

Comparison of the data on the grinding temperature
change by equations (2) and (4) is shown graphically in
Figure 5. It can be seen that, as at the heating stage, equa-
tions (2) and (4) are close and have two points of coinci-
dence: at 0 (i.e. on the surface) and at the depth of ap-
proximately threefold decrease in temperature. You can
also see that the nature of the ratio between the scales of
change of the H,, (0.09 and 9) and the X (1 and 10) is

of 100 (9/0.09) to 10 (10/1).

In addition, another unusual mechanism is revealed for
both compared equations: a higher temperature at the
surface is accompanied by a lower temperature at the
depth (Figure 6).
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Figure 6 — The change in dimensionless temperature depending
on the dimensionless depth X in the cooling stage (without a
cooling liquid) for H,, =0.09at H =0.18and H =0.27 (a),

and for H, =9at H =18and H =27 (b)

The areas of use of the approximate expressions (3)
and (4) are determined by comparing them with the cor-
responding more exact expressions (1) and (2). To do
this, we limit the allowable amount of error between the
compared expressions, for example, by the levels
8= 11 % at the heating stage and 8. =15% at the

cooling stage (Table 2).
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Table 2 — Allowable intervals for changing
the dimensionless parameters X and H

H Heating stage Cooling stage
0.09 0<X<0,6 0<Xx<1
20 0<X<8,5 0<X<15
100 0<X<19,5 0<X<33

The data given in Table 2 do not contradict the previ-
ously found area of their change (see Table 1). It can be
seen in Table 1 that the obtained expressions (3) and (4)
can be used in fairly wide intervals of X and H varia-
tion to estimate the grinding temperature and its distribu-
tion over the depth of the surface layer.

4 Conclusions

Temperatures ®,, and @y, as well as the depth X of

the fixed temperature penetration, under otherwise equal
conditions, are proportional to the square root of the Pe-
clet number. The coordinates of the same point of the
previous  (i-1)-th  solutions  ©(X;_y,H;_;)and

©" (X4, Hj4) with the subsequent i-th solutions
O(Xi, Hiy) and O (X4, H;)are the same and
differ in the ,?Hi [ H,_; times. For example, when going

from H;_; =0.09 to H,; =9, the coordinate of the coinci-

dence points on the ordinate axis changes from 1.064 to
10.64, and on the abscissa axis - from 0.5 to 5.0, i.e.

JHi /H; 3 =/9/0,09 =10 times.

A study of the developed grinding temperature math-
ematical model made it possible to establish its continuity
with the existing solution of the one-dimensional differ-
ential equation of heat conduction under boundary condi-
tions of the second kind on the surface. At the same time,
the developed new mathematical model, in contrast to the
mentioned one-dimensional solution, makes it possible to
explicitly determine the penetration depth of any previ-
ously set grinding temperature.
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JociigxeHHs: CIPOIIEHOI MO/IeJli TeMIepaTypH HLIipyBaHHS
Jlimenko H. B.Y", Jlapmuu B. T1.2, Kpauynos X.°

1 Opecpka HalioHaIbHA aKaaeMis XapuoBUX TeXHOJIOTIH, By Kanaruna, 112, 65039, M. Oneca, Ykpaina;
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AHoTanist. Y po6oTi poBeieHe JOCIIDKEHHS! CIIPOIIEHO MaTeMaTHYHOI MOJIeNi BU3HAYEHHS TeMIepaTypH M-
¢yBaHHA. 32 OTPIMAaHHMHU PiBHSHHSAMH Ii€l MOZETI € BiIMIHHICTH pE3yibTaTiB BiJ BiAMOBIIHOTO OLIBII TOYHOTO
PO3B’A3aHHS OTHOBHUMIPHOTO IH(epeHIiaTbHOTO PIBHSHHS TEIUIONPOBITHOCTI 32 TPAaHUYHUX YMOB IPYTOTO POIY.
HocimkyBaHa MOJETb peACTaBIeHa CUCTEMOIO 3 IBOX PIBHSAHB, IIO ONMHCYIOTh TEMIIEpaTypy HUTIpYBaHHS Ha eTa-
Iax HarpiBaHHs i OXOJO/DKEHHs 03 BUKOPHUCTAHHS MPUMYCOBOTO OXOJIO/pKeHHs. OOCAT TOCIiKyBaHOT MO Bijl-
TOBiIa€ Cy4aCHUM TEXHOJIOTIYHUM omneparlisiM 1uti¢pyBanHs Ha BepcraTax i3 UITK asst yMOB, KOJIM YHCIIOBE 3HAUYEHHS
gyucna [exne nepesuinye 4. Lle, y cBoro 4epry, Biamosinae kpurepito Erepa Uit Tak 3BaHOTO JpKepesa Teruia, sike
IIBUJKO PYXAETHCS, I SIKOTO MapaMeTp IIBUAKOCTI 3aTOTOBKH MOXe OyTH €KBIBaJICHTHO 3a TEMIIEPaTypOIO 3aMiHe-
HUIl "acoMm mii mxepena teruia. Lle mae MOKIMBICTh BUKOPUCTOBYBATH OUIBII MPOCTHI PO3B’A30K OJHOBHMIPHOTO
nmudepeHIiaTbHOTO PiBHSAHHS TEIUIONPOBITHOCTI NMPH TPAaHMYHHUX YMOBAaX APYroro poAy (OJHOBHMIpHA aHANITHYHA
MOJIENb) 3aMiCTh aHAJIIOTIYHOTO JABOBUMIPHOTO PO3B’SI3KY 3 HEBEJIMKHM BiJXMICHHSIM Pe3yJIbTaTiB PO3PaxyHKY TeM-
neparypu nntigyBaHHs. BcraHOBIEHO, IO 3ampONOHOBAHUM CIPOIICHUIT MaTeMAaTHYHUI BHpa3 Uil BU3HAUYCHHS
TemIiepatypy HuTiyBaHHS BiPi3HAETHCS Bif OLTBII TOYHOTO OJHOBMMIPHOTO aHATITHYHOTO PO3B’sI3Ky He Oliblie
HiK Ha 11 % 1 15 % Ha eTamax HarpiBaHHS Ta OXOJOMKEHHS BifmoBigHO. [TOPIBHSIHHS AaHMX IIOAO 3MiHHU TEMIIepa-
TypH nuTiQyBaHHS 32 3BUYAIHAM 1 pO3pOOJICHNM PIBHAHHSAMHE ITOKA3aJio, IO IIi PiBHSIHHS OMM3BKI Ta MAIOTh JIBi TOY-
Ku 30iry: Ha MOBEpXHi Ta HA THOWHI (MPHOIH3HO 3HIKSHHS TeMItepaTypu BTpudi). Takox BCTAHOBIICHO, IO XapaK-
Tep CHiBBiAHOUIEHHs MK MacimTabamu 3Minu uucna Ilekie (0,09 ta 9) ta rmbOuHOIO TemmepaTtypu NmoapiOGHEHHs
(1 ta 10) cranosuts 100 (9/0,09) i 10 (10/1) BixnosigHo. Kpim TOro, po3kpuTo Iie OAWH HETPAAUIIHHAN MeXaHi3M
JUIst 000X MOPIBHSAHMX PIBHSHB: OUIBII BUCOKA TeMIIEpaTypa Ha MOBEPXHi CYIPOBOKYETHCS HIKUYOIO TEMITEPATypOIo
Ha TJTHOWHI.

KiwuoBi cioBa: Temmeparypa nutipyBaHHS, e€Talml HAarpiBaHHS, €Tall OXOJIOJDKEHHs, Oe3po3MipHa TeMIeparypa,
TeMIIepaTypHa MOJEIb.
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