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ELECTROMIGRATION EFFECTS
AT EPITAXIAL GROWTH OF THIN FILMS:
PHASE-FIELD MODELING

The epitaxial growth of thin films with regard for the anisotropy of the adsorbate surface dif-
fusion induced by electromigration effects has been studied theoretically in the framework of
the phase-field theory and with the use of numerical simulations. The influence of the coef-
ficient of electromigration-induced anisotropic diffusion, which is proportional to the applied
electric field strength, on the dynamics of growth of the film thickness and the height of sur-
face structures, growing surface morphology, statistical characteristics of the surface multilayer
adsorbate structures, and distribution of surface structures over their heights is revealed.
K e yw o r d s: phase-field method, epitaxial growth, surface structures, electromigration, nu-
merical simulation, statistical characteristics.

1. Introduction
The formation of surface structures at elevated tem-
peratures is a result of the self-organization of ad-
sorbed atoms. It is usually driven by such kinetic fac-
tors as the rates of processes running at the growing
surface. One of the interesting phenomena that af-
fect the formation of a surface morphology at high
temperatures is the electromigration, which emerges,
when an electric current passes through the sub-
strate [1, 2].

The electromigration is the transport of a material
caused by an electric field. This phenomenon com-
prises an important technological problem, especially
concerning the reliability of electronic circuits, which
are widely used in modern micro- and nanoelectron-
ics. Atoms move in solids due to diffusion processes
and under the action of the electron wind force. The
latter arises owing to the momentum transfer from
conduction electrons that are scattered at ions in the
solid bulk and push those ions along the electron flow
direction. The presence of a driving force makes the
diffusion process in a material anisotropic and di-
rected along the force direction. As a result, there
appears a net atomic flow in this direction.

The overwhelming majority of researches devoted
to the electromigration were begun in the 1970s.
Mostly, these were experimental studies. It was
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shown that an electric current, when passing through
a substrate, effectively heats its surface and, as a re-
sult, the induced spatially oriented drift of adatoms
begins to play a substantial role in the formation of
surface structures at deposition [3–6]. A reorganiza-
tion of the step-like structure of adsorbate islands
was observed on silicon substrates [7, 8]. The strong
electromigration effects manifested themselves in the
processes of the vanadium surface morphology evo-
lution [9] and the epitaxial growth of semiconductor
heterostructures [10]. It was found that the surface
structures grow according to the Stransky–Krastanov
mode at low deposition temperatures [11–14]. At the
same time, at elevated temperatures, such processes
are associated with dewetting of the deposited mate-
rial layers [15, 16]. Thus, the electromigration effects
induced by a potential difference applied to the op-
posite substrate sides can substantially influence the
dynamics of the surface morphology evolution at ele-
vated temperatures. This effect can result in a modifi-
cation of the coating morphology in comparison with
the isotropic case of deposition obtained in the ab-
sence of the external field.

The processes of formation and growth of multi-
layer adsorbate structures during the epitaxial growth
of thin films were also analyzed theoretically using a
number of methods in the framework of the multi-
scale modeling scheme (see, e.g., work [17]). This ap-
proach makes it possible to qualitatively describe the
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processes running at the atomic level [18] with the
help of the diffusion time scale [19] and the processes
of step-structure formation [20]. It also allows us to
study the dynamics of surface morphology changes
[21, 22].

When describing the dynamics of surface morphol-
ogy changes at the mesoscopic level, approaches based
on the phase-field theory are widely applied. This
method was first proposed in work [23] to simulate the
epitaxial growth dynamics of adsorbate islands. La-
ter, it was developed in work [24]. A further general-
ization of this approach made it possible to study the
influence of the adsorbate surface flow fluctuations
and the local changes of the surface temperature in-
duced by the adsorption/desorption processes on the
surface growth dynamics and surface morphology.

The influence of such parameters as the deposition
flux, energy of interaction of an adsorbate with the
substrate, and relaxation time of a surface tempera-
ture on the statistical parameters of the growing sur-
face and surface structures was studied in work [25].
However, the cited study was performed assuming
the isotropic surface diffusion of an adsorbate. Theo-
retical researches of electromigration effects at the de-
position were mainly carried out by considering the
interaction between the applied electric field and the
effective charge of surface atoms [26–29].

In this work, we will develop the phase-field method
to describe the epitaxial formation and growth of mul-
tilayer adsorbate surface structures taking the elec-
tromigration effects into account. At numerical sim-
ulations, the effects of directed adatom drift are in-
volved by introducing anisotropic surface diffusion of
adsorbate. The influence of the induced diffusion co-
efficient on the growth dynamics, morphology, and
statistical properties of the surface will be analyzed.

The structure of the work is as follows. A math-
ematical model describing the evolution of the ad-
sorbate concentration and the surface height, which
is based on the phase-field method, is developed in
Section 2. Section 3 contains information about the
details of a numerical simulation procedure. In Sec-
tion 4, the simulation results are discussed. The final
section contains the main conclusions of the work.

2. Mathematical Model

Let us consider the evolution of a dimensionless ad-
sorbate concentration 𝑥 on the substrate. The param-

eter 𝑥 is defined as the ratio between the number of
adsorbed atoms (adatoms) 𝑁𝑎 and the total number
of adsorption sites 𝑁𝑠 in each unit cell with the size ℓ;
i.e. 𝑥 = 𝑁𝑎/𝑁𝑠, so that 𝑥 ∈ [0, 1]. Only the homoepi-
taxial processes are taken into account, i.e. when the
chemical composition of the deposited substance does
not differ from that of the substrate. The considera-
tion is carried out in the framework of the phase-field
theory.

The space-time evolution of the adsorbate concen-
tration during the epitaxial growth is described by an
equation of the reaction-diffusion type. In the stan-
dard form, it looks like

𝜕𝑡𝑥 = 𝑅(𝑥)−∇J. (1)

Here, the first term on the right-hand side corre-
sponds to the reaction component. It is determined
by the processes that take place at the surface in the
course of deposition. The second term describes the
surface adsorbate flux.

Among the main reaction processes, the adsorp-
tion and desorption are distinguished as a rule. In the
course of epitaxial growth, adatoms are deposited at
a certain rate 𝑘𝑎, which is proportional to the deposi-
tion flux. The adsorbed atoms can be desorbed back
to the gas phase at the rate 𝑘𝑑0, which is determined
in terms of the effective adatom lifetime 𝜏𝑑 and the
desorption activation energy 𝐸des by the formula

𝑘𝑑0 =
1

𝜏𝑑
exp

(︂
−𝐸des

𝑇

)︂
,

where 𝑇 is the deposition temperature expressed in
energy units. Since adatoms are mobile interacting
particles, the adatom-adatom interaction can mod-
ify the desorption rate, 𝑘𝑑 = 𝑘𝑑0 exp(𝑈/𝑇 ), where
𝑈(r) is the interaction potential between the adsor-
bate atoms.

The total surface flux of adsorbate, J, includes the
ordinary diffusion flux (−𝐷∇𝑥) and the flux associ-
ated with the interaction potential 𝑈(r). The latter
determines the thermodynamic force f = −∇(𝑈/𝑇 )
that acts on the adsorbed particles and induces the
flux v𝑥 of adatoms. The velocity v is determined in
the standard way from the Einstein ratio v = 𝐷f .
The flux induced by the interaction between the ad-
sorbates is possible only to (1 − 𝑥) free sites. The
surface diffusion coefficient 𝐷 is determined in the
standard way: 𝐷 = 𝑎2𝜈 exp(−𝐸diff/𝑇 ), where 𝑎 is
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the substrate lattice parameter, 𝜈 the frequency fac-
tor, and 𝐸diff the diffusion activation energy (𝐸diff >
> 𝐸des).

In order to find an expression for the interaction
potential between the adatoms, 𝑈(r), let us apply the
self-consistent approach. Then, 𝑈(r) is a function of
the binary attraction potential between two adsorbed
particles 𝑢(r) and is written in the form

𝑈(𝑥(r)) = −
∫︁

𝑢(r− r′)𝑥(r′)dr′.

A similar approach was widely used in theoretical
studies of the epitaxial growth processes [25, 30, 31],
spatial ordering taking place in the course of surface
structuring at the condensation [32–34], radiation-
induced defect structuring [35, 36], and so forth. In
the framework of this approach, the adsorbate-
adsorbate interaction energy 𝜖 is determined by the
integral 𝜖 =

∫︀
𝑢(r)dr. Then, the first approximation

for the interaction potential 𝑈 brings about the for-
mula 𝑈(𝑥(𝑟)) ≃ −𝜖𝑥(𝑟).

Ultimately, using the obtained expression for the
adsorbate-adsorbate interaction potential and com-
bining the reaction and diffusion components, we
transform Eq. (1) for the space-time evolution of the
adsorbate concentration into the form

𝜕𝑥

𝜕𝑡
= 𝐹 − 𝑥𝑒−𝜀𝑥 +𝐷0

[︀
∇2𝑥− 𝜀∇𝑀(𝑥)∇𝑥

]︀
. (2)

Here, the dimensionless time 𝑡 is measured in 𝑘𝑑0-
units, and the dimensionless parameters 𝐹 = 𝑘𝑎/𝑘𝑑0,
𝐷0 = 𝐷/𝑘𝑑0 and 𝜀 = 𝜖/𝑇 , as well as the nota-
tion 𝑀(𝑥) = 𝑥(1− 𝑥), are introduced. From Eq. (2),
one can see that the flux induced by the adsorbate-
adsorbate interaction is directed opposite to the or-
dinary diffusion flux.

When studying the surface growth processes in
the framework of the phase-field theory, the surface
height at a definite substrate point and at every time
moment is determined by the value of the phase
field 𝜑(r, 𝑡), which is the effective order parameter
[24]. The surface height is measured in the units of
the lattice parameter 𝑎 and corresponds to the num-
ber of monolayers. Following works [23,24], the equa-
tion of space-time evolution for the phase field 𝜑 is
written in the form

𝜕𝜑

𝜕𝑡
= −𝛿ℋ

𝛿𝜑
, (3)

where the free energy

ℋ =

∫︁
dr[𝜛2(∇𝜑)2/2 +𝐻(𝜑, 𝑥)] (4)

is determined through the density 𝐻, and the param-
eter 𝜛 is the dimensionless coupling constant.

While describing the growth of multilayer adsor-
bate structures with terraces, let us assume, following
the results of work [23], that the local stable minima
of the order parameter correspond to the terraces in
the pyramidal structures, whereas the rapid spatial
change of the order parameter determines the posi-
tion of a step in this structure. To model the process
of formation of a large number of terraces in the ad-
sorbate structures, we use the following expression for
the free energy density [30]:

𝐻(𝜑, 𝑥) =
1

2𝜋
cos(2𝜋[𝜑− 𝜑𝑠])−

−𝜆𝑥

(︂
𝜑+

1

2𝜋
sin(2𝜋[𝜑− 𝜑𝑠])

)︂
, (5)

where the parameter 𝜆 determines the terrace width,
and the parameter 𝜑𝑠 corresponds to the initial sur-
face height. Hence, the dynamics of adsorbate struc-
turing at the epitaxial growth is described by the sys-
tem of equations (2) and (3) taking Eqs. (4) and (5)
into account.

The main aim of this work is to reveal the influ-
ence of electromigration effects, which emerge, when
an external electric field is applied to the substrate,
on the dynamics of surface growth at the deposition,
as well as the surface morphology and its statistical
characteristics. The application of an electric field to
the substrate, when the field direction is parallel to
the substrate surface, induces variations in the inter-
nal local electric field, which can bring about the ap-
pearance of a directed force Fel = 𝑒𝑍E, where 𝑒 is the
electron charge. The magnitude of the field strength
|E| = −Φ/𝐿 is determined by the potential difference
Φ across the substrate and the linear substrate size 𝐿
(the distance between the anode and cathode). The
direction of the force vector Fel is given by the effec-
tive valence 𝑍, which is negative for most metals, so
that the adsorbed atoms move in the opposite direc-
tion to the electric field.

In order to take the electromigration effects into
account, when carrying out a numerical simulation,
let us assume that the surface diffusion of adatoms
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can be generalized by considering the directed mo-
tion of adatoms with the diffusion coefficient 𝐷𝑒𝑚 in
one of the directions induced by the electric field. The
simplest case of such anisotropic diffusion in the case
where the electric field is directed along the direction
𝑥 is described by the expression ±𝐷𝑒𝑚∇𝑥𝑥(r), where
the sign ± is determined by the relative arrangement
of the cathode and anode. Thus, the general system
of dynamic equations for the adsorbate concentration
𝑥(r, 𝑡) and the phase field 𝜑(r, 𝑡), which describes the
epitaxial growth of a pyramidal adsorbate structures
with the electromigration effects, reads

𝜕𝑥

𝜕𝑡
= 𝐹 − 𝑥𝑒−𝜀𝑥 +

+𝐷0∇ℳ(𝑥)∇𝑥+𝐷𝑒𝑚∇𝑥𝑥− 1

2

𝜕𝜑

𝜕𝑡
, (6a)

𝜕𝜑

𝜕𝑡
= 𝜛2Δ𝜑+ sin(𝜋𝜑) + 𝜆𝑥(1 + cos(𝜋𝜑)), (6b)

where the notation ℳ(𝑥) = 1− 𝜀𝑀(𝑥) is used, and,
for simplicity, it is put that 𝜑𝑠 = 0. The last term
on the right-hand side of Eq. (6a) describes the dy-
namics of the adsorbate concentration on the growing
layer. The component 1 + cos(𝜋𝜑) on the right-hand
side of Eq. (6b) means that the minima of the free
energy ℋ take place at 𝜑 = 2𝑛+1 irrespective of the
adatom concentration [24].

3. Details of a Simulation Procedure

The processes of homoepitaxial surface growth were
studied with the help of numerical simulations. For
this purpose, the system of equations (6) was nu-
merically solved on a two-dimensional square 𝐿 × 𝐿
mesh with the linear size 𝐿 = 512ℓ and periodic
boundary conditions. The spatial derivatives were
calculated in the r-space using a standard finite-
difference scheme. For the calculation of the deriva-
tive ∇𝑀(𝑥)∇𝑥, the following mathematical construc-
tion was applied [37]:

∇𝑖,𝑗𝑀𝑖,𝑗∇𝑖,𝑗𝑥𝑖,𝑗 =
𝑀𝑖+1,𝑗 +𝑀𝑖,𝑗

2

𝑥𝑖+1,𝑗 − 𝑥𝑖,𝑗

(Δ𝑥)2
−

− 𝑀𝑖,𝑗 +𝑀𝑖−1,𝑗

2

𝑥𝑖,𝑗 − 𝑥𝑖−1,𝑗

(Δ𝑥)2
+

+
𝑀𝑖,𝑗+1 +𝑀𝑖,𝑗

2

𝑥𝑖,𝑗+1 − 𝑥𝑖,𝑗

(Δ𝑥)2
−

− 𝑀𝑖,𝑗 +𝑀𝑖,𝑗−1

2

𝑥𝑖,𝑗 − 𝑥𝑖,𝑗−1

(Δ𝑥)2
, (7)

where the notation 𝑀𝑖,𝑗 = 𝑀(𝑥𝑖,𝑗) is used.

The system of equations (6) was integrated with
the double-precision accuracy and making use of
the Verlet algorithm [37]. The integration steps were
equal to Δ𝑥 = 1.0 for the spatial coordinate and
Δ𝑡 = 10−3 for the temporal one, which provided
the stability of the selected method [38]. The calcu-
lations were carried out till the dimensionless time
𝑡 = 103. Hence, in the course of one simulation proce-
dure, each of 524288 equations was solved 106 times.

The Gaussian distribution with ⟨𝜑(r, 0)⟩ = 0 and,
taking the nonzero substrate roughness into account,
⟨(𝛿𝜑)2⟩ = 0.1 was chosen as the initial condition for
the phase field 𝜑(r, 𝑡). For the adsorbate concentra-
tion field 𝑥(r, 𝑡), we put 𝑥(r, 0) = 0. The calcula-
tions were performed at the fixed values 𝜛2 = 2 and
𝜆 = 10 of the parameters that control the phase-field
dynamics and at 𝐷0 = 1. As was shown in works
[25, 30], the growth dynamics of a thin structured
film and its morphology under isotropic surface dif-
fusion conditions are mainly governed by the param-
eters 𝐹 and 𝜀. In order to study the influence of the
anisotropic diffusion with the coefficient 𝐷𝑒𝑚 on the
surface growth dynamics and the statistical proper-
ties of the surface, we took 𝐹 = 2 and 𝜀 = 4. This
parameter set corresponds to the case where well-
pronounced pyramidal structures of the adsorbate
are formed in the course of epitaxial growth in the
isotropic case.

4. Results and Their Discussion

The snapshots illustrating a typical evolution of the
surface morphology, i.e. the field 𝜑(r, 𝑡), at fixed time
moments 𝑡 are shown in Fig. 1. They were calcu-
lated by simulating the process of homoepitaxial film
growth in the absence of an electric field near the
substrate (model with the isotropic surface diffu-
sion). Here, the gray color intensity corresponds to
the height of the growing surface, which varies from
the minimum 𝜑min (black color) to the maximum
𝜑max (white color).

One can see that in the course of system evolu-
tion described by the system of equations (6), the
processes of adsorbate self-organization lead from the
initial uniform Gaussian distribution of the surface
height field, i.e. the order parameter 𝜑, to the forma-
tion of separate adsorbate islands. Distinct terraces of
pyramidal structures are formed at the early stages of
the adsorbate structure evolution. Those structures
grow in time: their heights and linear sizes become
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Fig. 1. Typical evolution of the surface morphology at the epitaxial growth in the absence of electromigration
effects

larger. If the deposition time is long enough, the ad-
sorbate structures begin to interact with one another
so that larger pyramids absorb smaller ones. The fi-
nite size of the lattice and the periodic boundary con-
ditions give rise to a single pyramidal structure in
the limit of a very long deposition time. It should
be noted that, according to the considered model,
the minimum value of the phase field, 𝜑min, increases
in time. This circumstance means that both the film
thickness and the height of the superficial multilayer
structures increase in the course of deposition.

In order to statistically analyze the surface growth
process at the deposition [39], let us consider the dy-
namics of the phase field dispersion (the standard de-
viation of 𝜑)

𝑊 2(𝑡) =
⟨
[𝜑(r, 𝑡)− ⟨𝜑(r, 𝑡)⟩]2

⟩
,

the phase field asymmetry

𝑚3 =

⟨
(𝜑(r)− ⟨𝜑(r)⟩)3

⟩
(𝑊 2)

3/2
,

and the phase field excess

𝑚4 =

⟨
(𝜑(r)− ⟨𝜑(r)⟩)4

⟩
(𝑊 2)

2 ,

where ⟨𝜑(r, 𝑡)⟩ is the average value of the surface
height determined at every time moment 𝑡 in the stan-
dard way,

⟨𝜑(r, 𝑡)⟩ ≡ 𝐿−2
∑︁
r

𝜑(r, 𝑡).

The dispersion 𝑊 2 plays the role of an order parame-
ter for the structuring process. Its increase with time
testifies to the presence of ordering processes, i.e. the
growth of surface structures. The asymmetry param-
eter 𝑚3 characterizes the symmetry of the surface

height distribution (the phase field 𝜑(r)) with respect
to the average level. In particular, a positive 𝑚3-value
means that most points at the surface are located
above the average level ⟨𝜑(r)⟩; if 𝑚3 < 0, the major-
ity of the values of the surface height field are smaller
than the average value ⟨𝜑(r)⟩. Finally, the excess pa-
rameter 𝑚4 characterizes the randomness of a height
distribution and describes the surface stochasticity
with respect to the Gaussian surface. For a surface
characterized by the Gaussian distribution of heights,
we have 𝑚3 = 0 and 𝑚4 = 3.

The dependences 𝑊 2(𝑡) obtained for various val-
ues of the electromigration-induced diffusion coeffi-
cient 𝐷𝑒𝑚 are depicted in Fig. 2, 𝑎. One can see that,
at the initial stage of epitaxial growth (stage I), the
dispersion 𝑊 2 does not change in time and has mag-
nitudes of about 10−3 for all values of the induced
diffusion coefficient 𝐷𝑒𝑚. At this stage, the adsorbate
is accumulated in the first layer. The start of the film
growth processes is accompanied by an oscillatory dy-
namics of 𝑊 2(𝑡) as long as 𝑊 2 < 1 (stage II). The
frequency of oscillations is not sensitive to the in-
duced diffusion coefficient. For larger values of the in-
duced diffusion coefficient, the oscillatory dynamics of
𝑊 2(𝑡) takes place during longer deposition times. At
the next stage (stage III), the value of 𝑊 2 increases
with time, and the corresponding growth dynamics
substantially depends on the anisotropy degree of the
adsorbate surface diffusion determined by the param-
eter 𝐷𝑒𝑚.

From a comparison between the curves calculated
for the isotropic (𝐷𝑒𝑚 = 0, curve 1 ) and anisotropic
(𝐷𝑒𝑚 = 0.5, curve 2 ) cases, it follows that the
electromigration-induced anisotropy of the surface
diffusion hinders the surface structuring in the course
of deposition. An increase of the anisotropic surface
diffusion coefficient of the adsorbate stimulated by
applying an electric field to the substrate addition-
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✮

a

b c
Fig. 2. Time dependences of (𝑎) the dispersion 𝑊 2, (𝑏) the
asymmetry 𝑚3, and (𝑐) the excess 𝑚4 at various values of the
diffusion coefficient 𝐷𝑒𝑚. The inset in panel (𝑎) demonstrates
the dependence of the time 𝑡𝑐 required for a stationary regime
to be established on the diffusion coefficient 𝐷𝑒𝑚

ally hinders the surface structuring process and fi-
nally leads to the establishment of a stationary regime
in the 𝑊 2(𝑡)-dynamics (see curve 3 calculated for
𝐷𝑒𝑚 = 0.8, the section after 𝑡 = 𝑡𝑐). Larger values
of the electromigration-induced diffusion coefficient
𝐷𝑒𝑚 give rise to shorter time values 𝑡𝑐 (cf. curves 3
and 4 in Fig. 2, 𝑎). A more detailed analysis showed
that 𝑡𝑐 exponentially decreases, as 𝐷𝑒𝑚 increases,
which is illustrated by the solid curve in the inset in
Fig. 2, 𝑎 (numerical simulation data are exhibited by
circles). If the surface diffusion anisotropy is strong
enough, e.g., 𝐷𝑒𝑚 > 1, a further increase of 𝐷𝑒𝑚

brings about a slowdown of the 𝑊 2(𝑡)-dynamics (see
curves 5 and 6 in Fig. 2, 𝑎).

The evolution dynamics of the asymmetry 𝑚3

and the excess 𝑚4 is shown in Figs. 2, 𝑏 and
2, 𝑐, respectively. At the initial deposition stage,
the both parameters acquire the Gaussian values,
𝑚3 ≃ 0 and 𝑚4 ≃ 3, and this stage corresponds to
stage I in the 𝑊 2(𝑡)-dynamics. The oscillatory dy-
namics of both quantities (stage II) is characterized
by much larger amplitudes as compared with the
order-parameter dynamics 𝑊 2(𝑡). At the late deposi-
tion stage (stage III), both 𝑚3 and 𝑚4 change weakly
with time. It should be noted that, for certain values
of the anisotropic diffusion coefficient, the both quan-
titiesdemonstrate a stationary regime (see curves 3
calculated for 𝐷𝑒𝑚 = 1). However, the stationary
character of the 𝑊 2-, 𝑚3-, and 𝑚4-values only tes-
tifies to the invariance of the statistical parameters of
the growing surface rather than the stationary char-
acter of the deposition or film growth processes. The
growth dynamics of the film thickness and the surface
structure height will be analyzed below.

In order to study, in detail, the hindering of the
surface growth dynamics by electromigration effects
induced by an external electric field, let us calculate
the average time ⟨𝑡⟩ required for one thousand atomic
layers to grow at various values of the induced dif-
fusion coefficient 𝐷𝑒𝑚. The results obtained are pre-
sented in Fig. 3 as solid circles. It is evident that the
average time required for 1000 atomic layers to grow
increases with the diffusion coefficient 𝐷𝑒𝑚. It should
be noted that the law describing the dependence ⟨𝑡⟩
versus 𝐷𝑒𝑚 changes, when 𝐷𝑒𝑚 exceeds a critical
value 𝐷𝑐

𝑒𝑚 ≃ 0.95. The numerical results obtained at
𝐷𝑒𝑚 < 𝐷𝑐

𝑒𝑚 can be well approximated by the expo-
nentially growing function ⟨𝑡⟩ = 𝑡1 + 𝑎1 exp(𝐷𝑒𝑚/𝑏1)
(the dashed curve in Fig. 3). At 𝐷𝑒𝑚 > 𝐷𝑐

𝑒𝑚, the av-
erage time ⟨𝑡⟩ increases more slowly with 𝐷𝑒𝑚, and
the numerical results correspond to the logarithmic
dependence ⟨𝑡⟩ = 𝑡2 + 𝑎2 ln(𝐷𝑒𝑚/𝑏2) (the solid curve
in Fig. 3). The maximum value of the coefficient of
determination was a criterion for approximating the
obtained numerical data.

Now, let us analyze the growth dynamics of the
film thickness and the height of the surface pyrami-
dal structures by varying the induced diffusion coeffi-
cient 𝐷𝑒𝑚. As was mentioned above, both the maxi-
mum, 𝜑max, and minimum, 𝜑min, values of the phase
field 𝜑 increase in the course of deposition. There-
fore, the parameter 𝑑 ≡ 𝜑min can be associated with
the thickness of a film consisting of densely packed
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adatoms. Then the height of the surface structures
is determined as the difference ℎ ≡ (𝜑max − 𝜑min).
The temporal evolution of the parameters 𝑑 and
ℎ is illustrated in Fig. 4 by the dashed and solid
curves, respectively. The exhibited results correspond
to the parameter values (𝑑, ℎ) ≥ 1. The stages of
adsorbate rearrangement on the substrate are ne-
glected. Curves 1 were obtained for the isotropic case
(𝐷𝑒𝑚 = 0), and curves 2 for the anisotropic one with
𝐷𝑒𝑚 = 1.5.

First of all, it should be noted that the electromi-
gration does not affect considerably the law of the
film thickness growth, 𝑑(𝑡) ≃ 𝑏𝑡, where the growth
rate decreases from 𝑏 = 3.04 at 𝐷𝑒𝑚 = 0 to 𝑏 = 2.68
at 𝐷𝑒𝑚 = 1.5 (dashed curves 1 and 2, respectively, in
Fig. 4). At the same time, the growth dynamics ℎ(𝑡)
of the surface structure height substantially depends
on the diffusion coefficient 𝐷𝑒𝑚. Namely, the growth
of 𝐷𝑒𝑚 leads not only to a significant decrease in the
surface structure height, but also to the appearance
of a certain randomness in the character of the depen-
dence ℎ(𝑡) [cf. curves 1 (𝐷𝑒𝑚 = 0) and 2 (𝐷𝑒𝑚 = 1.5)
in Fig. 4].

It should also be noted that the power-law depen-
dence ℎ(𝑡) ∝ 𝑡𝛿 is realized for the structure height at
the late evolution stage. The analysis of solid curves 1
and 2 shows that the growth index 𝛿 depends on the
diffusion coefficient 𝐷𝑒𝑚. The inset in Fig. 4 demon-
strates the values of the growth parameter 𝛿 for var-
ious 𝐷𝑒𝑚 values. One can see that the growth in-
dex 𝛿 firstly decreases to a certain minimum value
at 𝐷𝑒𝑚 < 𝐷𝑐

𝑒𝑚 and then begins to increase. Hence,
the strengthening of electromigration effects leads, on
the one hand, to smaller heights of surface structures
and, on the other hand, to a more intensive growth
dynamics of structure heights at the late stage. Fur-
thermore, if 𝐷𝑒𝑚 > 𝐷𝑐

𝑒𝑚, the growth index does not
depend on the induced diffusion coefficient and ac-
quires the value 𝛿 ≃ 0.46 (see the inset in Fig. 4).

Now, let us analyze the influence of the diffusion co-
efficient 𝐷𝑒𝑚 on the average film thickness, ⟨𝑑⟩, and
the average height of surface structures, ⟨ℎ⟩, obtained
after a long-term deposition (at 𝑡 = 103) in the quasis-
tationary regime. The corresponding results are pre-
sented in Fig. 5. One can see that if 𝐷𝑒𝑚 < 𝐷𝑐

𝑒𝑚,
the larger electric field strengths near the substrate
lead to narrower film thicknesses and smaller heights
of the surface structures. It should be noted that, in
this case, the film thickness decreases only by 15%,

Fig. 3. Dependence of the time ⟨𝑡⟩ required for 1000 atomic
layers to grow on the diffusion coefficient 𝐷𝑒𝑚. The parameters
of approximation curves are 𝑡1 = 312.37, 𝑎1 = 22.4, and 𝑏1 = 1

(dashed curve); and 𝑡2 = 374.55, 𝑎2 = 2.6, and 𝑏2 = 0.76 (solid
curve)

Fig. 4. Time dependences of the film thickness 𝑑 (dashed
curves) and the height of surface structures ℎ (solid curves) for
various values of the diffusion coefficient 𝐷𝑒𝑚 = 0.0 (curves 1 )
and 1.5 (curves 2 ). The dependence of the growth index 𝛿 on
the diffusion coefficient 𝐷𝑒𝑚 in the long-term deposition limit
is shown in the inset

whereas the height of surface structures and, accord-
ingly, the number of layers in pyramidal structures
decreases considerably with the growth of 𝐷𝑒𝑚. At
the same time, if 𝐷𝑒𝑚 > 𝐷𝑐

𝑒𝑚, the electromigra-
tion does not substantially affect the ⟨𝑑⟩- and ⟨ℎ⟩-
values. Thus, the electromigration effects destroy the
terraces of pyramidal adsorbate structures and favor
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Fig. 5. Dependences of the average film thickness ⟨𝑑⟩ (left
panel) and the height of surface structures ⟨ℎ⟩ (right panel) on
the diffusion coefficient 𝐷𝑒𝑚 in the long-term deposition limit
(𝑡 = 103)

Fig. 6. Dependences of the statistical moments 𝑚3 (left panel)
and 𝑚4 (right panel) on the diffusion coefficient 𝐷𝑒𝑚 at 𝑡 = 103

Fig. 7. Typical examples of a surface morphology in the qua-
sistationary regime of film growth at various values of the dif-
fusion coefficient 𝐷𝑒𝑚

Fig. 8. Distributions of the surface height reckoned from the
average value ⟨𝜑⟩ for the structures shown in Fig. 7

the homogenization of the adsorbate distribution over
the film.

To characterize the influence of the electromigra-
tion-induced anisotropy of the surface adsorbate dif-
fusion on the surface-height distribution after a long-
term deposition, let us analyze the dependences of
the asymmetry 𝑚3 and excess 𝑚4 of the surface ob-
tained at 𝑡 = 103 on the field-induced diffusion co-
efficient 𝐷𝑒𝑚. The calculated dependences 𝑚3(𝐷𝑒𝑚)
and 𝑚4(𝐷𝑒𝑚) are shown in Fig. 6.

Typical examples of the surface morphology ob-
tained after the long-term evolution (𝑡 = 103) with
various values of the diffusion coefficient 𝐷𝑒𝑚 are
exhibited in Fig. 7. The calculated distributions of
the height fields over their values are presented in
Fig. 8. The analysis of the obtained results testifies
that if the diffusion is isotropic (𝐷𝑒𝑚 = 0), the
surface is characterized by the values 𝑚3 > 0 and
𝑚4 < 3. This means that the surface is statistically
different from Gaussian. Namely, the height distri-
bution is asymmetric and the majority of surface
height values exceed the average value. The height
field distribution calculated for 𝐷𝑒𝑚 = 0.0 is given
in Fig. 8. The numerical data are exhibited by hollow
circles. They agree well with the Generalized Extreme
Value Distribution, which looks like [40]

𝑓(𝜑) = 𝜅−1 exp (−𝑧) exp {− exp (−𝑧)},

where 𝑧 ≡ (𝜑−𝜇)/𝜅, and 𝜇 and 𝜅 are approximation
parameters. This distribution is evidently asymmet-
ric, and most of the 𝜑-field values are larger than
the mean value ⟨𝜑⟩. At the same time, for the most
probable value 𝜑𝑝, we have 𝜑𝑝 < ⟨𝜑⟩. The deviation
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of 𝑚4 from a value of 3 typical of the Gaussian dis-
tribution (see Fig. 6) testifies to the spatial ordering
of adsorbates on the surface, with the implementa-
tion of terraces in the spatial distribution of heights,
which is different from the case of the Gaussian ran-
dom field.

With the growth of the induced diffusion coefficient
𝐷𝑒𝑚, the values of both statistical quantities 𝑚3 and
𝑚4 become somewhat larger, achieve corresponding
maximum values, and afterward decrease to corre-
sponding fixed values, with the asymmetry parameter
changing its sign at 𝐷𝑒𝑚 = 𝐷0

𝑒𝑚. Hence, the enlarge-
ment of 𝐷𝑒𝑚 leads to a morphological transformation
of the surface structure from a surface with the ma-
jority of height values exceeding the average value to a
surface with the overwhelming majority of height val-
ues being smaller than the average value. In this case,
a decrease of the excess value 𝑚4 with the growth of
𝐷𝑒𝑚 testifies to an increase of correlations along the
surface and, as a result, an increase of the width of
terraces in the surface structures.

At 𝐷𝑒𝑚 = 0.5, the surface adsorbate structures
are characterized by the electromigration-induced
anisotropy in the direction of the electric field applied
to the substrate (see Fig. 7). In this case, the surface
height distribution becomes more symmetric and has
two main peaks: at 𝜑 = 𝜑−

𝑝 < ⟨𝜑⟩ and 𝜑 = 𝜑+
𝑝 > ⟨𝜑⟩

(see the 𝐷𝑒𝑚 = 0.5-distribution in Fig. 8). The cor-
responding numerical data are approximated well by
a superposition of two Gaussians.

If the induced diffusion coefficient increases further,
the surface structures become elongated along the
field applied to the substrate (see the 𝐷𝑒𝑚 = 0.8-
example of the surface morphology in Fig. 7). It
should be noted that, in the case 𝐷𝑒𝑚 ≃ 0.8, we
have 𝑚3 = 0 (see Fig. 6), which means a symmetric
distribution of surface height values with respect to
the average value ⟨𝜑⟩ [see panel 𝐷𝑒𝑚 = 0.8 in Fig. 8;
the solid curve is the approximation of numerical data
(hollow circles) by a single-mode Gaussian, for which
𝜑𝑝 ≃ ⟨𝜑⟩].

At even higher values of the induced diffusion co-
efficient, 𝐷𝑒𝑚 > 𝐷𝑐

𝑒𝑚, both the asymmetry and
excess parameters do not depend substantially on
𝐷𝑒𝑚 (see Fig. 6). Under such growing conditions,
the applied electric field leads to the destruction of
well-pronounced surface pyramidal structures. In this
case, a single percolating cluster of the adsorbate is
formed, which possesses a small number of wide ter-

races with non-smooth boundaries (see the 𝐷𝑒𝑚 =
= 1.0-snapshot in Fig. 7). The corresponding sur-
face differs substantially from the Gaussian one, be-
ing characterized by the excess value 𝑚4 ≃ 1.85
(see Fig. 6). The asymmetry value 𝑚3 ≃ −0.15 tes-
tifies that the majority of the height field values
are smaller than the average value, but this ma-
jority is not considerable. The corresponding height
distribution calculated in the case 𝐷𝑒𝑚 = 1.0 is
shown in the 𝐷𝑒𝑚 = 1.0-panel in Fig. 8. It demon-
strates the presence of a small number of terraces
(the number of peaks is equivalent to the number of
terraces).

5. Conclusions

In this work, the influence of electromigration effects
on the dynamics of epitaxial growth of thin films is
studied in the framework of the phase-field theory and
using the numerical simulation procedure. The elec-
tromigration effects are taken into account by intro-
ducing a directed flux of adatoms with the diffusion
coefficient proportional to the strength of the electric
field applied to the substrate.

It is found that an increase of the induced diffusion
coefficient leads to a slowdown of the growth dynam-
ics for both the film thickness and the height of the
surface multilayer adsorbate structures, as well as to
the symmetry of the height field distribution over its
values. It is shown that the electromigration effects
lead to the formation of anisotropic surface struc-
tures. At the coarsening stage, the growth dynam-
ics of structure heights is given by a power law. The
corresponding growth index increases to a stationary
value of about 0.46, as the induced diffusion coeffi-
cient increases to a certain critical value. At large in-
duced diffusion coefficient values, the process of epi-
taxial growth gives rise to the formation of a multi-
layer percolating structure of the adsorbate with wide
terraces characterized by non-smooth boundaries. If
the coefficient of induced diffusion exceeds the critical
value, the dynamics of surface growth and its statis-
tical properties do not depend substantially on the
electric field strength.

The results obtained in this work can be useful for
predicting the dynamics of epitaxial film growth in
the presence of an electric field near the substrate and
for correcting the technological conditions while grow-
ing surface structures with a required morphology.

ISSN 2071-0194. Ukr. J. Phys. 2021. Vol. 66, No. 5 447



A.V. Dvornichenko

The work was sponsored by the Ministry of Educa-
tion and Science of Ukraine (grant N 0117U003927).

1. J.R. Black. Electromigration – A brief survey and some
recent results. IEEE Trans. Electr. Dev. 16, 338 (1969).

2. P.S. Ho, T. Kwok. Electromigration in metals. Rep. Prog.
Phys. 52, 301 (1989).

3. Y. Homma, R.J. Mcclelland, H. Hibino. DC-resistive-
heating-induced step bunching on vicinal Si (111). Jap. J.
Appl. Phys. 29, L2254 (1990).

4. E.D. Williams, E. Fu, Y.N. Yang et al. Measurement of
the anisotropy ratio during current-induced step bunching.
Surf. Sci. 336, L746 (1995).

5. B.J. Gibbons, J. Noffsinger, J.P. Pelz. Influence of Si de-
position on the electromigration induced step bunching in-
stability on Si(111). Surf. Sci. 575, L51 (2005).

6. S. Lin, Y. Liu, S. Chiu et al. The electromigration effect
revisited: non-uniform local tensile stress-driven diffusion.
Sci. Rep. 7, 3082 (2017).

7. F. Leroy, D. Karashanova, M. Dufay et al. Step bunching
to step-meandering transition induced by electromigration
on Si(111) vicinal surface. Surf. Sci. 603, 507 (2009).

8. V. Usov, C.O. Coileain, I.V. Shvets. Influence of electro-
migration field on the step bunching process on Si(111).
Phys. Rev. B 82, 153301 (2010).

9. O. Toktarbaiuly, V. Usov, C.O. Coileain et al. Step bunch-
ing with both directions of the current: Vicinal W(110)
surfaces versus atomistic-scale model. Phys. Rev. B 97
035436 (2018).

10. A.A. Shklyaev, A.V. Latyshev. Electromigration effect
on the surface morphology during the Ge deposition on
Si(111) at high temperatures. Appl. Surf. Sci. 465, 10
(2019).

11. B. Voigtlander. Fundamental processes in Si/Si and Ge/Si
epitaxy studied by scanning tunneling microscopy during
growth. Surf. Sci. Rep. 43, 127 (2001).

12. A.A. Shklyaev, M. Ichikawa. Extremely dense arrays of
germanium and silicon nanostructures. Phys. Usp. 51, 133
(2008).

13. A.A. Shklyaev, K.N. Romanyuk, S.S. Kosolobov. Surface
morphology of Ge layers epitaxially grown on bare and
oxidized Si(001) and Si(111) substrates. Surf. Sci. 625, 50
(2014).

14. S.A. Teys. Different growth mechanisms of Ge by Stranski-
Krastanow on Si (111) and (001) surfaces: An STM study.
Appl. Surf. Sci. 392, 1017 (2017).

15. J.M. MacLeod, J.A. Lipton-Duffin, U. Lanke et al. Shape
transition in very large germanium islands on Si(111).
Appl. Phys. Lett. 94, 103109 (2009).

16. A. Shklyaev, L. Bolotov, V. Poborchii et al. Properties
of three-dimensional structures prepared by Ge dewetting
from Si(111) at high temperatures. J. Appl. Phys. 117,
205303 (2015).

17. A. Voigt. Multiscale Modeling in Epitaxial Growth
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ЕФЕКТИ ЕЛЕКТРОМIГРАЦIЇ
ПРИ ЕПIТАКСIАЛЬНОМУ РОСТI ТОНКИХ ПЛIВОК:
МОДЕЛЮВАННЯ МЕТОДОМ ФАЗОВОГО ПОЛЯ

У роботi проводиться теоретичне дослiдження процесу ро-
сту тонких плiвок при епiтаксiї з урахуванням анiзотропiї
поверхневої дифузiї адсорбату, iндукованої ефектами еле-
ктромiграцiї, в рамках теорiї фазового поля з використан-
ням процедури числового моделювання. Встановлено вплив
коефiцiєнта iндукованої анiзотропної дифузiї, пропорцiйно-
го до напруженостi пiдведеного електричного поля, на ди-
намiку росту товщини плiвки та висоти поверхневих стру-
ктур, морфологiю зростаючої поверхнi, статистичнi власти-
востi поверхневих багатошарових структур адсорбату та
розподiл поверхневих структур за висотою.

Ключ о в i с л о в а: метод фазового поля, епiтаксiальний
рiст, поверхневi структури, електромiграцiя, числовi симу-
ляцiї, статистичнi властивостi.
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