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Abstract: The review presents the D2-law of droplet evaporation, which is used to describe the
spraying process involving the evaporation of droplets. This law, the subject of numerous publications,
can be successfully applied to describe the droplet evaporation process under various conditions,
including the calculations of the process of feeding the boiler with a liquid that contains catalyst
particles. To date, not a lot of work has been devoted to this issue. The paper is a continuation of
previous research concerning the spraying of liquids with a catalyst, which improves the efficiency of
the process. The conducted analysis showed that the experimental data from previously published
work are very compatible with the data obtained from the D2-law of droplet evaporation. At the
standard speed of about 20 m/s of an aerosol flowing through a dust duct, droplets in the stream
should be observed up to a distance of 1 m from the outlet of the apparatus supplying the system.
Under such flow conditions, a droplet’s lifetime must be above 0.05 s. The dependence between a
droplet’s lifetime and its diameter and temperature was determined. The obtained results confirmed
that the effective droplet diameter is above 30 µm. Such droplets must be generated and then fed
to the boiler for the catalyst to work properly. This law is an engineering approach to the problem,
which uses relatively simple model equations in order to determine the evaporation time of a droplet.

Keywords: droplet evaporation; D2-law of droplet evaporation; combustion; dust duct; catalyst

1. Introduction

In theory, mass transfer is at its maximum at the droplet surface that is subjected to the
flow of gas around it, and at its minimum near the point of the detachment of its boundary
layer. However, this exchange increases in the wake of the droplet. In order to determine
the heat and mass transfer, a system of dimensionless differential equations of continuity,
motion, and mass and heat balance can be written. However, the solution of such a coupled
equations is of little practical importance, as it requires many simplifications. For this
reason, experimental criterion formulas are used [1].

The mass transfer from an evaporating droplet of a liquid to the surrounding gas can
take place due to molecular diffusion, diffusion caused by natural convection or forced
convection, or a combination of these three phenomena simultaneously (with forced con-
vection determining the mass transfer rate in most cases). Under free and forced convection
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conditions, the equation of the dimensionless mass transfer coefficient is described by the
following general relationship:

Shm = f (Gr, Re, Sc). (1)

In the case of systems with small droplet diameters and a small difference in fluid
density in the immediate vicinity of the particle, and also at some distance from it (in the
boundary layer and outside it), it is permissible to ignore the influence of natural convection
on the intensity of the mass transfer. According to paper [2], in the case of flow around a
droplet, the influence of free convection may be neglected when:

Re ≥ 0.4Gr0.5Sc−0.167. (2)

The fulfillment of this condition allows the equation of the dimensionless mass transfer
coefficient to be written in a simplified form:

Shm = f (Re, Sc). (3)

In engineering practice, the Sherwood number is calculated from empirical dependen-
cies, and is a function of numbers that are easy to determine. The first classic study concerning
forced evaporation of liquid droplets is the publication by Frossling [3]. By specifying the
speed of the loss of substances from droplets of water, aniline, nitrobenzene and naphthalene,
which were suspended in the air stream, the author gave the following equation:

Shm = 2 + 0.552Re0.5Sc0.333. (4)

The research was carried out for the Re numbers ranging from 2 to 800, and the
Schmidt numbers from 0.6 to 2.56.

Ranz and Marshall [4], after carrying out an extensive program of research concerning
the evaporation of water, benzene and aniline droplets (Sc values from 0.6 to 2.2) in the air
at Re < 200, proposed the mass transfer equation in the following form:

Shm = 2 + 0.6Re0.5Sc0.333. (5)

The results of Frossling [3], Maisel and Sherwood [5], and also Ranz and Marshall [4],
which referred to the analysis of the mass transfer from spherical surfaces conducted
by Ranz [6], extended the scope of application of the Ranz–Marshall equation for dilute
solutions and mixtures in which the concentration of liquid vapor is far from the saturated
state. This equation is valid for the value of the Re number ranging from 1 to 70,000, and
for the Sc number from 0.6 to 400. To date, this equation is considered as the reference and
is used by many researchers to evaluate their results.

The research of Frossling [3] and Ranz–Marshall [4] regarding small Reynolds numbers
Re < 6 is supplemented by the publication of Apashev and Malov [7]. Their research on the
evaporation of small droplets of alcohol, ethyl ether, water, gasoline, kerosene, and diesel
fuel in the air at a temperature of 20 to 370 ◦C led to the development of the Ranz–Marshall
equation (Equation (5)).

In addition to the studies concerning the determination of the mass transfer coefficients
of various substances from spherical surfaces, research was also carried out on the influence
of stream turbulence, droplet vibrations, and liquid circulation inside the droplets on the
rate of evaporation or sublimation. It is well known that an increase in the degree of stream
turbulence results in the intensification of mass or heat transfer. However, it will have a
different effect depending on the type of flow. Maisel and Sherwood [5] reported the first
qualitative results of the influence of stream turbulence on the mass transfer rate during
their evaporation studies conducted on spheres moistened with water and benzene (with a
flow within the Re number ranging from 2000 to 50,000).
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During the measurements, the degree of turbulence was increased from 3.5% to 24%,
and the evaporation rate was increased by 18% at Re = 2.440, and by 25% at Re = 19.500.
The measurement results showed that there is a clear reduction in the turbulence effect on
the intensification of the mass transfer with decreasing Reynolds numbers. Moreover, it
was found that the effect of stream turbulence can be completely neglected for droplets
with a diameter smaller than 2 mm. The studies showed that the turbulence effect in the
case of Re < 2000 is negligible [8–10]. They also proved that droplet vibrations do not
have an influence on the increase of heat transfer coefficients if the linear vibration velocity
is lower than the gas stream velocity [2]. The authors of paper [11] also indicated the
lack of influence of liquid circulation inside a droplet on the speed of mass transfer by
evaporation. Although this model is very successful in describing an evaporating droplet,
the assumptions upon which the model was developed were subjected to criticism and
several experimental and numerical analyses [12–16]. The model is also being improved
for specific applications, e.g., for the systematic validation of computational solvers [17].
Paper [16] presents the analysis of the validity of the D2-law during n-decane droplet
vaporization in a microgravity environment. The experimental results show that the
D2-law is always valid in normal gravity within the range of the ambient temperatures
explored in the study. The authors of article [18] proposed a revision of the D2-law that
is capable of accurately determining the droplet evaporation rate in dilute conditions by
properly estimating the asymptotic properties of a droplet. The authors of paper [18] tested
the proposed model against data from direct numerical simulations, and found an excellent
agreement for the predicted droplet evaporation time in dilute turbulent jet-sprays.

A simple model for heating and evaporation of non-isothermal droplets based on
the parabolic approximation of the temperature profiles inside droplets was suggested
by Dombrovsky and Sazhin [19]. The D2-law was modified to take into account droplet
heating. Comparison with numerical solutions of the transient problem for moving droplets
shows the applicability of this approximation to modelling the heating and evaporation
processes of droplets. The simplicity of the model makes it particularly convenient for
implementation into multidimensional CFD codes to replace the widely used model of
isothermal droplets.

Droplet evaporation is a complicated process governed by the interplay of combined
mass and heat transfer, surface tension and other thermal effects [20]. In the article [20], the
time variation of the droplet temperature during evaporation was taken into account. For
this purpose, the transient energy equation was solved numerically.

The literature concerning the evaporation of multicomponent droplets is relatively
scarce. A modified model for both two- and three-component droplets is presented in
paper [21]. The model has the following properties: the transport of one component can
be augmented by the bulk (Stefan) flow of the other components, and a droplet can never
exceed its boiling point. The ordinary differential equations that constitute the model were
integrated numerically. Paper [22] shows the results of the detailed numerical modeling
of the evaporation of an ethanol–water droplet. Analysis of the obtained data showed
that the assumptions that liquid properties are constant, the liquid phase composition
is homogeneous, and there is no differential volatility may not be valid—depending on
the initial droplet temperature. The D2 model of the evaporation of droplets enables the
diameter of the evaporating droplet to be calculated without the need to use complicated,
cost-consuming and time-consuming numerical calculations. However, it does not give a
broad picture of the process [23–25].

A model for the attenuation of fire radiation by water mist containing droplets of
pure or sea water was developed by Dombrovsky et al. [26]. The new approach takes
into account the kinetics of evaporation and also the effect of solidification of evaporated
sea-salt droplets. The model was used to analyze the radiative heating and evaporation of
droplets of pure water and more complex multi-phase processes in droplets of sea water.
The proposed approach can be useful for engineering applications in fire protection.
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Papers [24,25] describe fuel additives, which allow for the reduction of loading that
is associated with coal combustion, and thus for the reduction of the amount of fuel that
is required for the production of a unit amount of energy. Moreover, a method of feeding
these additives into the boiler is also provided. These studies focused on the intensification
of the combustion of solid fuels in a boiler with the use of alkyl alcohol and Al-Ni catalyst
as combustion promoters. The most important aspect in this process is the selection and
evaporation of the solvent, which in this case is alcohol, because the catalyst only works
when it is in the droplets [24]. In the case of alcohol evaporating too early, the desired
effect of intensifying the combustion of coal dust will not occur. Thanks to the application
of this method, a greater degree of fuel burnout is obtained, which in turn results in a
lower energy consumption for the production of the same power, and also an increased
flame stability. The parameters of the emitted exhaust gases and ash are also improved.
Despite numerous papers describing the D2-law of droplet evaporation, it is difficult to
find any in which this law was used to describe the droplet evaporation process during the
feeding of the boiler with a liquid containing catalyst particles. The main goal of this study
was to present the literature data for the D2-law of droplet evaporation, and to attempt to
perform calculations for the process of dosing the catalyst into a combustion chamber. The
obtained results were analyzed, and confirmed its practical (i.e., engineering) approach to
the problem, which uses relatively simple model equations that allow for the determination
of the droplets’ evaporation time.

2. Analysis of the Evaporation Process

As a result of the temperature gradient, a heat flux with a density qt (W/m2) is
generated, which in turn causes droplets to heat and evaporate:

qt = qw + Lpar
.

m′p (6)

where: qw—heat flux heating a droplet (W/m2), Lpar—latent heat of evaporation (J/kg),
.

m′p—mass flow rate (kg/(m2 × s)).
From the above equation, after many transformations, the D2-law of droplet evapora-

tion is obtained:
D2

0 − D2 = Kpart (7)

where: D0, D—initial and final (current) diameter of a droplet, Kpar—evaporation constant,
t—time.

The evaporation constant is described by the following relationship:

Kpar =
8λp ln(1 + B)(

Cp
)

pρc
(8)

where: λp—thermal conductivity coefficient, B—exchange number, (Cp)p—isobaric specific
heat of gas, ρc—liquid density.

The B is given by the following formula:

B =

(
Cp

)
p(T − Ts)

Lpar
(9)

where: Lpar—latent heat of evaporation of the liquid (fuel) at temperature Ts, which is
the surface temperature of the droplet. The calculation of Kpar requires knowledge of B,
where B is a function of the generally unknown temperature Ts. It is possible to determine
this temperature graphically or numerically, but it is very difficult. When simplifying this,
however, it can be assumed that temperature Ts is equal to the boiling point of the liquid. It
was also shown that the B value is close to zero at temperatures close to room temperature.
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The combination of Equations (8) and (9) results in the formula for the evaporation
time of a droplet in the form of:

t =

(
Cp

)
pρcd2

0

8λp ln(1 + B)
. (10)

In the paper by Lefebvre [25], the concept of the effective evaporation constant (Kpar)e
was introduced as: (

Kpar
)

e =
D2

0
t

(11)

presented in papers [27,28], and also used in this paper.
It was assumed that the mass transfer coefficient on the air side can be determined

from the previously quoted Frossling equation [3], which was modified by Ranz and
Marshall [4] and has the following form:

Sh =
kpRTsrd

D
=

βpd
Dd

= 2 + 0.6Re0.5Sc0.333 (12)

in which the Reynolds number is:

Re =
udρp

µp
(13)

and the Schmidt number is:
Sc =

µp

ρpDd
(14)

kp is the mass transfer coefficient in the gas phase (mol/N/s), βp is the mass transfer
coefficient (kg/m2 × s), Dd is the dynamic diffusion coefficient (kg/m × s), and D is
the dynamic molecular diffusion coefficient expressed in (m2/s). The gas constant in
Equation (12) is equal to R = 8314 (J/mol/K). The speed of droplets was defined as the
average velocity of the mixture in the outlet channel.

In the case of diffusion of water vapor in air, the kinematic diffusion coefficient can be
described by relationship [29]:

D = 1.87× 10−10 × T2.072

P
(15)

in which temperature is expressed in Kelvin, and pressure is expressed in atm. The equation is
correct for temperatures ranging from 280 to 450 K. The dependence between the kinematic
diffusion coefficient for water and the temperature is shown graphically in Figure 1.
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Data regarding the dimensionless Colburn modulus jm of the mass transfer, defined as:

jm =
Shm

Re · Sc0.333 (16)

and obtained by various researchers, show relatively high convergence [30]. These data
also perfectly match to the data obtained in this study, the graphical image of which is
shown in Figure 2. The data were obtained for the aerosol temperature of 293 K, and for
particles with diameters ranging from 0.1 to 100 µm. It was observed that an increase in
temperature from 293 K to 308 K causes an increase in the Colburn modulus jm by about
3%. The process conditions were mapped on the basis of real data for a dust duct supplying
coal dust to an existing coal dust boiler at a combined heat and power (CHP) plant in
Poland [24].
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Reynolds number for the tested process.

The temperature in the dust duct was >100 ◦C, while the temperature of the fed liquid
was around 20–35 ◦C. The catalyst feeding system was located 1 m from the burner. On
an industrial scale, the gas flow rate through the dust duct is equal to 5000 m3n/h (at a
speed of 26.8 m/s), the amount of supplied dust is 1.2 t/h, and its grain size ranges from
20 to 200 µm. The liquid with the catalyst is fed at a volumetric flow rate of 300 mL/h.
Droplets of liquid containing the catalyst with diameters from 0.1 to 100 µm were analyzed.
The diameter of the generated droplets should be >30 µm [24,25]. The analysis of the data
presented in Figure 2 shows that the apparatus feeding a liquid containing the catalyst
works in the laminar flow regime. It should be noted that the data presented in [30] show
the values of the Colburn modulus for a Reynolds number from 1 to 1000, and the values
of the Reynolds number 1–2 are consistent with the values shown in Figure 2.

Due to the fact that the diameter of a particle (droplet) is a characteristic dimension, it
would be appropriate to present the dependence of jm with regard to the droplet’s diameter.
An exemplary graph is shown in Figure 3. The analysis of the obtained dependence showed
that the value of the Colburn modulus decreases with an increase in the droplet diameter.
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The analysis of the data presented in Figure 2 confirms that during the decomposition
of the liquid stream into fine droplets, conditions arise in which the relative speed of the
droplets and the Reynolds number are close to zero. It can even be simplified to (from the
formula for the diffusion of a sphere with a radius reaching infinity):

Nu = Sh = 2.0 (17)

where the Nusselt number is:
Nu =

αd
λ

(18)

where: α—average heat transfer coefficient, and λ—average thermal conductivity coefficient.
Ranz and Marshall [4] proposed an equation for heat transfer, which is analogous to

the Frossling equation for mass transfer:

Nu = 2 + 0.6Re0.5Pr0.333 (19)

assuming that the Prandtl number is given by equation:

Pr =
µp

ρpa
(20)

where a is the temperature uniformity coefficient (thermal diffusivity) (m2/s).
For relatively small droplet sizes, the evaporation time (lifetime) of the droplet is

important. For example, in the case of heterogeneous combustion, it determines the time
that is needed to complete the combustion, and in the case of homogeneous combustion, the
time that is needed to prepare the combustible mixture. Time t of a droplet’s evaporation
during its movement depends on various factors, including:

- the physical properties of the surrounding gas, i.e., temperature, pressure, thermal
conductivity, specific heat, and viscosity,

- the droplet’s speed in relation to the environment,
- the properties of the liquid and its vapor, i.e., density, vapor pressure, thermal conduc-

tivity, and specific heat,
- the properties of the droplet in its initial state, especially its diameter and temperature.

The droplet’s evaporation time t results from Equation (7), i.e., from the D2-law of
droplet evaporation. The concept of the effective evaporation constant, which is described
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by Equation (11), is very convenient from a practical point of view. The graph of the
dependence between the effective evaporation constant and the temperature, which was
obtained by extrapolating the data presented in the paper of Chin and Lefebvre [31], is
shown in Figure 4.
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The values of the droplet’s evaporation time at selected ambient temperatures and
for droplets of different diameters calculated from Equation (11) are shown graphically in
Figure 5. The obtained results confirm the observations conducted for the sprayed liquid
stream [24,25]. In the case of the standard velocity of the aerosol flowing through the dust
duct of even 120 m/s (usually from 20 to 25 m/s), the droplets in the stream should be
observed at a distance of 1 m from the outlet of the apparatus supplying the system with
the liquid containing the catalyst (e.g., nebulizer, reactor). Under such flow conditions, the
droplet’s lifetime should be above 0.0084 s.

Energies 2022, 15, x FOR PEER REVIEW 8 of 10 
 

 

‐ the properties of the droplet in its initial state, especially its diameter and tempera-

ture. 

The droplet’s evaporation time t results from Equation (7), i.e., from the D2-law of 

droplet evaporation. The concept of the effective evaporation constant, which is described 

by Equation (11), is very convenient from a practical point of view. The graph of the de-

pendence between the effective evaporation constant and the temperature, which was ob-

tained by extrapolating the data presented in the paper of Chin and Lefebvre [31], is 

shown in Figure 4. 

 

Figure 4. Diagram of the dependence between the effective evaporation constant and the tempera-

ture of the surrounding gas (the assumed boiling point of the liquid Twrz = 373 K). 

The values of the droplet’s evaporation time at selected ambient temperatures and 

for droplets of different diameters calculated from Equation (11) are shown graphically in 

Figure 5. The obtained results confirm the observations conducted for the sprayed liquid 

stream [24, 25]. In the case of the standard velocity of the aerosol flowing through the dust 

duct of even 120 m/s (usually from 20 to 25 m/s), the droplets in the stream should be 

observed at a distance of 1 m from the outlet of the apparatus supplying the system with 

the liquid containing the catalyst (e.g., nebulizer, reactor). Under such flow conditions, 

the droplet’s lifetime should be above 0.0084 s. 

 

Figure 5. Dependence between the evaporation time of a droplet and its diameter for selected tem-

peratures. 

Figure 5. Dependence between the evaporation time of a droplet and its diameter for selected temperatures.



Energies 2022, 15, 7642 9 of 10

At the actual flow velocity of 20 m/s, the minimum droplet lifetime is 0.05 s. Assuming
that the droplets have a diameter of about 30 µm, the resulting droplet evaporation time
is about 1.4 s for a temperature of 293 K, 0.1 s for a temperature of 308 K, 0.087 s for the
temperature of 313 K, and 0.023 s for the temperature of 373 K. Therefore, such a droplet
would be able to cover the required distance in the aerosol, taking into account the changes
in temperature along the length of the dust duct leading to the boiler [24,25]. The obtained
results are consistent with the simulation results presented in paper [24]. During the calcu-
lations, however, one should take into account the diversity of the composition of the liquid
containing the catalyst, and also its rheological properties, which are described in detail
in [25]. This is due to the fact that they may not only affect the diameters of the generated
droplets, but also the droplet lifetime. During this time, smaller droplets evaporate and/or
coalesce to form larger droplets and they also undergo other transformations.

3. Conclusions

The paper presents literature data that describe in detail the D2-law of droplet vapor-
ization, which is used in the liquid spraying process. The aspect related to the evaporation
of the liquid that carries catalyst particles is particularly interesting, because it is of a
great practical importance—especially from the point of view of energy. As a result of
the conducted analysis, earlier predictions regarding the size of a droplet, which were
presented in articles [24,25], were confirmed. The obtained results confirmed that the
effective diameter of a droplet is above 30 µm, which must be generated and then fed to the
boiler for the catalyst to work properly. The use of the D2-law of droplet evaporation allows
for a relatively simple calculation of a droplet’s diameter during the conducted process
without the need for complicated, cost-intensive and time-consuming CFD calculations. It
could be an alternative to process simulations. However, it should be borne in mind that
this method does not give as broad a picture of the process as the one that can be obtained
using CFD simulations.
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