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In this work, within the framework of the quadratic nonlinear approximation, we analysed the influence
of the generated pump electric field on the amplification properties of a parametric superheterodyne laser
(FEL). The high amplification properties of such a device are ensured by implementing two interconnected
three-wave parametric resonances. Due to the first of these resonances between the electromagnetic wave of
the signal, the H-ubitron pump magnetic field and the slow space charge wave (SCW), the first one is ampli-
fied. The second of these resonances between the longitudinal pump electric field, slow and fast SCWs allows
us to increase the slow SCW more. The connection between the two parametric resonances is ensured by the
slow SCW common to resonances. In the work, the growth increments of the waves of the above-mentioned
three-wave resonances are analysed separately and for the entire system. It has been demonstrated that gen-
erating an additional pump electric field significantly affects the growth increment of the second parametric
resonance of longitudinal waves, increasing it by 33 %. Due to this, the growth increment of the entire FEL
increases by 28 — 10 %, depending on the system parameters. It was found that the influence of the generated
pump electric field is most effective at high frequencies and relatively low energies of the electron beam when
the amplification of the electromagnetic signal due to the first parametric resonance is significantly less com-
pared to the amplification of longitudinal waves due to the second parametric resonance.
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1. INTRODUCTION

Free electron lasers (FEL) are used as sources of THz
radiation for different domains of human activity, such
as remote monitoring of gases, medical inspection, imag-
ing, security inspection, etc. [1-6]. Such FELs have cru-
cial features, e.g., their tunability in a wide frequency
range and high power of the THz radiation. The disad-
vantages of such devices include their larger size and
difficulty in controlling their operation. These problems
have been well-known for a long time, and researchers
and engineers have been struggling with them [1-6].

In this article, we explore THz FEL with higher am-
plification characteristics — superheterodyne parametric
FEL [7, 8]. This superheterodyne FEL to achieve higher
growth increments, uses an additional pumping device
called an electrostatic undulator. The electrostatic undu-
lator using parametric instability additionally amplifies
the longitudinal space charge waves (SCWs) in the rela-
tivistic electron beam [7, 8]. Therefore, superheterodyne
parametric FEL has higher amplification characteristics.

Recently we analysed the dynamics of SCWs in the
field of the electrostatic undulator [8]. We discovered
an interesting effect of generating an additional electric
field by an electron beam under the influence of an
external undulator electric field of pumping [8]. We
called this field a generated pump electric field. This
field has a significant amplitude and is in phase with
the undulator field of the external pump. Therefore, the
resulting pump field increases significantly (~ 30 %
compared to the external pump field) [8].

In article [8], we analysed the SCW behaviour in the
electrostatic undulator without the electromagnetic

* 0.lysenko@mss.sumdu.edu.ua

2077-6772/2023/15(5)05022(5)

05022-1

PACS numbers: 41.60.Cr, 52.59.Ye

signal and transverse H-ubitron pumping. The present-
ed work aims to study the influence of the generated
electric pump field on the amplification of the electro-
magnetic signal in the superheterodyne parametric FEL
already in the presence of the electromagnetic signal and
transverse H-ubitron pumping. This analysis in the
presented work was carried out in a quadratic nonlinear
approximation regarding the amplitudes of interacting
waves.

2. MODEL

We consider the behaviour of waves in the superheter-
odyne parametric FEL whose scheme is shown in Fig. 1.
This FEL contains two devices: H-ubitron undulator 2 and
electrostatic undulator 3. H-ubitron undulator creates a
periodic magnetic field Bz, that induction is perpendicular
to the relativistic electron beam (REB) (position 1, Fig. 1).
Electrostatic undulator creates a longitudinal reversible
periodic electrostatic field Eso, the strength of which is
parallel to passing REB (position 2, Fig. 1).

The input electromagnetic signal is a plane mono-
chromatic electromagnetic wave with electric E1 and
magnetic fields B1 propagating along the REB.

In the FEL under study, there are two three-wave
parametric resonances. The first resonance involves
the transverse electromagnetic wave, the magnetic
field of H-ubitron pumping Bz, and the longitudinal
slow SCW E. Due to this resonance, a slow space
charge wave E, is excited. The slow E,, fast Eg space
charge waves and the electrostatic pumping field of the
undulator E20 take part in the second resonance.
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Fig. 1 - Simplified scheme of a superheterodyne parametric
FEL: 1 — relativistic electron beam; 2 — H-ubitron undulator;
3 — electrostatic undulator

The electric field strengths E and magnetic field in-
ductions B that take part in parametric resonances
have the following form

B, - [Bz exp(ip, ;) + c.c.] e, 1
E,, =[E,, exp(ip, ;) +c.cle,, @)
E, =[E, exp(ip)+cc.]e,, (3)
B = [B1 exp(ip,) + c.c.]ey , 4)
N
E, = Z [anm exp(ipam ) + c.c.} e, (5)
m=1

E, =

M=

|:Eﬁ,m exp(ipﬂ’m)-kc.cl e,. (6)

3
KR

In these equations B, F, E1, Bi, Fam Epm are the com-
plex amplitudes of the correspond fields, p.5 p2.5 pi,
DPam, Ppm, are their phases, ey, €, e- are unit vectors on
the corresponding axis, m is the number of the mth
harmonic.

Phases of the input electromagnetic signal pi, slow
DPam and fast pgm SCWs are defined as follows:

=0 —-kz, Pyp=-R,zZ, Dop=-R,p2,
pa,m = ma)a _ka,mz > (7)

Dy =My, —k/,’mz .

The dispersion conditions determine wave numbers
of the input signal ki, slow ksm and fast kgm SCWs.

k=o' -0y’ lc,

k,,=mo,lv,+o /( 3/21.)20), (8)
k., =ma,lv,~o /( 3/2020).

where wp is the Langmuir frequency, v is the aver-
aged electron beam velocity, y is its Lorentz factor.

As we mentioned above, the superheterodyne FEL
has two three-wave parametric resonances. The first
one is the interaction between the input electromagnet-
ic signal and the powerful pump magnetic field that
perturbs the slow SCW in the electron beam. The con-
dition for the three-wave parametric resonance of this
interaction is the following phases relationship:

D,1 =D +Dyp )
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or putting @, =, :
Ry =k +kyy (10)

The second interaction is between the slow SCW,
fast SCW and the powerful pump electrostatic field
that amplifies the slow SCW and creates and amplifies
the fast SCW. Similarly, for the second three-wave
resonance, we have the following condition for their
phases:

pa,m _p,B,m :p2 (11)

or putting @, = @,

ka,n - kﬁ,m = kZ,E (12)

Using (7), (8) and (12), we get the wave number k¢
of the electrostatic undulator pump field:

Ry p =2, 1 (750, )

We easily obtain the undulation period A of the elec-
trostatic undulator [3] from the last equation:

A= ﬂj/g/zl) ol o, (13)

In article [8], we found an interesting effect. The
relativistic electron beam passing through the longitu-
dinal periodic electrostatic field generates its own
pump electric field with the same phase as the original.
This field is called the generated pump electric field.
The strength of this field is defined by the formula:

Ef =B, /(K2 1)) -1). (14)

Let us consider a qualitative picture of the occur-
rence of the generated pump electric field Ez. The elec-
trostatic undulator creates a periodically reversing
external longitudinal electric pump field. As a result,
areas of positive and negative potential appear in the
FEL. When moving through the space in the negative
potential region, the electron beam is decelerated; in
the positive potential area, it is accelerated. Based on
considerations of the continuity equation, we can con-
clude that the concentration of beam electrons becomes
greater in the negative potential region. In the area of
positive potential, it becomes smaller. Such a modulat-
ed electron beam generates its own pump electric field,
which has the same phase as the external one. There-
fore, the total pump field, that is the sum of the exter-
nal and generated pump fields, becomes more than the
external one.

Please note that the described phenomenon occurs
only in the case of transit beam motion through the
electrostatic undulator.

The total pump electric field we present as a super-
position of the electrostatic undulator pump field and
generated one in the form:

E, =E,, +Ef +[ E,exp(ip, ;) +cc.Je,.  (15)
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3. BASIC EQUATIONS

As 1initial equations, we use the hydrodynamic
equation to describe electron motion in electric and
magnetic fields, the continuity equation that defines
the beam's local charge concentration, and Maxwell's
equation, which describes electric strength.

We solve it with the hierarchical asymptotical
method [9]. Applying this method to our model, we
obtain another system of differential equations for the
amplitudes of electric field strengths.

dE .
C1,1 TZI = C?{,l,lEzz,lBZ ’
dE
Cl,a,m d‘:m = CBI.CK,WLEIBZ : 6m,1 + C?{,Ia.mEﬁ,mEZ ’
dE
pom I *
Cl,/?,m 7 - CS,/?,mEa,mEZ ’
dE¢ . y .
C1,2 ? + DzEz = CoEzo + ch,z,nEa,nEﬁ,n 5m,1 .(16)
n=1

Coefficients Care defined as follows:

oD,
C1 1= .1 )
ok
;o a)f)m-a)1 e U:o7§ B ky
e ZQa,mmeygklkZ,mc3U,30 cz Qa,m ’
o __D,
1,x.m . ’
6(—Lkl’m)
I a)zeka m v ka mc
Coam=Fcr 53 - —= ’
o UZOQa,mmeyOC kZ,m c m- a)a
11 — _ka,ma)ie/me x ka,m + kﬂ,m + kZ,m _3U:07§
B Qa,mQﬂ,mQZ,my(?USU Qa,m Qﬁ,m Qz,m cz

o )4 .
Cs,ﬂ,m - _kﬂ,mcs,a,m TRy
n hig .
C3,2,m - _kZ,mCB,a,m / ka.m ’

C, = —ikza)ﬁ / (93,175 )

Dispersion functions D1 and D, are defined as fol-
lows:

D h 1o
=R s |
X X Qi UZ }/3

,m~z0

Other parameters of the plasma frequency wp, Lo-
rentz factor yw, and Qym are defined as follows:

o =4rne’lm,, y,= 1/1/1—(020 le)?,

Q

m =Moo, U~k .

Here 6m,1 is Kronecker's symbol, y denotes «, f; D1, Dy
are dispersion equations for the input signal, slow
(y=a, Doa=0), fast (y=p4, Ds=0) SCWs and generated

|
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pump electric field (y=2, D»# 0) respectively; no is
averaged electron concentration in the beam, c is the
speed of light in vacuum; e=— |e|, m. are charge and
mass of the electron respectively.

4. ANALYSIS

Let's study the case when the input signal is a mon-
ochromatic electromagnetic wave. Then we put m =1
and n =1 in (16), and the system of equations will have
the following form:

dE.
C 1
Mdz

-c!

3,a,1

=Cl .E, B,

3,11 a, 1772

dE

a,l

dz

C

La,l

E B, +C!

3,a,1

Eﬁ,lEZ ’

dE .
?ﬂ,l = C31,I/3,1Ea,1E2

C

Lp.1

dE;

C, d—; +D,Ef =C,E,, +C.

voiB By . (A7)

To analyse the amplifying properties of the studied
model, we plotted the dependence of the signal electric
strength amplitude E1 on the longitudinal coordinate z
(Fig. 2), the growth increment I" on the Lorentz factor
(Fig. 3) and on input monochromatic electromagnetic
signal frequencies w1 (Fig. 4). For the numerical solution
of the model, we set the initial values of the signal fre-
quency @ = 3.0-1012 s -1, electron beam plasma frequen-
cy wp=3.0-101°s -1 Lorentz factor » =3.0, undulator
pump electric field strength amplitude | £2| =56 kV/cm,
undulator pump magnetic field strength amplitude
| By| =0.08 T. Initially, only the electromagnetic wave of
the signal is fed into the system. The slow and fast
SCWs are excited during the interaction of the REB with
the electric and magnetic fields in the amplification
section.

Using (17), we can analyse the dependence of the
amplitude of the electric field strength of the first har-
monic of the electromagnetic wave signal on the longi-
tudinal coordinate z. Fig. 2. shows these dependencies
under two conditions: without the effect of the generat-
ed pump electric field (curve 1) and with this effect
(curve 2). We see that the generated pump electric field
significantly increases the growth increment of the
electromagnetic signal (curve 2) compared to the case
when there is no such effect (curve 1).

From Fig. 2 we see that the increase in the electro-
magnetic wave occurs according to an exponential law,
that is E, ~ E, exp(I'’z), where I' is the growth incre-

ment of the electromagnetic wave in the FEL. Using
the data from Fig. 2, it is easy to calculate the growth
increments of the electromagnetic wave both in the
case of the presence of a generated pump electric field
(curve 2) and without it (curve 1). The growth incre-
ment characterises the amplification properties of a
superheterodyne parametric FEL, which simultaneous-
ly uses two interconnected parametric resonances.

Also, using such growth increments, we can evalu-
ate the amplification characteristics of each of the two
parametric resonances separately. So, if we assume
that the strength of the pump electric field, which is
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created by the electrostatic undulator, is equal to zero
(E2 = 0), then using the system of equations (17), it is
possible to plot dependencies like those shown in Fig. 2.
From this figure we can obtain the growth increment of
the electromagnetic wave of the signal, which defines
the amplification characteristics of a three-wave para-
metric resonance, in which only the electromagnetic
signal, the H-ubitron magnetic pump field and the slow
wave of the SCW are involved. We denote such an in-
crement by I'L.

E,MV/m

T — v T 1
0 20 40 60 8O 100 120 140

z, cm

Fig. 2 — The dependence of the electric strength amplitude of
the electromagnetic signal on the longitudinal coordinate z
under two conditions: without the effect of the generated
pump electric field (curve 1); with this effect (curve 2).

If we consider the case when the induction of the H-
ubitron pump magnetic field is zero (B2=0) and a
modulated electron beam is supplied to the input of the
studying device, we can plot, using system (17), the
dependence of the strength amplitude of the slow SCW
wave on the longitudinal coordinate and determine the
growth increment of this wave. This growth increment
defines the amplification characteristics of a three-
wave parametric resonance, in which only the
longitudinal slow and fast SCWs and the longitudinal
pump electric field are involved. We denote such an
increment by T,

Using the entered increments T, T, T, we will further
analyse the amplification characteristics of a superheter-
odyne parametric FEL at various parameters, both with
and without the effect of the generated pump electric field.

In Fig. 3 we can see the wave growth increments
dependencies (T, I'l, T'T) on the Lorentz factor w. These
dependencies were obtained by taking into account the
influence of the generated pump electric field (curves 1,
4, 5) and without such taking into account (curves 1, 2,
3).

Analysing this figure, we can draw the following
conclusions. The generated pump electric field signifi-
cantly enhances the growth increment I'l, while it does
not affect the I'l. As a result, the total increment I" also
increases by approximately 28 —10 % at the beam
Lorentz factor range 2.0 —4.0. The generated pump
electric field most significantly increases the growth
increment of a superheterodyne parametric FEL T' at
relatively low Lorentz factor values.

Fig. 4 shows the wave growth increments depend-
encies (T', T, TY) on the signal frequency wi. The de-
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pendences I', T, Tl on the signal frequency @ were
obtained both for the case of taking into account the
influence of the generated pump electric field (curves 1,
4, 5) and without such taking into account (curves 1, 2,
3). We can see that only the growth increment I'! de-
pends on the input signal frequency in inverse propor-
tion (curve 1), but the component I'! (curves 2, 4) re-
mains unchanged. As in the case Fig. 3, the generated
pump electric field significantly enhances the TI'!
growth increment, which allows us to significantly
increase the total growth increment I' in a wide fre-
quency range of the input signal (see Fig. 4). At the
signal frequency w1 = 1.5 THz the growth increment I’
with the generated pump electric field is by 10 % bigger
than in the case when this effect is absent. This differ-
ence increases with increasing signal frequency, reach-
ing an upper limit of approximately 30 % for the signal
in the upper-frequency region.

-1
r,cm

0,08 4

+28%

0,074

Fig. 3 — The dependencies of the wave growth increments (T,
T, T on the Lorentz factor p. Curve 1 corresponds to the
dependence I''=T%(y), curves 2 and 4 correspond to the de-
pendencies ' =T(yy), curves 3 and 5 correspond to the de-
pendencies I' = I'(y). Curves 1, 2, 3 are obtained for the case of
the absence of the pump electric field generation effect, and
curves 1, 4, 5 are obtained for the case when the generated
pump electric field is considered.

-1
T, cm

0,10
0,09

o, THz

Fig. 4 — The dependencies of the wave growth increments (T,
T, T'M) on the signal frequency wi. Curve 1 corresponds to the
dependence I''=T(w), curves 2 and 4 correspond to the de-
pendencies I'l = (@), curves 3 and 5 correspond to the
dependencies I'=I'(wi). Curves 1, 2, 3 are obtained for the
case of the absence of the pump electric field generation effect,
and curves 1, 4, 5 are plotted for the case when the generated
pump electric field is considered.
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5. CONCLUSIONS

Thus, in our work, within the framework of the
quadratic nonlinear approximation, we obtained a
system of equations for the strength amplitudes of
interacting waves. Analysing the dynamics of the
waves, we determine the growth increments for each of
the two three-wave parametric resonances (I'! and I')
and the growth increment of the entire system (I).

We demonstrated that the generated pump electric
field significantly affects the amplification of the longi-
tudinal space charge waves in the electrostatic undula-
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Briiue reHepoOBaHOrO €JIEKTPUIHOIO MOJIS HAKAYKH HA IIiICUII0BAJIBHI BJIACTUBOCTI cymepre-
TEPOIUHHOTO MapaMETPUIHOrO Jia3epa Ha BIJIbHUX €JIeKTPOHAX

O.B. JIucenko!, C.C. Inpiu!

L Cymcoruil deporcasruli ynisepcumem, gyni. Pumcvrozo-Kopcarosa, 2, 40007 Cymu, Yrpaina

V¥ poGoTi B paMrax KBaIpPaTUYHOTO HEJIHIAHOINO HAOIMIKEHHS IIPOBEIEHO AHAJII3 BILIUBY T'€HEPOBAHOIO
€JIEKTPUYHOIO TI0JIsI HAKAYKYU HA IMIJCHIIOBAJIBHI BJIACTHBOCTI CyIepreTepoIMHHOIO IapaMeTPUYHOIO Jiasepa
Ha BUbHEX eJiekTpoHax (JIBE). Bucoxki migcnmoBasibHI BJIACTHBOCTI TAKOTO HMPHCTPOIO 3a0€3MeUyIoThCA 3a pa-
XYHOK peaJti3alfil JBOX I0B'S3aHUX MIK COO0 TPUXBUJILOBUX IAPAMETPUYHUX PE30HAHCIB. 3aB/ISKH IIePIIIOMY
3 IIMX PE30HAHCIB MisK €JIEKTPOMATHITHOI XBHJICI0 CHTHAJTy, H-yOITpOHHMM II0JIeM HAKAYKN TA IIOBLILHOIO
xBHJIeI0 TIpocTopoBoro 3apsay (XI13) BimOyBaeThest miycuiteHHs mepirol. JIpyruit 3 1mx pe3oHaHCIB MIK TI0310-
BIKHIMH €JIeKTPUYHUM TI0JIeM HAKAYKH, ITOBIJILHOK 1 MIBUIKOI XBHJISIMHU X113 J03BOJISIE JOMATKOBO ITIICHITIO-
Barw noBLUTbHY XI13. 3B's130K Misk TBOMA ITApaMETPUIHUME Pe30HAHCAMHU 3a0e3IMeUy€eThCSA 3araJIbHOI0 JIJIsT 000X
peaonarnciB moBLIEHOIO XI13. ¥V poboTi mpoaHasi30BaHO IHKPEMEHTH 3POCTAHHS XBUJIb KOKHOIO 3 BHUIIE3rajia-
HUX TPUXBUJILOBUX PE30HAHCIB SK OKPEeMO, Tak 1 Bciel crcreMu B 1iioMy. [IpogeMoHCTpOBaHO, 110 edeKT remHe-
partil JI0OaTKOBOIO eJIEKTPUIHOIO [0JIS HAKAYKY 1CTOTHO BIUIMBAE HA IHKPEMEHT 3POCTAHHS JIPYTOro Iapamer-
PHUYHOTO pe30HAHCY, 30LIbIyoun #oro Ha 33 %. 3aBIsSKH IbOMY IHKpeMeHT 3pocTaHHs Bcboro JIBE 36imbmry-
eTbesa Ha 28 — 10 % 3as1eskKHO Bif MapaMeTpiB CHCTEMU. 3'SICOBAHO, IO BILIMB T'€HEPOBAHOTO eJIEKTPUIHOTO TIOJIS
HAKAYKY HANOLIBII e()eKTUBHUN IPH BUCOKUX YACTOTAX 1 MOPIBHAHO HU3LKUX €HEPrifX eJIEKTPOHHOrO IIyJKa,
KOJIM TIJICUJIEHHS €JIEKTPOMATHITHOTO CHUTHAJIYy 34 PAXyHOK IIEPIIOro MAapaMeTPUYHOTO PEe30HAHCY 1CTOTHO
MEeHIIIe TIOPIBHAHO 3 MiACHJICHHAM I03I0B/KHIX XBIJIb 32 PAXYHOK IPYroro IMapaMeTPUIHOr0 PE30HAHCY.

Knrouosi ciosa: CymeprereposwHHMI jazep HA BIIBHUX eJEKTPOHAX, XBHJI IIPOCTOPOBOTO 3aPSiy,
TpuxBUIBLOBA IAPAMETPUIHA B3aeMOJIisA, [HKpeMeHT 3pocTaHHs, EJIeKTPpOCTATUYHUN OH/TY JIATOP
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