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Ó ðîáîò³ íà ïðèêëàä³ òå÷³¿ Õàãåíà – Ïóàçåéëÿ çðîáëåíà ñïðîáà á³ëüø 

ïîãëèáëåíîãî àíàë³çó ñòðóêòóðè ³ ê³íåìàòèêè òå÷³¿ ð³äèíè ïðè íàÿâíîñò³ 
ãðàä³ºíòà øâèäêîñò³. 

Çîêðåìà, ïîêàçàíî, ùî íàâ³òü ëàì³íàðíà òå÷³ÿ ìàº âèõðîâó ñòðóêòóðó. 
Çíàéäåí³ êîìïîíåíòè âèõð³â, êîíô³ãóðàö³ÿ ñ³ì’¿ âèõðîâèõ ë³í³é ³ âèõðîòîêîâèõ 

ïîâåðõîíü, âñòàíîâëåíèé çâ’ÿçîê ì³æ âåëè÷èíîþ âèõîðó Ω  ³ âåëè÷èíîþ äîòè÷íèõ 
íàïðóæåíü τ , îòðèìàíèé çàêîí ðîçïîä³ëó ³íòåíñèâíîñò³ âèõð³â ïî ðàä³óñó ³ 
ïîêàçàíà ³äåíòè÷í³ñòü öüîãî çàêîíó ç åïþðîþ ðîçïîä³ëó äîòè÷íèõ íàïðóæåíü. 
Íà ö³é îñíîâ³ ðîáèòüñÿ ñïðîáà á³ëüø ïîãëèáëåíîãî ïîÿñíåííÿ ïåðøîïðè÷èí 
âèíèêíåííÿ äîòè÷íèõ íàïðóæåíü ó ïîòîö³ ð³äèíè.  

Ñòâåðäæóºòüñÿ, ùî àíàëîã³÷í³ âèñíîâêè ïðèòàìàíí³ ³ äëÿ ³íøèõ ëàì³íàðíèõ 
òå÷³é, ùî ìàþòü ãðàä³ºíò øâèäêîñò³. 

 
ÂÑÒÓÏ 

Êëàñè÷íå óÿâëåííÿ ïðî ëàì³íàðíó òå÷³þ ð³äèíè ïîâ’ÿçàíå ç â³äîìèìè 
äîñë³äàìè Î.Ðåéíîëüäñà [1] ³ õàðàêòåðèçóºòüñÿ ñòàëèì ñòðóìèííèì 
õàðàêòåðîì òà â³äñóòí³ñòþ ïåðåì³øóâàííÿ îêðåìèõ åëåìåíòàðíèõ îá’ºì³â 
ì³æ ñòðóìèíêàìè ÷è ïîâåðõíÿìè òå÷³¿. 

Çã³äíî ç òåîðåìîþ Êîø³ – Ãåëüìãîëüäñà [2] ó çàãàëüíîìó âèïàäêó ð³äêà 
÷àñòèíêà ïîâèííà çíàõîäèòèñü îäíî÷àñíî ó ïîñòóïàëüíîìó, îáåðòîâîìó òà 
äåôîðìàö³éíîìó ðóñ³, òîáòî çíàõîäèòèñü ó âèõðîâîìó ïîòîö³. Ïðîòå 
çàãàëüíîïðèéíÿòå óÿâëåííÿ ïðî ëàì³íàðíó òå÷³þ, íà ïåðøèé ïîãëÿä, 
âàæêî ïîºäíóºòüñÿ ³ç íàÿâí³ñòþ ó í³é îáåðòîâîãî ðóõó êîæíîãî 
åëåìåíòàðíîãî îá’ºìó ð³äèíè, ùî í³áèòî ïîâèííî âèêëèêàòè ³íòåíñèâíå 
ïåðåì³øóâàííÿ. 

 
ÌÅÒÀ 

Ìåòà äàíî¿ ðàáîòè äîâåñòè, ùî ëàì³íàðíà òå÷³ÿ îäíî÷àñíî ìîæå áóòè ³ 
âèõðîâîþ, äîñë³äèòè ¿¿ âèõðîâó ïðèðîäó íà ïðèêëàä³ òå÷³¿ Õàãåíà-
Ïóàçåéëÿ òà âèçíà÷èòè îñíîâí³ ê³íåìàòè÷í³ õàðàêòåðèñòèêè òàêî¿ òå÷³¿. 

 
Ì²ÊÐÎÂÈÕÐÎÂÀ ÑÒÐÓÊÒÓÐÀ ËÀÌ²ÍÀÐÍÈÕ ÒÅ×²É.  

ÄÎÂÅÄÅÍÍß, ²ËÞÑÒÐÀÖ²¯ 
ßê â³äîìî, çàêîí ðîçïîä³ëó øâèäêîñò³ äëÿ ëàì³íàðíî¿ òå÷³¿ â êðóãë³é 

öèë³íäðè÷í³é òðóá³ (òàê çâàí³é òå÷³¿ Õàãåíà – Ïóàçåéëÿ) ³ ìàº âèãëÿä: 
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äå  0r − âíóòð³øí³é ðàä³óñ òðóáè; 

P∆  – ïåðåïàä òèñêó ì³æ äâîìà äîâ³ëüíèìè ïåðåð³çàìè ïîòîêó; 
 l – â³äñòàíü ì³æ öèìè ïåðåð³çàìè; 
 r – ïîòî÷íå çíà÷åííÿ ðàä³óñà ïåðåð³çó. 

Âðàõîâóþ÷è, ùî 2 2 2r z y= + , çîáðàçèìî (1) ó âèãëÿä³ 
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Âèõîäÿ÷è ç â³äîìèõ çíà÷åíü êîìïîíåíò âèõð³â: 
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³ çâàæèâøè, ùî äëÿ òàêî¿ òå÷³¿ vx ≠  0 , à vy =vz = 0 (ðóõ ð³äèíè ó 
íàïðÿìêó îñ³ õ  îêðåìèìè øàðàìè áåç ïåðåì³øóâàííÿ, òîìó êîìïîíåíòè, 
íîðìàëüí³ äî âåêòîðà vx â³äñóòí³), âèðàçè (3) íàáèðàþòü âèãëÿäó: 

0XΩ = ; 
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Íà îñíîâ³ îñòàíí³õ âèðàç³â äëÿ êîìïîíåíò âèõð³â ìîæíà ñòâåðäæóâàòè, 

ùî ðîçãëÿíóòà ëàì³íàðíà òå÷³ÿ º âèõðîâîþ, îñê³ëüêè äëÿ íå¿ Ωy≠0,  Ωz≠0, 

à òîìó ³ â ö³ëîìó Ω≠0. 
Çíàéäåìî çíà÷åííÿ öèõ êîìïîíåíò³â. 
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Çíàéäåìî êîíô³ãóðàö³þ âèõðîâèõ ë³í³é ó òàêîìó ïîòîö³. Âèõîäÿ÷è ç 

äèôåðåíö³éíîãî ð³âíÿííÿ âèõðîâèõ ë³í³é: 
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àáî: 
0ydy zdz+ = ; 

                                             2 2y z c+ =     (6) 

 
Òîáòî  âèõðîâ³ ë³í³¿ ÿâëÿþòü ñîáîþ ñ³ì’þ êîíöåíòðè÷íèõ ê³ë ç 

öåíòðîì ó ïî÷àòêó êîîðäèíàò ³, â³ïîâ³äíî, âèõðîâ³ ïîâåðõí³, ÿê 
êîíöåíòðè÷í³, â³ñåñèìåòðè÷í³ ñòîñîâíî îñ³ õ, öèë³íäðè÷í³ ïîâåðõí³  
(ðèñ. 1)   

 
Ðèñóíîê 1 – Âèõðîâ³ ë³í³¿ 

 
Âàæëèâî â³äçíà÷èòè, ùî îáåðòàííÿ êîæíîãî åëåìåíòàðíîãî îá’ºìó 

ð³äèíè â³äáóâàºòüñÿ â ïëîùèí³, ïåðïåíäèêóëÿðí³é âåêòîðó Ω , à îñê³ëüêè 
îñòàíí³é º äîòè÷íèì äî âèõðîâî¿ ë³í³¿, òî Ω r⊥ ,v , òîáòî äîõîäèìî 
âèñíîâêó, ùî êîæíà ÷àñòèíêà ð³äèíè îáåðòàºòüñÿ ó ðàä³àëüí³é ïëîùèí³ 
íàâêîëî ñâîãî öåíòðó Î, ÿêèé ðóõàºòüñÿ âçäîâæ ë³í³¿ òîêó ç³ øâèäê³ñòþ 
v, íå â³äðèâàþ÷èñü â³ä ñâîº¿ ë³í³¿ òîêó (äèâ. ðèñ.2). 

 

 
Ðèñóíîê 2 – Ïîëîæåííÿ ð³äêî¿ ÷àñòèíêè íà ë³í³¿ òîêó 

 â ð³çí³ ìîìåíòè ÷àñó t1, t2, t3, t4 
 
 
Ïîòð³áíî çâåðíóòè òàêîæ óâàãó íà òå, ùî ÷àñòèíêè ð³äèíè, ÿê³ 

çíàõîäÿòüñÿ íà ñóñ³äí³õ ðàä³óñàõ r1 , r2  ³ âçàºìîä³þòü ì³æ ñîáîþ, 
îáåðòàþòüñÿ ³ç ð³çíèìè êóòîâèìè øâèäêîñòÿìè 
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³ ó òî÷êàõ êîíòàêòó À ¿õ ë³í³éí³ øâèäêîñò³ îáåðòîâîãî ðóõó íàïðàâëåí³ ó 
ïðîòèëåæí³ ñòîðîíè (ðèñ.3) 

  Ñ³ì’ÿ âèõðîâèõ ë³í³é 
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Ðèñóíîê 3 

 
Î÷åâèäíî, º ïðÿìèé çâ’ÿçîê âåëè÷èíè äîòè÷íèõ íàïðóæåíü ì³æ 

îêðåìèìè øàðàìè ð³äèíè â òàêîìó ïîòîö³, ÿê³, ÿê â³äîìî, ïðÿìî 
ïðîïîðö³éí³ ðàä³óñó r, òîáòî 

2

P r
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τ ∆= − ; 

 
ç³ øâèäê³ñòþ îáåðòàííÿ ð³äêèõ ÷àñòèíîê, ÿêà çã³äíî ç âèùåâêàçàíèì 
äîð³âíþº: 
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Ïðî öåé çâ’ÿçîê ì³æ τ ³ Ω ñâ³ä÷èòü ³ òå, ùî õàðàêòåð åïþð τ ³ Ω 
³äåíòè÷íèé (ðèñ.4). 

ßêùî æ óçÿòè äî óâàãè, ùî êîæíèé åëåìåíòàíðíèé îá’ºì ð³äèíè 
ðóõàºòüñÿ âçîäæ ë³í³¿ òîêó ðàçîì ç³ ñâî¿ì öåíòðîì ìàñ Î, îáåðòàºòüñÿ 
íàâêðóãè öüîãî öåíòðà (ÿê ïîêàçàíî âèùå) ³ ïðè öüîìó ùå é ïîñò³éíî 
äåôîðìóºòüñÿ, íå çì³íþþ÷è ïîëîæåííÿ öåíòðà ìàñ ñòîñîâíî ë³í³¿ òîêó, òî 
ñòàº î÷åâèäíèì, ùî ïðè÷èíà âèíèêíåííÿ äîòè÷íèõ íàïðóæåíü ó òàêîìó 
ïîòîö³ ùå á³ëüø ñêëàäíà (îêð³ì ñèë ì³æìîëåêóëÿðíî¿ âçàºìîä³¿). Àëå 
àíàë³ç äåôîðìàö³éíîãî ðóõó ³ éîãî âïëèâ íà âèíèêíåííÿ âíóòð³øí³õ 
äîòè÷íèõ íàïðóæåíü íå âõîäèëè äî êîëà ïèòàíü, ðîçãëÿíóòèõ ó äàí³é 
ðîáîò³. 

Íåîáõ³äíî òàêîæ çàçíà÷èòè, ùî â ïðîöåñ³ âèêîíàííÿ ö³º¿ ðîáîòè áóëè 
àíàëîã³÷íèì ÷èíîì ïðîàíàë³çîâàí³ é äåÿê³ ³íø³ ëàì³íàðí³ òå÷³¿ 
(íàïðèêëàä, ôðèêö³éíà òà íàï³ðíà òå÷³¿ ì³æ äâîìà ïàðàëåëüíèìè 
íåðóõîìèìè òà ðóõîìèìè ïëàñòèíàìè â³äïîâ³äíî) ³ áóëè îòðèìàí³ 
ðåçóëüòàòè, àíàëîã³÷í³ äî âèùåíàâåäåíèõ. 
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Ðèñóíîê 4 – Çàëåæí³ñòü  , ,vτΩ   â³ä r 
 
Ö³ ðåçóëüòàòè â³äð³çíÿëèñÿ ëèøå êîíô³ãóðàö³ºþ ñ³ìåé âèõðîâèõ ë³í³é, 

ôîðìîþ âèõðîòîêîâèõ ïîâåðõîíü, âåëè÷èíîþ êóòîâî¿ øâèäêîñò³ 
îáåðòàííÿ, àëå êîæíîãî ðàçó ï³äòâåðäæóâàëèñÿ âèñíîâêè ïðî íàÿâí³ñòü ó 
òàêèõ ïîòîêàõ êîìïîíåíò âèõð³â òà ¿õ  âçàºìîçâ’ÿçîê  ³ç çàêîíîì 
ðîçïîä³ëó äîòè÷íèõ íàïðóæåíü. 

ÂÈÑÍÎÂÊÈ 
Îòæå, ç âèùåçàçíà÷åíîãî ìîæíà çðîáèòè âèñíîâîê, ùî íàâ³òü 

ëàì³íàðíà òå÷³ÿ ìàº âèõðîâó ñòðóêòóðó ç â³äïîâ³äíèìè çíà÷åííÿìè 
êîìïîíåíò âèõð³â, êîíô³ãóðàö³ºþ ñ³ì’³ âèõðîâèõ ë³í³é ³ âèõðîòîêîâèõ 
ïîâåðõîíü. Ïðè÷îìó áóëî äîâåäåíî, ùî çàêîí ðîçïîä³ëó ³íòåíñèâíîñò³ 
âèõð³â ïî ðàä³óñó ³äåíòè÷íèé åïþð³ ðîçïîä³ëó äîòè÷íèõ íàïðóæåíü, à öå, 
ó ñâîþ ÷åðãó, äàº ï³äñòàâè äëÿ á³ëüø ïîãëèáëåíîãî ïîÿñíåííÿ 
ïåðøîïðè÷èí âèíèêíåííÿ  äîòè÷íèõ íàïðóæåíü ó ïîòîö³ ð³äèíè. 

Íåçâàæàþ÷è íà ïðèñóòí³ñòü ó ëàì³íàðí³é òå÷³¿ îáåðòîâîãî ðóõó 
êîæíîãî åëåìåíòàðíîãî îá’ºìó ð³äèíè, ùî ÷àñòî àñîö³þºòüñÿ ³ç íàÿâí³ñòþ 
ïåðåì³øóâàííÿ ³ ðîçìèâàííÿ îêðåìèõ ñòðóìèíîê, öå ÿâèùå, ÿê 
ïîêàçóþòü åêñïåðèìåíòè, ïîâí³ñòþ â³äñóòíº. Î÷åâèäíî, ïîÿñíþâàòè öå 
ïîòð³áíî òàê, ÿê öå ñòâåðäæóºòüñÿ â êëàñè÷í³é ã³äðîìåõàí³ö³, à ñàìå – 
ñï³ââ³äíîøåííÿì ó ïîòîö³ ñèë ³íåðö³¿ òà ñèë â’ÿçêîñò³, ùî îö³íþºòüñÿ 
÷èñëîì Ðåéíîëüäñà Re. 
 
SUMMARY 

In this article an attempt of deeper analyzing of the structure and kinematics of Hagen-
Poisale’s flow with a velocity gradient was made. 

Besides, it was shown, that even laminar flow had a vortex structure. To illustrate the 
nature of this structure we found components of velocity, configuration of vortex lines and 
vortexflow sheath, established a link between magnitude of vortexΩ  and tangential stressτ , 
got a distribution law of vortex intensity by radius and showed an identity of this law with 
curve of tangential stress. 

Based on these results we made an attempt to explain the basic reasons of appearance of 
tangential stress in the flow. It was stated, that the same conclusions were true for other 
laminar flows with velocity gradient. 
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